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Introduction

In recent years there appeared a new powerful tool in spectral analysis and prediction
of dynamical systems – the time operator method. The power of this method can
be compared with Fourier analysis. It the allows spectral analysis of all dynami-
cal systems for which the time evolution can be rigorously formulated in terms of
semigroups of operators on some vector space.

Time operator has been introduced by B. Misra and I. Prigogine [Mi,Pr] as a self-
adjoint operatorT on a Hilbert spaceH which is associated with a group{Vt}t∈I
of bounded operators onH, called the group of evolution, through the commutation
relation

V −1
t TVt = T + tI . (I.1)

One of the reasons why time operators are important is that the knowledge of the
spectral resolution of a time operator, for example the knowledge of the complete
family of its eigenvectors, allows to decompose each state on its age components.
Because of (I.1) the evolution of a stateρ is then nothing but a shift of its age com-
ponents.

Rescaling the age eigenvalues, i.e. the internal time of a dynamical system, we
can get different kinds of evolutions. This idea has been exploited in the Misra-
Prigogine-Courbage theory of irreversibility [MPC] that reconciles the invertible uni-
tary evolution of unstable dynamical systems with observed Markovian evolution and
the approach to equilibrium.

Time operator has been originally associated with a particular class of dynamical
systems called K-systems. The Hilbert space on which it was defined was the space
L2 of square integrable functions defined on the phase space of a dynamical system.

xiii



xiv INTRODUCTION

The condition that a dynamical system is a K-system is sufficient for the existence
of a time operator but not necessary. It is also possible to define time operators for
larger classes of dynamical systems such as exact systems [AStime,ASS].

Although the time operator theory has been developed for the purpose of statistical
physics its applications and connections have gone far beyond this field of physics.
One of such application is a new approach to the spectral analysis of evolution semi-
groups of unstable dynamical systems. Associating time operator with a large class of
stochastic processes we can see the problems of prediction and filtering of stochastic
processes from a new perspective and connect them directly with physical problems.
In this article we shall present an interesting connection of time operator with approx-
imation theory.

The first connection, although indirect, of the time operator with the approximation
theory has been obtained through wavelets [AnGu,AStime]. An arbitrary wavelet
multiresolution analysis can be viewed as a K-system determining a time operator
whose age eigenspaces are the wavelet detail subspaces. Conversely, in the case of the
time operator for the Renyi map the eigenspaces of the time operator can be expanded
from the unit interval to the real line giving the multiresolution analysis corresponding
to the Haar wavelet. However, the connections of time operator with wavelets are
much deeper than the above mentioned. As we shall see later time operator is in fact
a straightforward generalization of multiresolution analysis.

In order to connect time operator with approximation it is necessary to go beyond
Hilbert spaces. One of the most important vector spaces from the point of view of
application is the Banach spaceC[a,b] of continuous functions on an interval[a, b].
The space of continuous functions plays also a major role in the study of trajectories
of stochastic processes.

Time operator can be, in principle, defined on a Banach space in the same way
as on a Hilbert space. However its explicit construction is in general a non-trivial
task. Having given a nested family of closed subspaces of a Hilbert space we can
always construct a self-adjoint operator with spectral projectors onto those subspaces.
This is not true in an arbitrary Banach space. The reason is that it is not always
possible to construct an analog of orthogonal projectors on closed subspaces. Even
if a self-adjoint operator with a given family of spectral projectors is defined it can
appear additional problems associated with convergence of such expansion and with
possible rescalings of the time operator.

For some dynamical systems associated with maps the time operator can be ex-
tended from the Hilbert spaceL2 to the Banach spaceLp. This can be achieved by
replacing the methods of spectral theory [MPC,GMC], by more efficient martingales
methods. For example, for K-flows it is possible to extend the time operator from
L2 to L1 including to its domain absolutely continuous measures on the the phase
space [SuL1,Su]. Martingales methods can not be, however, applied for the space of
continuous functions.

In this book we discuss connections of time operator with wavelets, especially
those restricted to the interval[0, 1], and the corresponding multiresolutions analysis.
We establish a link between the Shannon sampling theorem and the eigenprojectors
of the time operator associated with the Shannon wavelet. We construct the time
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operator associated with the Faber-Schauder system on the spaceC[0,1] and study
its properties. Such time operator corresponds to the interpolation of continuous
functions by polygonal lines. We give the explicit form of the eigenprojectors of
this time operator and characterize the functions from its domain in terms of their
modulus of continuity.





1
Predictability and

innovation

Consider a physical system that can be observed through time varying quantitiesxt,
wheret stands for time that can be discrete or continuous. The set{xt} can be a
realization of a deterministic system, e.g. a unique solution of a differential equation,
or a stochastic process. In the later case eachxt is a random variable. We are interested
in the global evolution of the system, not particular realizationsxt, from the point of
view of innovation. We call the evolutioninnovativeif the dynamics of the system is
such that there is a gain of information about the system when time increases. Our
purpose is to associate the concept of internal time with such systems. The internal
time will reflect about the stage of evolution of the system.

The concept of innovation is relatively easy to explain for stochastic processes.
Consider, for example, the problem of prediction of a stochastic processX = {Xt}.
We want to find the best estimation̂X of the valueXt in momentt0, knowing some
of the valuesXs for s < t0. If we can always predict the valueXt0 exactly, i.e. if
X̂ = Xt0 then we can say that there is no innovation. If, on the other handX̂ 6= Xt0

and if, for s1 < s2, the predictionX̂ = X̂(s2) based on the knowledge ofXt for
t < s2 is “better” than the prediction̂X = X̂(s1) then we shall call such process
innovative. As an example consider stochastic process{Xn}whereXn is the number
of heads aftern independent tosses a coin. Suppose we know, say, the values of the
first N tosses, i.e.x1, . . . , xN and want to predict the random variableXN+M ,
M ≥ 1. Because of the nature of this process ({Xn} has independent increments)
the best prediction̂X will not be exact,X̂ 6= XN+M . Moreover, knowing some
further values of{Xn}, sayxN+1, we can improve the prediction ofXN+M .

Consider now a deterministic dynamical system in which points of the phase space
evolve according to a specified transformation. It means that the knowledge of the

1



2 PREDICTABILITY AND INNOVATION

positionxt0 of some point at the time instantt0 determines its future positionsxt for
t > t0. In principle, there is no place for innovation for such deterministic dynamical
system. Let us however, consider two specific examples. Consider first the dynamics
of pendulum (harmonic oscillator). The knowledge of its initial positionx0 and the
direction of the movement att = 0 allows to determine all the future positionsxt.
It is obvious that, in this case, the knowledge ofxs, for 0 < s < t carries the same
information about the future positionxt asx0. Thus there is indeed no innovation in
this dynamical system.

As another example consider billiards wherext denote the position of some se-
lected ball at the momentt. In principle, the same arguments as for pendulum can be
applied. According to laws of classical mechanics the knowledge of the initial posi-
tion and the direction of the ball att = 0 determines its position at any time instant
t > 0 (we neglect the friction). This is, however, not true in practice. Contrary to the
harmonic oscillator the dynamics in billiards is highly sensitive on initial conditions.
Even a very small change of initial conditions may lead very fast to big differences
in the position of the ball. Compare, for example, 10 swings of the pendulum and
10 scattering of the billiards balls and suppose that in both cases it requires the same
amount of timet0. In the case of pendulum we can predict with same accuracy the
positionxt0+∆t if xt0 is known to any given accuracy, while in the case of billiards
this is impossible in practice because initial accuracy can get amplified due to sensi-
tivity on initial conditions. It is also obvious that the additional knowledge, say the
position of the ball after 5 scattering will improve significantly our prediction.

The above examples show that while there is no innovation in the harmonic oscil-
lator there must be some intrinsic innovation in highly unstable systems like billiards.
Innovation is also connected with the observed direction of time. Indeed, suppose
that knowing the positionxt of an evolving point at the time instantt we want to
recover the positionxs, for somes < t. This is possible for harmonic oscillator but
for billiards, because of sensitive dependence on initial conditions such time reversal
is practically possible only for short time intervalst− s.

Our aim is to introduce criteria that will allow to distinguish innovative systems.
Then we shall show that systems with innovations have their internal time that can be
expressed by the existence of time operator. First, however, let us introduce rigorously
some basic concepts and tools.

1.1 DYNAMICAL SYSTEMS

An abstract dynamical system consists of a phase spaceX of pure statesx and a
semigroup (or group){St}∈I of transformations ofX which describes the dynamics.
We assume thatX is equipped with a measure structure, which means that it is given
aσ-algebraΣ of subsets ofX and a finite measureµ on (X ,Σ). The variablet ∈ I,
which signifies time, can be either discrete or continuous. We assume that either
I = ZZ or I = IINN ∪ {0}, for discrete time, andI = IR or I = [0,∞), for continuous
time.
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For a given statex ∈ X the function

I 3 t 7−→ Stx ∈ X

is the evolution of the pointx (pure state) in time. We assume thatS0x = x, i.e. S0

is the identity transformation ofX . The semigroup property means that

St1+t2 = St1 ◦ St2 , for all t1, t2 ∈ I ,

where◦ denotes the composition of two transformations. The semigroup property
is the reflection of the physical property that the lows governing the behavior of the
system do not change with time. If{St} is a group then all the transformations are
invertible and we haveS−1

t = S−t. If this holds then we say that the dynamics on
the phase spaces isreversible(or that the dynamical system is reversible).

Every transformationSt is supposed to be measurable. If time is discrete, i.e.I
is a subset of integers, then we shall consider a single transformationS = S1 instead
of the group{St} because, according to the semigroup property we have

Sn = S1 ◦ . . . ◦ S1︸ ︷︷ ︸
(n−times)

= Sn .

If time is continuous then we assume additionally that the map

X × I 3 (x, t) 7−→ Stx ∈ X

is measurable, where the product space is equipped with the productσ-algebra ofΣ
and the Borelσ-algebra of subsets ofI.

Especially important from the point of view of ergodic theory are the dynamical
systems withmeasure preservingtransformations. This means that for eacht

µ(S−1
t A) = µ(A) , for every A ∈ Σ .

In particular, for reversible system{St} is the group of measure automorphisms. In
the caseµ(X ) = 1 the measureµ represents anequilibrium distribution.

Throughout this book it will be usually assumed that the measureµ is invariant
with respect to the semigroup{St} although we do not want to make such general
assumption. However, we shall always assume that everySt is nonsingular. This
means that ifA ∈ Σ is such thatµ(A) = 0 then alsoµ(S−1

t A) = 0.
An important class of dynamical system arises from differential equations. For

example, suppose it is given a system of equations:

dxi
dt

= Fi(x1, . . . , xN ) , i = 1, . . . , N (1.1)

wherexk = xk(t), k = 1, . . . , N are differentiable real or complex valued function
on [0,∞) andFi, i = 1, . . . , N real or complex valued functions onIRN . Suppose
that for each(x0

1, . . . , x
0
N ) ∈ IRN there exists a unique solution(x1(t), . . . , xN (t))

of the system (1.1) that satisfies the initial condition

(x1(0), . . . , xN (0)) = (x0
1, . . . , x

0
N ) .
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Then we can define the semigroup{St} of transformations ofIRN by putting

St(x0
1, . . . , x

0
N ) = (x1(t), . . . , xN (t)) , for t ≥ 0 .

To be more specific, let us consider a physical system consisting ofN particles
contained in a finite volume. The state of the system at timet can be specified by the
three coordinates of position and the three coordinates of momentum of each particle,
i.e. by a point inIR6N . Thus the phase space is a bounded subset of6N dimensional
Euclidean space. Simplifying the notation, let the state of the system be described by
a pair of vectors(q, p) whereq = (q1, . . . , qN ), p = (p1, . . . , pN ), thus by a point in
IR2N . Assume further that it is given a Hamiltonian function (shortly aHamiltonian)
H(q, p), which does not depend explicitly on time, satisfying the following equations:

∂qk
∂t

=
∂H

∂pk
,

∂pk
∂t

= −∂H
∂qk

, k = 1, . . . , N (1.2)

If the initial system state att = 0 is(q, p), then theHamilton equations(1.2) determine
the stateSt(q, p) at any time instantt. This is the result of the theorem on the existence
and uniqueness of the solutions of first-order ordinary differential equations. In other
words, the Hamiltonian equations determine uniquely the evolution in time on the
phase space.

It follows from the Hamiltonian equations thatdHdt = 0. This implies that the
dynamical system is confined to a surface inIR2N that corresponds to some constant
energyE. Such surface is usually a compact manifold inIR2N . Moreover it follows
from theLiouville theoremthat the Hamiltonian flow{St} preserves the Lebesgue
measure on this surface.

1.2 DYNAMICAL SYSTEMS ASSOCIATED WITH MAPS

There is a large class of dynamical systems associated with maps of intervals. The
dynamics of such a system is determined by a functionS, mapping an interval[a, b]
into itself. The phase spaceX is the interval[a, b] and the dynamical semigroup
consists of transformationsSn:

Sn(x) = S ◦ . . . ◦ S︸ ︷︷ ︸
(n−times)

(x) , n = 1, 2 . . . , S0 = I

The time is, of course, discreten = 1, 2 . . .. If the mapS is invertible, then the
family {Sn}n∈ZZ forms a group. The general assumption is that the mapS is Borel
measurable but in specific examplesS turns out to be at least piecewise continuous.

Some dynamical systems associated with maps can be used as simplified models
of physical phenomena. However one of the reasons for the study of such dynamical
system is their relative simplicity. This allows to obtain analytical solutions of some
problems, in particular, to test new tools of the analysis of dynamical systems. One of
such tools is the time operator method that will be also tested on dynamical systems
associated with maps.
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We begin the presentation of dynamical systems arising from maps with, perhaps
the simplest one, the Renyi map.

Renyi map
TheRenyi mapS on the interval[0, 1] is the multiplication by 2, modulo 1.

Sx = 2x (mod 1) .

A slightly more general is theβ-adic Renyi map

Sx = βx (mod 1) , (1.3)

whereβ is an integer,β ≥ 2.
The measure space corresponding to the dynamical system determined by the

Renyi map consists of the intervalΩ = [0, 1], the Borelσ-algebra of subsets of[0, 1]
and the Lebesgue measure. It can be easily verified that the Lebesgue measure is
invariant with respect toS.

Logistic map
TheLogistic mapis the quadratic map

Sx = rx(1− x) (1.4)

on the interval[0, 1], wherer is a (control) parameter,0 < r ≤ 4. Actually (1.4)
defines the whole family of maps which behavior depends on the control parameter
r. This behavior ranges from the stable contractive, forr < 1, to fully chaotic, for
r = 4. For a thorough study of the logistic map we refer the reader to Schuster (1988).
The logistic map has many practical applications. For example, in biology where it
describes the growth of population in a bounded neighborhood. In this book we shall
only consider the case of fully developed chaos(r = 4). The map

Sx = 4x(1− x) , x ∈ [0, 1]

is “onto” and admits an invariant measure with the density function

f(x) =
1

π
√
x(1− x)

.

Cusp map
Thecusp mapis defined as the mapS interval[−1, 1]

Sx = 1− 2
√
|x| . (1.5)

This map is an approximation of the Poincaré section of the Lorentz attractor. The
absolutely continuous invariant measure of the cusp map has the density

f(x) =
1− x

2
.
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A characteristic feature of the Renyi, logistic and the cusp map is that all these maps
of the interval are noninvertible. Let us present now one of the simplest invertible
chaotic map.

Baker transformation
Let the phase space will be the unit squareX = [0, 1]× [0, 1]. Define

S(x, y) =


(
2x,

y

2

)
, for 0 ≤ x < 1

2 , 0 ≤ y ≤ 1

(
2x− 1,

y

2
+

1
2

)
, for 1

2 ≤ x ≤ 1, 0 ≤ y ≤ 1 .

The action ofS can be illustrated as follows. In the first stepS compresses the square
X along they-axis by1

2 and stretchesX along thex-axis by 2. Such compressed and
stretched rectangle is then vertically divided on two equal parts and the right-hand
part is placed on the left hand part. The inverse of the baker transformation

S−1(x, y) =


(x

2
, 2y
)
, for 0 ≤ x < 1, 0 ≤ y < 1

2(
x

2
+

1
2
, 2y − 1

)
, for 0 < x ≤ 1, 1

2 < y < 1 .

is defined everywhere onX except the linesy = 1
2 andy = 1, i.e. except the set

of the Lebesgue measure 0. Thus taking as a measure space the unit squareX with
the Borelσ-algebraΣ and the planar Lebesgue measureµ we obtain a reversible
dynamical system(X ,Σ, µ; {Sn}n∈ZZ). It can be also shown easily (see LM), what
is obvious from the above illustration, that the baker transformation is invariant with
respect to the Lebesgue measure.

Further examples of dynamical systems will appear successively in this book. Now
we shall introduce the basic tools that will allow to study their behavior and introduce
the ergodic hierarchy.

1.3 THE ERGODIC HIERARCHY

The time evolution of dynamical systems can be classified according to different
ergodic properties that correspond to various degree of irregular behavior. We shall
list below the most significant ergodic properties. A more detailed information can
be found in textbooks on ergodic theory (Halmos 1956, Arnold and Avez 1968, Parry
1981, Cornfeld et al. 1982).

Let us consider a dynamical system(X ,Σ, µ, {St}t∈I), where the measureµ is
finite andSt - invariant, for everyt ∈ I. We shall distinguish the following ergodic
properties:

(I) Ergodicity
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Ergodicity expresses the existence and uniqueness of an equilibrium measure. This
means that for anyt there is no nontrivialSt-invariant subset ofX , i.e. if for some
t ∈ I andA ∈ Σ St(A) = A µ-a.e., then eitherµ(A) = 0 or µ(A) = 1. The
ergodicity is equivalent to the condition

lim
τ→+∞

1
τ

∫ τ

0

µ(S−1
t (A) ∩B) = µ(A)µ(B) , (1.6)

for all A,B ∈ Σ. If time is discrete then condition (1.6) has to be replaced by:

lim
n→∞

1
n

n−1∑
k=0

µ(S−k(A) ∩B) = µ(A)µ(B) . (1.7)

(II) Weak mixing

Weak mixing is a stronger ergodic property than ergodicity. The summability of
the integral in (1.6) is replaced by absolute summability

lim
τ→∞

1
τ

∫ τ

0

|µ(S−1
t (A) ∩B)− µ(A)µ(B))| dt = 0 (1.8)

If time is discrete then condition (1.8) is replaced by

lim
n→∞

1
n

n−1∑
n=0

|µ(S−k(A) ∩B)− µ(A)µ(B)| = 0 , for all A,B ∈ Σ . (1.9)

Note that condition (1.7) means the Cesaro convergence of the sequence{µ(S−n(A)∩
B)}. Similarly, condition (1.9) means the absolute Cesaro convergence of this se-
quence.

It is also interesting to note that condition (1.9) can be equivalently expressed as
follows. For eachA,B ∈ Σ

lim
n→∞
n/∈J

µ(S−n(A) ∩B) = µ(A)µ(B) , (1.10)

whereJ is a set of density zero, which may vary for different choicesA andB. Recall
that a setJ ⊂ IINN has density zero if

lim
n→∞

card(J ∩ {1, . . . , n})
n

= 0 .

Condition (1.10) has a straightforward generalization that leads to a stronger ergodic
property, which is called mixing.

(III) Mixing

Mixing means that

lim
n→∞

µ(S−n(A) ∩B) = µ(A)µ(B) , (1.11)
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for all A,B ∈ Σ. For continuous time mixing means that

lim
t→∞

µ(S−1
t (A) ∩B) = µ(A)µ(B) .

The above three ergodic properties has been formulated regardless the transforma-
tions of the phase space are invertible or not. We introduce below two more ergodic
properties that are complementary to each other. First property involves only non
invertible transformations the second invertible transformations.

(IV) Exactness

A semigroup{St}t≥0 of measure preserving transformation is called exact if⋂
t≥0

S−1
t (Σ) is the trivial σ−field , (1.12)

i.e. consists only of the sets of measure 0 or 1. It is obvious that condition (1.12) is the
same for both discrete and continuous time. An equivalent condition for exactness
is the following. Suppose that the measureµ is normalized, i.e.µ(X ) = 1, and let
{St}t≥0 be a semigroup of measure preserving transformations such thatSt(A) ∈ Σ
for A ∈ Σ. Then the dynamical system is exact if and only if

lim
t→∞

µ(St(A)) = 1 , for all A ∈ Σ, µ(A) > 0 . (1.13)

It can be proved (see Lasota and Mackey 1994) that exactness implies mixing. This
property will also follow from the equivalent characterizations of ergodic properties
that will be presented below.

(V) Kolmogorov systems

The termKolmogorov systemwill mean either a K-flow, when time is continuous, or
a K-system, when time is discrete. An invertible dynamical system(X ,Σ,µ,{St}t∈IR)
is called theK-flow if there exist a sub-σ-algebraΣ0 of Σ such that forΣt

df=St(Σ0)
we have

(i) Σs ⊂ Σt, for all s < t, s, t ∈ IR
(ii) σ(

⋃
t Σt) = Σ

(iii)
⋂
t Σt is the trivialσ-algebra denoted byΣ−∞.

A discrete counter part ofK-flowwill be calledK-system(the termsK-cascadeis also
sometimes used).

Each Kolmogorov system is mixing (this fact will also become clear later on).
Thus both exact and Kolmogorov system are the strongest in the ergodic hierarchy.
An example of K-system is the baker map. This will be shown in the next section.

For illustration of differences between ergodic properties of dynamical system we
refer to Halmos (1956).
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1.4 EVOLUTION OPERATORS

The idea of using operator theory for the study of dynamical systems is due to Koop-
man (1931). He replaced the time evolutionx0 7→ xt = Stx0 of single points from
the phase spaceX by the evolution of linear operators{Vt} (Koopman operators)

Vtf(x) df= f(Stx) , x ∈ X ,

acting on square integrable functionsf .
Using evolution operators we do not lose any crucial information about the behavior

of the considered dynamical systems because the underlying dynamics can be, as we
shall see below, recovered from the evolution operators. But in operator approach we
gain new methods of analysis of dynamical systems.

Another reason of using operators for the study of dynamical system is that for
unstable dynamical systems it is easier to study the evolution of ensembles of points
than the evolution of single points. Even for relatively simple dynamical system, such
as the system associated with the logistic map, it is practically impossible to trace
a single trajectory for a longer time, due to its erratic behavior and very sensitive
dependence or initial conditions. Roughly speaking, we consider an initial set of
points{x0

k}Nk=1, which can be described by a probability density, i.e. by a nonnegative
integrable functionρ0 such that∫

A

ρ(x)µ(dx) ∼=
1
N

N∑
k=1

1lA(x0
k) ,

for eachA ∈ Σ.
Under the action ofSt the set{x0

k}Nk=1 is transformed into{xtk}Nk=1 that can be
described, in the above sense, by another densityρt. The transformationUt that
establishes the correspondence

ρt 7−→ Utρ0

can be defined as a linear operator (Frobenius-Perron operator) on the space of inte-
grable functions.

Rigorously speaking, in the operator approach the phase space(X ,Σ, µ; {St}) is
replaced by the space ofp-integrable functionsLp = Lp(X ,Σ, µ) , 1 ≤ p ≤ ∞. The
choicep = 2 is the most common sinceL2 is a Hilbert space, where we have at our
disposal a whole variety of powerful tools. However, when considering the evolution
of probability densities the most natural and unrestrictive is the choicep = 1. In the
operator approach we consider instead of the transformationS of the phase spaceX
the evolution of probability densities under the transformationU defined onL1 as
follows. If f ∈ L1, thenUf denotes such a function fromL1 which satisfies the
equality ∫

A

Uf(x)µ(dx) =
∫
S−1A

f(x)µ(dx) . (1.14)
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Since we consider only non singular transformation, the proof of the existence of
the transformationU follows easily from the Radon-Nikodym theorem (Lasota and
Mackey 1994). For discrete time it is, of course, sufficient to consider a single
transformationU . For continuous time we have a family{Ut}t∈I of transformation
onL1. The transformationU has the following properties

(1)U(af + bg) = aUf + bUg, for all a, b ∈ IR andf, g ∈ L1

(2) f ≥ 0 ⇒ Uf ≥ 0, for all f ∈ L1

(3)
∫
X Ufdµ =

∫
X fdµ, for all f ∈ L1.

Thus the transformationU is a bounded and positivity preserving linear operator on
L1. If the measureµ is normalized thenU has additionally the property:

(4)U1 = 1 ⇔ µ is S-invariant
U is called theFrobenius-Perron operator. An arbitrary operatorU onL1 which

satisfies (1)-(4) is called thedoubly stochastic operator. The family{Ut}t∈I forms
a semigroup or group onL1 accordingly to the group or semigroup property of the
flow {St}t∈I . The operatorU0 is the identity operator.

It follows easily from (1)-(3) thatU is a contraction onL1, i.e.

‖Uf‖L1 ≤ ‖f‖L1 .

ThereforeU is, in particular, aMarkov operator(see Section 12) and{Ut}t∈I is a
Markov semigroupon eachL1.

By the Riesz convexity theorem (Brown 1976) every doubly stochastic operator
U on L1 also mapsLp into Lp, for eachp, 1 ≤ p ≤ ∞, with ‖U‖Lp ≤ 1, and
with ‖T‖L1 = ‖T‖L∞ = 1. The operatorU defined onLp, where1 ≤ p < ∞,
has a well-defined adjoint, i.e. a continuous linear operatorU∗ defined onLq where
1
p + 1

q = 1 (q = ∞ for p = 1), such that

〈Uf |g〉 = 〈f |U∗g〉 , for all f ∈ Lp, g ∈ Lq .

Consider now the transformationV associated with a non singular transformation
S of the phase spaceX by the formula

V f(x) = f(Sx) ,

wheref is a measurable function onX . It is easy to check thatV , when considered
as an operator onLq, 1 < q ≤ ∞, is the adjoint of the Frobenius-Perron operatorU
defined onLp, 1 ≤ p <∞, i.e. V = U∗.

The operatorV is called theKoopmanoperator associated withS. If the transfor-
mationS is measure preserving then the Koopman operator is a positivity preserving
contraction onLq. Moreover,V is, as the adjoint of a doubly stochastic operator,
also doubly stochastic (Brown 1976). In the case of flows we shall consider groups
or semigroups{Vt}t∈I of Koopman operators.

The operatorsU andV considered on the Hilbert spaceL2 are adjoint to each
other. If the transformationS is measure preserving thenV is a partial isometry.
The Koopman and Frobenius-Perron operators carry a similar information about the
dynamical system. However, from the physical point of view the semigroup{Ut}
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describes the evolution of states while{Vt} describes the evolution of observables.
This is an analog of Schrödinger versus Heisenberg picture of evolution in quantum
mechanics. The advantage of using the Koopman operatorV is that given a trans-
formationS of the phase spaceX the explicit form ofV is also known. The explicit
form of the Frobenius-Perron operator can be derived in special cases. For example,
if the phase space is an interval, sayX = [a, b], then formula (1.14) implies that

Uf(x) =
d

dx

∫
S−1[a,x]

f(y) dy , for x ∈ [a, b] . (1.15)

In particular, if the transformationS is differentiable and invertible with the contin-
uous derivativedS

−1

dx we obtain the following explicit formula forU

Uf(x) = f(S−1(x))
∣∣∣∣ ddxS−1(x)

∣∣∣∣ . (1.16)

An analog of equation (1.16) can be derived (Lasota and Mackey 1994) for invertible
transformationS of IRn, only the last factor of (1.16) has to be replaced by the
Jacobian of the inverseS−1 of S. Particularly simple is the explicit form of the
Frobenius-Perron operator in the case when transformationS is both invertible and
µ-invariant. In this case it follows from (1.14) thatUf(x) = f(S−1x).

Applying formula (1.15) we obtain easily the explicit form of the Frobenius-Perron
operatorU of each noninvertible map from the above examples:
1. Theβ-adic Renyi map(1.3)

Uf(x) =
1
β

β−1∑
k=0

f

(
x+ k

β

)
(1.17)

2. The logistic map(1.4) with the control parameterr = 4

Uf(x) =
1

4
√

1− x

[
f

(
1−

√
1− x

2

)
+ f

(
1 +

√
1− x

2

)]
(1.18)

3. The cusp map(1.5)

Uf(x) =
1
2

(
1−

(
1− x

2

)2
)
f

((
1− x

2

)2
)

+
1
2

(
1 +

(
1− x

2

)2
)
f

(
−
(

1− x

2

)2
) (1.19)

4. The baker transformationS is invertible and preserves the Lebesgue measure.
Therefore the Frobenius Perron operator is

Uf (x, y) =


f
(x

2
, 2y
)
, for 0 ≤ x ≤ 1, 0 ≤ y < 1

2

f

(
x

2
+

1
2
, 2y − 1

)
, for 0 < x ≤ 1, 1

2 ≤ y ≤ 1 .
(1.20)
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1.5 ERGODIC PROPERTIES OF DYNAMICAL SYSTEMS – OPERATOR
APPROACH

Now, let us focus our attention on the characterization of ergodic properties of dynam-
ical systems in terms of evolution operators. We begin with the question of existence
of invariant measures.

For a given measure space(X ,Σ, µ) and a measurable transformationS : X → X
the Frobenius-Perron operator is correctly defined regardless the measureµ is S-
invariant or not. It follows immediately from (1.14) thatµ is S-invariant if and only
if U1 = 1. If ν is another measure on(X ,Σ) which is absolutely continuous with
respect toµ then by the Radon-Nikodym theorem there is an integrable functionfν
(the Radon-Nikodym derivative) such that

ν(A) =
∫
A

fν(x)µ(dx) , for each A ∈ Σ . (1.21)

It is also an east consequence of (1.14) that measureν isS invariant if and only if the
functionfν is a fixed point ofU – the Frobenius-Perron operator with respect toµ.
Indeed, ifUfν = fν , then

∫
A
Ufν dµ =

∫
S−1A

fν dµ, and consequently

ν(A) =
∫
A

fν dµ =
∫
S−1A

fν dµ = ν(S−1A) ,

for eachA ∈ Σ. This means thatν is S-invariant. Repeating these arguments in the
opposite direction we conclude the proof.

Let us consider now Frobenius-Perron and Koopman operators on the Hilbert space
L2. Note first that if the underlying transformationS is measure preserving then the
Koopman operatorV is an isometry onL1:

‖V f‖L1 = ‖f‖L1 . (1.22)

This fact can be proved directly by taking first asf the indicator of a setA ∈ Σ. In
such case equality (1.22) reduces to

µ(S−1A) = µ(A) .

Then the isometry property of a simple function can be derived by the linearity of
V , and, for an arbitraryf ∈ L1 by the standard arguments of the approximation of
integrable functions by simple functions. From this we can derive thatV is also an
isometry onL2

‖V f‖L2 = ‖f‖L2 , f ∈ L2 . (1.23)

This follows from the fact thatL2 norm of a functionf is the square root of theL1

norm off2 and the following obvious property of Koopman operators:

|V f |2 = |f |2 .
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If the transformationS is measure preserving and invertible thenV is an invertible
isometry onL2. ThusV is a unitary operator onL2. This implies that

V = U−1 .

The description of evolution in terms of Koopman or Frobenius-Perron operators
onLp-spaces does not lead to any loss of information about the underlying dynamics.
Indeed, according to the Banach-Lamperti theorem (Banach 1932, Lamperti 1958)
any isometry onLp, 1 ≤ p <∞, p 6= 2, can be implemented by a measure preserving
transformation. In the casep = 2, an isometryV onL2 is implemented by a measure
preserving point transformation if and only ifV is positivity preserving (Goodrich et
al. 1980).

The ergodic properties of measure preserving transformations can be expressed
as properties of the corresponding Koopman operators as follows. Letf, g be two
arbitrary functions fromL2 then
(I’) {St}t≥0 is ergodicif and only if 〈f |Vtg〉 is Cesaro summable:

lim
τ→∞

1
τ

∫ τ

0

〈f |Vtg〉 dt = 〈f |1〉〈1|g〉

(II’) {St} is weak mixingif 〈f |Vtg〉 is absolutely Cesaro summable:

lim
τ→∞

1
τ

∫ τ

0

|〈f |Vtg〉 − 〈f |1〉〈1|g〉| dt = 0

(III’) {St} is mixing if 〈f |Vt〉 is convergent:

lim
t→∞

〈f |Vtg〉 = 〈f |g〉 .

(IV’) {St} is exactif ⋂
t≥0

Vt(L2) = [1] .

(V’) The property of K-flow can be described in terms of{Vt} in a similar way as for
transformationSt. Namely, denote byHt the orthogonal complement of 1 (constant)
in the spaceL2(X ,Σt, µ) and byH the orthogonal complement of 1 inL2(X ,Σ, µ).
ThenHt = V−tH0 and conditions (i)-(iii) characterizing K-flows take the form
(i) Hs ⊂ Ht, for s < t
(ii) lim

⋃
t∈IRHt = H ( bar denotes the closure)

(iii)
⋂
t∈IRHt = {0}.

If time is discrete the integrals in (I’) and (II’) have to be replaced by sums. Since
the Frobenius-Perron operator is the adjoint of the Koopman operator the ergodic
properties (I)-(IV) can be equivalently formulated in terms of the Frobenius-Perron
operators{Ut}. Exactness can be defined as follows
(IV’) {Ut} is exact if

lim
t→∞

∥∥∥∥Utf − ∫ fdµ

∥∥∥∥
L2

= 0 , for each f ∈ L2 .
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1.6 INNOVATION AND TIME OPERATOR

We begin with the concept of information and the strictly related concept of entropy
as the measure of disorder. Both these concepts have a long history. The concept
of entropy was introduced in thermodynamics already in 1854 by Clausius and then
Boltzmann found its logarithmic form. The first step towards the definition of infor-
mation were taken by Hartley (1928) and elaborated by Shannon (1948) and Wiener
(1948). Finally Kolmogorov (1958) introduced the concept of entropy to ergodic
theory.

There is several axiomatic characterizations of information and entropy. We shall
introduce information as a function associated with a finite or countable partition and
entropy as its mean value. First, however, we start from some intuitive considerations.

In the dynamical system(X ,Σ, µ, {St}) the σ-algebraΣ of subsets ofX can
be interpreted as all available information about the system. Similarly, for a given
probability space(Ω,F , P ), which will be called thesystemfor a while, theσ-algebra
F represents all possible events that can occur as the outcomes of an experiment.
By distinguishingσ-algebraF we assume tacitly that no other events are possible.
Thus we can say thatF carries the whole information about the system. If we now
consider a sub-σ-algebraF0 of F then it is natural to expect thatF0 carries some
partial information about the system. IfF1,F2 are two sub-σ-algebras ofF such that
F1 ⊂ F2 then we expect thatF2 carries more (or at least not less) information then
F1. We may assume that the information carried byF0 is 0, whenF0 is the trivial
σ-algebra{∅,Ω}.

In probability theory sub-σ-algebras are often generated by random variables or by
families of random variables, e.g. ifX : Ω → IR is a random variable thenF0 may be
defined as the counterimage of the Borelσ-algebra onIR. In this case the information
carried byF0 may be identified with the information associated with the observation
of the random variableX. Such association of the information with random variables
leads to one more natural postulate. Consider two random variablesX1 andX2. If
X1 andX2 are independent then it is natural to expect that the information carried
byF1 ∪F2 (the smallestσ-algebra containingF1 andF2) is the sum of information
carried byF1 andF2 separately.

In order to ascribe rigorous meaning to this intuitive concept of information let us
confine our consideration toσ-algebras generated by finite or countable partitions.
Thus let us consider a partitionπ = {A1, A2, . . .} of the probability spaceΩ on
pairwise disjoint setsAi ∈ F , whereµ(Ai) > 0 for eachi. Suppose now we want to
localize a pointω0 ∈ Ω but the only available information is that the point is in the
setAi0 ∈ π.

This allows to locateω0 with the accuracy that depends only on the measure of
Ai0 i.e. onP (Ai0). Therefore the available information depends only onP (Ai0)
and can be defined as some function ofP (Ai0), sayf(P (Ai0)).

Using the above postulate about the information carried by twoσ-algebras cor-
responding to independent random variables we can find the explicit form of the
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functionf . Note that the independence expressed in terms of partitionsπ1 andπ2

meansP (A ∩B) = P (A)P (B) for eachA ∈ π1 andB ∈ π2.
The partitionπ generated byπ1 andπ2 is in fact generated by the intersections

A∩B,A ∈ π1, B ∈ π2 with P (A∩B) > 0. If π1 andπ2 are independent we should
have

f(P (A)P (B)) = f(P (A ∩B)) = f(P (A)) + f(P (B))

.
This restricts our choice off to the logarithmic function (at least in the class of

continuous functions). Therefore theinformation functionIπ of the partitionπ has
the form

Iπ(x)
df=−

∑
A∈π

1lA(x) logP (A) .

The mean value of the informationIπ is called theentropy of the partitionπ (or
simply theentropy ofπ) and will be denoted byH(π). Thus we have

H(π) =
∑
A∈π

P (A) logP (A) . (1.24)

Formula (1.24) is an analog of Shannon’s entropy associated with random vari-
ables. Indeed, ifX is a random variable assuming valuesx1, . . . , xn with probability
p1, . . . , pn respectively, then the Shannon’s entropyH(X) is

H(X) =
n∑
i=1

pi log
1
pi
. (1.25)

Using the concept of coding, instead of random variables, Shannon’s formula (1.25)
can be interpreted as follows. If we haveN independent observations ofX and code
them with0− 1 sequences then the average amount of zeros and ones for the coding
of one information can be expressed by (1.25).

It is therefore the entropy, which is the quantitative measure of information carried
by partitions or, generalizing, byσ-algebras. It can be proved thatH, as a function
of partitions, satisfies all the above postulates on information. The proof requires,
however, an elaboration of the concept of information function and entropy. Namely
the introduction of the concept of conditional information and entropy. We shall not
pursue this subject further. The interested reader can find the proof and many other
interesting results in Ref. [MartinEngland].

We have shown above how to associateσ-algebras with the information about a
system. We shall show now how to associate information with the flow of time.

Consider first a stochastic process{Xt} on a probability space(Ω,F , P ) and
its natural filtration{Ft}. Eachσ-algebraFt of the filtration{Ft} expresses the
information about the “past” until the momentt. In particular,{Ft} expresses the
gain of information in time about the process{Xt} when time increases.

Actually the concept of filtration refers not only to an increasing family ofσ-
algebras but can be introduced on an arbitrary measure space. We have just associated
filtrations with stochastic processes that is with sequences or flows of random events
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occurring with time. We have, however, already encountered such increasing families
of events in dynamical systems. For example, eachK-system possesses a natural
filtration. Therefore, in more generals terms, by a filtration on a probability space
(Ω,F , P ) we shall mean a family{Ft} of sub-σ-algebras ofF such that

Fs ⊂ Ft for s < t .

The σ-algebraFt will be interpreted as the set of events observed up to the time
instantt, or, as the information about the system at the momentt.

Suppose now that eachσ-algebra contained in filtration{Ft} is generated by
a countable partition. This allows to define entropyH(Ft) as the entropy of the
generating partition. Since the entropy is a quantitative measure of information carried
by aσ-algebra we can say that the filtration isinnovativeif

H(Fs) < H(Ft) , for each s < t .

In this way, by introducing entropy, we give a rigorous meaning to innovation
in each system having countably generated filtration. However, from the practical
point of view entropy, as the criterion of innovations, is not so useful as it seems to
be. This concerns especially stochastic processes. Although each stochastic process
determines a filtration it does not mean that theσ-algebras are generated by countable
partitions. Even if they are the task of finding the partitions and then calculating their
entropy is not feasible. Innovative stochastic processes will be described by other
means in forthcoming sections. For the rest of this section we shall focus our attention
only on dynamical systems where the above introduced ideas can be easier applied.

Let us consider a phase space(X ,Σ, µ) with the normalized measureµ and a
measure preserving transformationS onX . In other words we consider the discrete
time dynamics described by the semigroup{Sn}n≥0 (or the group{Sn}n∈ZZ if S is
invertible).

Our first task is to distinguish innovative dynamical systems. We know already
thatK-systems are good candidates for innovative systems, because they have natural
filtrations. However, it would be desired to have a more general approach applicable
for other dynamical systems. Indeed, it turns out that using the concept of entropy it
is possible to verify whether the dynamics, i.e. the transformationS is sufficiently
unstable to give rise to innovations.

Consider a finite partitionπ = {A1, . . . , An} of the phase spaceX . Denote by
S−1π the partition{S−1A1, . . . , S

−1An}. Let π ∨ S−1π ∨ . . . ∨ S−k+1 denotes,
for eachk = 1, 2, . . ., the refinement of the partitionsπ, S−1π, . . . , S−k+1π. The
value

k(π, S) = lim
k→∞

1
k
H(π ∨ S−1π ∨ . . . ∨ S−k+1π) (1.26)

is called theentropy of the measure preserving transformationS with respect to the
partitionπ. The proof that the limit of (1.26) exists can be found in many textbooks
on ergodic theory (see Arnold 1978 or Cornfeld et al. 1982, for example).

The maximal valueh(S) of h(π, S) over all finite partitions, i.e.

h(S) = sup
π
h(π, S)
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is called theentropy of the transformation Sor theKolmogorov-Sinai entropy(shortly
K-S entropy). The intuitive meaning of the valueh(S) is a quantitative measure of
disorder resulting from consecutive applications of transformationS. The innovative
dynamical systems can be characterized as those which have positive K-S entropy. It
can be proved that each K-system has positive K-S entropy. But the class of dynamical
system with positive K-S entropy is larger. Exact systems also have positive K-S
entropy (Rokhlin 1967).

The notion of K-S entropy is of great significance in ergodic theory mainly due to
the fact it is an invariant of isomorphisms. If two dynamical systems are isomorphic
then they have the same K-S entropy. One of the crucial facts concerning K-S entropy
is the Kolmogorov-Sinai theorem which says that ifπ is a generating partition forS,
then

h(S) = h(π, S) .

The termgenerating partition for Smeans that theσ-algebra generated byπ and all
the iterations.S−kπ coincides withΣ. This theorem allows the calculation of K-S
entropy in practice.

It follows from the above considerations that K-S entropy can be, in principle,
applied for verifying whether a dynamical system is innovative. However, we shall
not make a wider use of K-S entropy in this book. The reason is that there is no
satisfactory characterization of dynamical systems with positive K-S entropy. We
shall thus consider separately two particular cases: K-systems and exact systems,
associating with them time operators. Nevertheless, we hope that by relating entropy
with innovations, the later concept has acquired clear intuitive meaning.

Summarizing, recall that in an innovative system we distinguish a filtration, i.e.
an increasing family ofσ-algebras{Σt}. Since the variablet signifies time, called
the external time, eachσ-algebraΣt represents the information about the system
that is available at the time instantt. Another possible interpretation is that eachΣt
represents the stage of development or age. This is because of a constant development
of the system as timet increases. Eachσ-algebraΣt represents theinternal age at
the time instantt and the family{Σt} represents theinternal timeof the system.

It has been argued in Section 2.4 that a convenient approach to the study of dy-
namical systems is to replace the phase space by the space of integrable functions
and to consider time evolution of Koopman or Frobenius-Perron operators instead of
evolution of single points. We shall show below that the concept of internal time can
also be conveniently expressed in terms of operators.

Note first that sinceσ-algebraΣt represents the (internal) age we can say ac-
cordingly that each functionf , which isΣt measurable, has the age at mostΣt, or,
identifyingΣt with its labelt, we can say that the age off , or the stage of development
of f is at mostt.

In order to describe the internal time on the spaceLpX , p ≥ 1, let us consider
instead of{Σt} the family of conditional expectations{Et}, where

Etf = E(f |Σt), for f ∈ LpX .
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Confining our consideration to the Hilbert spaceH = L2
X 	 [1] we can say that the

flow of internal time is associated with the family{Et} of orthogonal projectors on
H. Now the condition that the age off is at mostt amounts to checking thatEtf = f
a.e.

Recall that time ranges either between0 and∞ or between−∞ and+∞. It
follows from the assumption that{Σt} is a filtration that

EsEt = Es∧t , where s ∧ t = min{s, t} . (1.27)

Without a loss of generality we may also assume that the projectorsEt satisfy addi-
tionally:

E0 = 0 (or E−∞ = 0) and E∞ = I (1.28)

If time is continuous we shall also assume the right continuity of the family{Et} in
the sense of strong convergence, i.e.

Et+0 = Et , for each t (1.29)

If time is discrete we just extendEt on IR in such way that (1.29) is satisfied.
Condition (1.28 amounts to assuming that: The “first”σ-algebra in the filtration

is trivial, and the “last” coincides with the wholeσ-algebraΣ. The condition (1.29)
is equivalent to ⋂

t′>t

Σt′ = Σt .

If the condition (1.27)-(1.29) are satisfied then{Et} is a resolution of identity in
H. Thus the family{Et} determines the operator

T =
∫ ∞

−∞
tdEt (1.30)

called thetime operator associated with the filtration{Σt} (if t ranges from0 to∞
then we putEt = 0 for t ≤ 0).

In order to clarify the concept of time operator let us assume for a while that time
is discrete, sayt ∈ ZZ. Denote byPn the orthogonal projection on the space

Hn = L2
X (Σn)	 L2

X (Σn−1) ,

i.e.
Pn = En − En−1 , n ∈ ZZ .

In this caseT has the form

T =
∞∑

n=−∞
nPn .

Consider now a functionρ ∈ H such that‖ρ‖ = 1. If Pn0 ρ = ρ, for somen0, then
according to the above identification ofΣn0 with n0 we may say that the age ofρ is
n0 and we also haven0〈Pn0ρ|ρ〉 = n0‖ρ‖2 = n0.
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If Pn0ρ 6= ρ, thenρ does not have well-defined age since there is also a contri-
bution from another age componentsPnρ, n 6= n0. The value of this contribution
is n〈Pnρ|ρ〉. The numbers〈Pnρ|ρ〉 are non-negative andΣn〈Pnρ|ρ〉 = 1. Thus the
meaning of the expression:

〈Tρ|ρ〉 =
∞∑

n= −∞
n 〈Pnρ|ρ〉

is theaverage ageof ρ.
The valuen ∈ ZZ are thuseigenvaluesof T and{Pn} the eigenprojectors. In

general, since{Et} is a spectral family, the operatorT (1.30) is self-adjoint. This
fact follows from the general properties of spectral families (see Appendix 1). It will
be useful however to show explicitly a dense subset of the domainD(T ) of T . If time
ranges from0 to ∞ then each simple functionf ∈ H, which is

⋃
n Σn measurable,

belongs toD(T ). Indeed, iff =
∑k
i=1 ai1lAi

,Ai ∈
⋃
t Σt, then there ist0 such that

Ai ∈ Σt0 , for i = 1, . . . , k. ThusTf is well defined and finite

Tf =
∫ t0

0

t dEtf .

If time ranges from−∞ to +∞ then takingf as above and putting

gs = f − Esf ,

wheres < t0, we check easily that

Tgs =
∫ t0

s

t dEtgs

The density of the family{gs} inH follows from the property:Esf → 0 ass→ −∞.
In this way we have shown that an innovative system endowed with a filtration

determines a self-adjoint operator on the Hilbert space of square integrable functions.
Such operator will be called the internal time operator. In the next sections we shall
elaborate on this concept.





2
Time operator of

Kolmogorov systems

Let us recall that dynamical system is aK-flow if there exists a sub-σ-algebraΣ0 of
Σ such that forΣt = St(Σ0) we have

(i) Σs ⊂ Σt, for s < t

(ii) σ(
⋃
t∈IRΣt) = Σ

(iii)
⋂
t∈IRΣt = Σ−∞ – the trivialσ-algebra, i.e. the algebra of sets of measure 0

or 1

whereσ(
⋃
t∈IR Σt) stands forσ-algebra generated by allΣt, t ∈ IR.

If time is discrete then we shall use the termK-systeminstead. Recall that both K-
flows and K-systems are calledKolmogorov systems. Kolmogorov systems are time
reversible dynamical systems which exhibit the strongest form of instability among
irreversible systems, according to the ergodic hierarchy introduced in the previous
section. In the previous section we also presented a simple example of a K-system
that results from the baker transformation. Let us, however, add that a great variety
of systems of physical interest, including infinite ideal gas, hard rods system, a hard
sphere gas and geodesic flow on a compact, connected smooth Riemanian manifold
with negative curvature are known to be K-flows.

Geodesic flows have been studied since the beginning of the 20th century, starting
with Hadamard. In the case the manifoldX hasdimX = 2, the geodesic flow has
an especially simple interpretation. It describes the notion of a point that moves on
the surfaceX in the absence of external forces and without friction. The behavior of
a geodesic flow depends on the properties of the manifoldX and most of all on its
curvature. When the curvature ofX is negative, this behavior is highly chaotic.
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Kolmogorov systems are natural examples of innovative dynamical system, which
we defined as the systems with positive K-S entropy. The proof of the well known
fact that Kolmogorov systems have positive K-S entropy can be found, for example,
in Cornfeld et al. 1982.

The time evolution in a K-flow can be described by the unitary group{Ut} on the
Hilbert spaceL2

X
Utρ(x) = ρ(S−tx) (2.1)

The generatorL of this group is called theLiouvillian operator

Ut = e−itL .

For Hamiltonian systems generatorL is given by the Poisson brackets

Lρ = i{H, ρ} .

With any K-flow we associate the family{Et} of conditional expectations regarded
as orthogonal projectors on the Hilbert spaceH = L2

X 	 [1]. Because of K-flow’s
properties{Et} is a spectral family (see Appendix 2) and the operator

T =
∫ ∞

−∞
t dEt , (2.2)

which is the time operator of the K-flow. In the case of a K-system, i.e. discrete time,
the time operator assumes the form

T =
∞∑

n=−∞
n(En − En−1) . (2.3)

We shall now relate the time operatorT of a K-flow with the dynamics described
by the group{Ut}. We begin with a simple but important imprimitivity condition.

Proposition 2.1 For eachs, t ∈ IR we have the following relation onL2
X .

Es+t Ut = UtE (2.4)

Remark. In the proof of the above proposition and in the proofs of other properties
of time operators onL2

X we shall use rather probabilistic techniques and reasoning
instead of the spectral properties of operators on Hilbert spaces. For example, proper-
ties of conditional expectations or martingale techniques. This will allow to simplify
proofs in some cases, but a more important reason is that this technique will also allow
to extend, without major problems, the results concerning time operator on Banach
spacesLp, 1 ≤ p <∞.

Proof of Proposition 2.1Recall thatEt is the conditional expectation with respect
to Σt, Etρ = E(ρ|Σt). It follows from (2.1) thatUt transformsΣs measurable
functions intoΣs+t measurable. Ifρ ∈ L2

X , then bothEs+tUtρ andUtEsρ areΣs+t
measurable. Thus in order to prove (2.4) it suffices to show that for eachA ∈ Σs+t∫

A

Es+tUtρ dµ =
∫
A

UtEsρ dµ
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Moreover, since thesigma-algebraΣs+t is the same asStΣs, we can assume that
A = St(B), whereB ∈ Σs. Therefore, using the fact thatSt is a measure preserving
transformation andEtρ is a regular martingale we have∫

A

UtEsρ(ω)µ(dω) =
∫
A

Esρ(S−t ω)µ(dω)

=
∫
B

Esρ(ω)µ(dω)

=
∫
B

E∞ρ(ω)µ(dω)

=
∫
A

UtE∞ρ(ω)µ(dω)

=
∫
A

E∞Utρ(ω)µ(dω)

=
∫
A

Es+tUtρ(ω)µ(dω) ,

which proves (2.4). The next proposition follows directly from the properties of
spectral families presented in Section 2.

Proposition 2.2 Letf : IR → IR be a Borel measurable function and let

D(f(T )) = {ρ ∈ L2
X :
∫ ∞

−∞
f2(t) d〈Etρ|ρ〉} .

ThenD(f(T )) is a linear dense subspace ofL2
X and the operatorf(T ):

f(T ) =
∫ ∞

−∞
f(t) dEt

is well defined onD(f(T )).

Corollary 2.1 Letf : IR → IR be a bounded Borel measurable function. Thenf(T )
is a bounded operator onL2

X

Proposition 2.3 Letf : IR → IR be a bounded and Borel measurable function then
we have

Ut

(∫ ∞

−∞
f(s) dEs

)
=
(∫ ∞

−∞
f(s− t) dEs

)
Ut (2.5)

onH.

Proof. Sincef is bounded,D(f(T )) = H and alsoD(f(sI − T )) = H, for each
s ∈ IR (I stands for the identity operator). Taking asf a simple function

f =
k∑
i=1

ai1l[si,si+1)
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we have

Ut

(∫ ∞

−∞
f(s)dEs

)
=

k∑
i=1

ai
(
UtEsi+1 − UtEsi

)
=

k∑
i=1

ai(Esi+1+t − Esi+t)Ut

=
(∫ ∞

−∞
f(s− t)dEs

)
Ut

An arbitrary bounded and measurable functionf is the limit in anyL2-norm of
function

fM (t) = f(t) 1l[−M,M ](t), as M →∞ .

In particular, for eachρ ∈ H,
∫∞
−∞ |fM − f |2 d〈Etρ|ρ〉 → 0, asM → ∞. On the

other hand the functionfM can be approximated inL2-norm by simple functions.
Combining these two facts we see that equality (2.5) is true for any bounded and
Borel measurable function.

The following theorem relates time operator of a K-flow with its unitary dynamics.

Theorem 2.1 Let {Ut} be the unitary group of a K-flow andT the corresponding
time operator. Then we have

Ut(D(T )) ⊂ D(T ) (2.6)

TUt = UtT + tUt (2.7)

for each t ∈ IR.

Proof. Using unitarity ofUt and Proposition 2.1 we have

〈EsUtρ|Utρ〉 = 〈EsUtρ|EsUtρ〉
= 〈UtEs−tρ|UtEs−tρ〉
= 〈Es−tρ|Es−tρ〉
= 〈Es−tρ|ρ〉 ,

for eachρ ∈ D(T ). Then using the above equality and the elementary inequality:
(s+ t)2 ≤ 2s2 + 2t2 we obtain∫ ∞

−∞
s2 d〈EsUtρ|Utρ〉 =

∫ ∞

−∞
(s+ t)2 d〈Esρ|ρ〉

≤ 2
∫ ∞

−∞
s2 d〈Esρ|ρ〉+ 2t2

∫ ∞

−∞
d〈Esρ|ρ〉

<∞ .

This proves thatUtρ ∈ D(T ) for eacht. Note that we have also shown that for each
t

D(T + tI) = D(T ) .
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Now, putg(t) = t andgM (t) = t 1l[−M,M ](t). Applying Proposition 2.3 we have

Ut

(∫ ∞

−∞
gM (s) dEs

)
=
(∫ ∞

−∞
gM (s− t) dEs

)
Ut .

We also have

lim
M→∞

∥∥∥∥∫ ∞

−∞
gM (s) dEsρ−

∫ ∞

−∞
s dEsρ

∥∥∥∥
L2
X

= 0

and

lim
M→∞

∥∥∥∥∫ ∞

−∞
gM (s− t) dEsρ−

∫ ∞

−∞
(s− t) dEsρ

∥∥∥∥
L2
X

= 0 ,

for eachρ ∈ D(T ) (see Appendix 3 ???, about the strong convergence of truncated
operators). SinceUt preserves the domain ofD(T ) we have for eachρ ∈ D(T )

Ut

(∫ ∞

−∞
sdEsρ

)
=
∫ ∞

−∞
(s− t)dEsUtρ

or, equivalently,
UtT = TUt − tUt ,

which gives (2.7).
In order to give the physical meaning to (2.7) let us consider a stateρ ∈ H, i.e.

||ρ|| = 1 and its time evolutionρt = Utρ by (2.7) we have

〈Tρt|ρt〉 = 〈Tρ|ρ〉+ t .

The above equality means that the average age of the evolved state keeps step with
the external clock timet.

The above theorem suggests the following generalization of time operator. LetH
be a (separable) Hilbert space and{Ut} a unitary group of evolution. A self-adjoint
operatorT acting onH is called the time operator with respect to{Ut} if it satisfies
the conditions of Theorem 2.1, i.e.:UtD(T ) ⊂ D(T ) andTUt = UtT + tUt, for
eacht. This generalization of the notion of time operator can go further. The group
{Ut} can be replaced by a semigroup, and/or the Hilbert space can be replaced by
a Banach space. We shall elaborate on this in next sections. Until the end of this
section we shall still consider K-flows and discuss a possibility of extensions of time
operators onLp spaces,p ≥ 1.

A search forLp extension of time operators is physically motivated by the fact
that operatorsUt describe, in particular, the evolution of probability densities, which
are integrable functions on the phase space. There is no reason, except technical,
to restrict our considerations to square integrable densities. The evolution operators
can be, in fact, defined as operators on anyLp-space. The canonical commutation
relation (2.7), which actually defines the internal time in dynamical system does not
depend on the nature of the space either.



26 TIME OPERATOR OF KOLMOGOROV SYSTEMS

In order to define time operators on otherLp-spaces thanL2 we have to extend
the notion of the integral:

Iρ(f) =
∫ ∞

−∞
f(t) dEtρ

which has been defined for square integrable functionsρ. The convenient spectral
theory technique, which we have exploited so far, is of little use beyond the Hilbert
spaceL2. But we can treatIρ(f) as an integral with respect to a vector valued measure
or as a stochastic integral with respect to the martingale{Etρ}. The extension of the
integral presented below is based on both vector measures and stochastic integrals
arguments. Using the theory of integral with respect to vector measures we can
relatively easy obtain a straightforward generalization. But the stochastic integrals
technique is more powerful and allows, in particular, to derive limit theorems needed
for applications.

If ρ ∈ Lp is fixed then the correspondence

M : [s.t) 7−→ Esρ− Etρ, where s < t,

defines a vector measure on the algebraB0 generated by intervals[s.t) with values in
the Banach spaceLpX , 1 ≤ p ≤ ∞. This means thatM is anLp-valued set function
onB0 such that

M(∅) = 0

and
M(A ∪B) = M(A) + M(B)

for eachA,B ∈ B0,A ∩B = ∅.
The integralIρ can be viewed as an integral of real-Borel measurable functions

with respect to the vector measure. However, in order to construct such integral it is
first necessary to extendM to aσ-additive measure on theσ-algebra generated byB0,
i.e. on theσ-algebraBIR of all Borel subsets ofIR. The reader is already aware then
such extension is possible in the casep = 2, because thenEt are spectral projectors.
In general, the problem of extension can be formulated in terms of stochastic measures
and corresponding stochastic integrals.

Observe that for a fixedρ ∈ LpX , 1 ≤ p < ∞, the family{Etρ} is a martingale
with respect to the family ofσ-algebras{Σt} (we assume that the measureµ is
normalized). Thus the problem can be formulated as follows: Suppose that{m(t)}
is a martingale with respect to the filtration{Σt} such thatm(t) ∈ LpX , p ≥ 1, for
eacht. Define the stochastic integral∫

X
f(t) dm(t) (2.8)

on real valued functions, such that each bounded Borel measurable functionf is
integrable and the following Lebesgue dominated convergence theorem holds:

If a sequence{fn} of uniformly bounded functions is convergent pointwise to
f then the integrals

∫
fn(t)dm(t) converge to

∫
f(t) dm(t) in LpX .



27

Indeed, we have

Proposition 2.4 Let{m(t)} be a right continuous martingale inL1
X , which satisfies

the property ∫
X

sup
t
|m(t)|dµ <∞ .

Then the integral in(2.8) is correctly defined for each bounded functionf , and the
Lebesgue convergence theorem inL1

X is satisfied.

The above proposition is a particular case of a more general theory of stochastic
integration with respect to semimartinglales developed by Bichteler (1981). Since
the proof requires the technique that is beyond the scope of this book we refer the
reader to the above quoted article of Bichteler or to the monograph Kwapień and
Woyczýnski (1992).

The integrability ofsupt |m(t)|, which is the basic assumption of Proposition
2.4 is satisfied if, for example,{m(t)} is Lp bounded martingale, for somep >
1. In particular the case of the martingale{Etρ}, the integrability of supremum is
guaranteed if ∫

X
|ρ| ln |ρ| dµ <∞ . (2.9)

Recall here that the expression

Ω(ρ) df=−
∫
X
ρ(x) ln ρ(x)µ(dx) ,

defined for probability densitiesρ ∈ L1
X is called theentropy functional. It is obvious

that condition (2.9) is satisfied forρ bounded. Thus stochastic integral
∫
f(t)dEtρ

is correctly defined for anyρ from a dense subset ofL1
X . Summarizing the above

considerations, we see that:

Corollary 2.2 Formula (2.2) defines time operator T as an operator acting onL1.
The domain of this operator is dense inL1 since it was dense inL2 and because the
convergence inL2 implies the convergence inL1. For an arbitrary bounded Borel
measurable functionf the operator functionf(T ) is correctly defined on the set of
densitiesρ with finite entropyΩ(ρ).





3
Time operator for the baker

map

In the previous section we have constructed time operators for K-systems. Here
we shall concentrate on the simplest of K-systems – the baker transformation. Of
course all the general results from the previous section can applied here so the baker
map can serve as an explicit illustration. However, thanks to the simple form of this
transformation we can refine significantly the results of the previous section. One of
such the most important refinements is the explicit form the eigenvectors of the time
operator.

Let the phase spaceX be the unit square[0, 1] × [0, 1]. Theσ-algebraΣ is the
Borel σ-algebra of subsets ofX generated by all possible rectangles of the form
[a, b] × [c, d]. The measureµ is the Borel measure defined on the rectangles as the
area:

µ([a, b]× [c, d]) = (b− a)(d− c) .

we define the transformationS by

S(x, y) =


(
2x ,

y

2

)
, 0 ≤ x < 1

2 , 0 ≤ y ≤ 1(
2x− 1 ,

y + 1
2

)
, 1

2 ≤ x ≤ 1 , 0 ≤ y ≤ 1 .

The transformationS is compressing in they direction by1
2 and stretching in thex

direction by 2. Due to this propertyS is measure preserving. Moreover it is also

29
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invertible and its inverse is given by

S−1(x, y) =


(x

2
, 2
)
, 0 ≤ x ≤ 1 , 0 ≤ y < 1

2(
x+ 1

2
, 2y − 1

)
, 0 ≤ x ≤ 1 , 1

2 ≤ , y ≤ 1 .

An convenient way to show that the dynamical system determined by the baker trans-
formation is a K-system is to present as a bilateral shift.

Each point(x, y) of the unit square can be represented as follows

x =
∞∑
k=0

x−k
2k+1

, y =
∞∑
k=1

xk
2k

wherexk is either 0 or 1,k = 0,±1,±2, . . .. Therefore the pair(x, y) can be
represented by the sequence

(x, y) = (. . . , x−2, x−1, x0︸ ︷︷ ︸
x

, x1, x2, . . .︸ ︷︷ ︸
y

) (3.1)

of zeros and ones. It is elementary to check that the action ofS on the point(x, y)
represented as a doubly infinite sequence is the shift to the right

(x, y) = (. . . x−1, x0, x1 . . .)

S(x, y) = (. . . x−2, x−1, x0 . . .)

Consider now the infinite Cartesian productY = {0, 1}ZZ that consists of all sequences
{xn}n∈ZZ, wherexk is equal to 0 or 1. LetAbe theσ-algebra of subsets ofY generated
by the cylindrical setsCi1,...,ikn1,...,nk

that consist of all the sequences{xn}n∈ZZ such that
xn1 = i1, . . . xnk

= ik, wherei1, . . . , ik is a given finite sequence of zeros and ones.
On theσ-algebraA we define the product measureν

ν =
∞⊗

n=−∞
νk ,

whereνk are measures on{0, 1}, such thatνk({0}) = νk({1}) = 1
2 . In particular,

we have

ν(Ci1,...,ikn1,...,nk
) =

1
2k
.

In this way we obtain the measure space(Y,A, ν).
The transformationS on Y that shifts each sequence one step to the right is

measurable and preserves the measureν. To see this it is enough to note that
Sm(Ci1,...,ikn1,...,nk

) = Ci1,...,ikn1+m,...,nk+m, for eachm ∈ ZZ. Moreover,S is also a K-
automorphism of(Y,A). Indeed, let us choose as a distinguishedσ-algebraA0 the
σ-algebra generated by those cylindersCi1,...,ikn1,...,nk

for which n1 < . . . < nk = 0,
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i.e. the numberik is located on the 0th coordinate. Then theσ-algebraSnA0 is the
σ-algebra generated byCi1,...,ikn1+n,...,nk+n with ik placed on thenth coordinate. It is now
straightforward to check that all three conditions (i)–(iii) of K-system are satisfied,
i.e. the dynamical system(Y,A, ν;S) is a K-system.

The above results can be expressed in terms of the baker transformation, i.e.S
as a transformation of the unit square. Note that although the representation (3.1) is
not unique, the nonuniqueness concerns only the points of the dyadic division, which
is the set of the Lebesgue measure 0. The map that corresponds to each sequence
{xn} ∈ Y the pair(x, y), as determined by (3.1), is continuous and onto[0, 1]× [0, 1]
and therefore also measurable. The image through this map of each simple cylinder
Cin is the set of parallel equally distant strips (let us call them black) that are, forn ≥ 1,
parallel tox-axis and of the width1

2n and, forn ≤ 0 parallel toy-axis and of the
width 1

2n+1 . If i = 0 then the first black strip is that adjacent to thex-axis, ifn ≥ 1, or
adjacent to they-axis, ifn ≤ 0. The image of a cylinderCi1,...,ikn1,...,nk

is the intersection
of the above described strips. Therefore the family of cylinders corresponds the finite
unions of rectangles in[0, 1]× [0, 1]. The latter family generates theσ-algebra Borel
subsets of the unit square. The same correspondence is between the Lebesgue measure
on [0, 1]× [0, 1] and the measureν. Finally let us observe thatπ = {∆0,∆1}, where
∆0 = {(x, y) ∈ X : x < 1

2} and∆1 = {(x, y) ∈ X : x ≥ 1
2} is a generating

partition in the dynamical system(X ,Σ, µ;S) (see Section 2.2).
It follows from the previous section that the K-system which arises from the baker

transformation admits time operatorT of the form

T =
∞∑

n=−∞
nPn

wherePn, n ∈ ZZ, is the eigenprojection ofT corresponding to the eigenvaluen.
Time operatorT is correctly defined onH = L2

X 	 [1] and its eigenprojections satisfy

PnPm = δnmPn

and
∞∑

n=−∞
Pn = I .

Our task is to find a complete set of eigenvectors ofT .
Consider the above defined partitionπ = {∆0,∆1} of the unit square into the left

and right half. Define
χ0 = 1− 21l∆0

and
χn = Unχ0 , n = ±1,±2, . . .

For any finite ordered setn of integers

n = {n1, . . . , nk} , n1 < . . . < nk ,
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define the function
χn = χn1χn2 . . . χnk

. (3.2)

A complete set of eigenfunctions ofT is obtained by taking all possible finite products
of χn. A product (3.2) is an eigenvector corresponding to the eigenvaluenk, which
is the maximal index amongn1, . . . , nk. For exampleχ−3χ1χ0χ2, χ−1χ1χ2, and
χ2, etc. are all eigenvectors ofT corresponding to eigenvalue 2.

In order to prove thatχn, wheren runs over all ordered sets of integers, together
with the constant function 1 form an orthonormal basis inL2

[0,1]×[0,1] it is sufficient
to show that the restrictions ofχn to x-axis andy-axis form an orthonormal basis in
L2

[0,1]. A detailed proof of the later fact will be presented in Section 7 (Lemma 4).

The above constructed eigenvectors of the time operator of the baker map can be
equivalently expressed in terms of Walsh function. Namely

The eigenstates of the Baker map are:

{w̃n1,...,nk
: n1 < . . . < nk, nj ∈ ZZ},

where
w̃n1,...,nk

(x, y) = r̃n1(x, y) · . . . · r̃nk
(x, y),

r̃n(x, y) =
{
rn(x), if n = 1, 2, . . . ,
r1−n(y), if n = 0,−1,−2, . . . .

The functionsrn ∈ L2
[0,1] are the Rademacher functions:

rn(x) =
{

1, if xn = 0,
−1 if xn = 1,

wherexn is then-th sign in the binary representation of the numberx. The natural
projectionP is the conditional expectation with respect to the partition of the square
into vertical segments, being thek-partition of the Baker transformation:

Pf(x, y) =

1∫
0

f(x, t) dt.

One can easily verify that

Pw̃n1,...,nk
(x, y) =

{
wn1,...,nk

(x), if n1 ≥ 1,
0, if n1 ≤ 0 .
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5
Time operator of exact

systems

5.1 EXACT SYSTEMS

In Section 2 we have classified abstract dynamical systems according to different er-
godic properties. We have distinguished the following ergodic properties: ergodicity,
weak mixing, mixing, exactness and Kolmogorov systems. This classification reflects
the degree of irregular behavior, and the property of being Kolmogorov systems or
exact system are the strongest in this hierarchy.

Recall that a semigroup{St}t≥0 (or the dynamical system) is exact if

lim
t→∞

µ(St(A)) = µ(X ) for each A ∈ Σ , µ(A) > 0 , such that St(A) ∈ Σ .

As it was pointed out in Section 2 exactness implies mixing, so both Kolmogorov
systems and exact dynamical systems are subclasses of mixing systems. However
these subclasses are disjoint. For a Kolmogorov systems, the set{St} form a group,
while a necessary condition of exactness of a semigroup{St} is that none ofSt can
be invertible. Indeed, ifSt0 had the inverseS−1

t0 , then using the assumption thatSt
are measure preserving, we would have

µ(St0(A)) = µ(S−1
t0 (St0(A))) = µ(A) ,

for eachA ∈ Σ, and by induction

µ(Snt0(A)) = µ(A) , for n = 1, 2, . . . .

But the last equality contradicts exactness.

35
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Exact transformations often appear when study the behavior of solutions of some
differential equations. For example, consider the equation

∂u

∂t
+ s

∂u

∂s
= αu , where (s, t) ∈ [0,∞)× [0, 1] ,

with the initial condition

u(0, s) = x(s) , for s ∈ [0, 1] .

Assume that for somer (r = 0, 1, . . .) the functionx(·) is continuous function with
all its derivatives up to the orderr on the interval[0, 1]. Then this equation generates
the flow{St}t≥0 that is determined by its solutionu(s, t):

Stx(s)
df=u(t, s) = eαtx(se−t) .

Thus the phase spaceX of this flow is

X = {x ∈ Cr[0, 1] : x(0) = x′(0) = . . . = x(r)(0) = 0}

equipped with the topology of uniform convergence with all derivatives of order≤ r.
Theσ algebraΣ is generated by all cylindrical subsets ofX , i.e. the sets of the form

{x ∈ X : (x(s1), . . . , x(sn))∈B}, n = 1, 2, . . . , s1, . . . , sn ∈ [0, 1], B ∈ BIRn .

In particular, ifr = 0, thenX is the space of all continuous function on the interval
[0, 1] which vanish at the origin. It can be shown (see [LM]) that, , forα > 0, the
Wiener measureµW on(X ,Σ), i.e. the measure determined by the Brownian motion,
is invariant with respect to{St}. Moreover, the dynamical system(X ,Σ, µW ; {St})
is exact. In general, ifr > 0 then it can be shown (see [MyjRud]) that forα > r there
exists a Gaussian{St}-invariant measure on(X ,Σ) and that the dynamical system
is also exact. It is worth to notice that chaotic behavior of the considered flow is only
exhibited whenα > r. Forα ≤ r all the trajectoriesStx, t ≥ 0, are convergent to 0
in X , ast→∞. The above type of equations appears in biology, where it describes
chaotic behavior in cell populations [Bru]. Incidentally, the family of transformations
{St} corresponding the parameterα = 1/2 coincides with the spectral deformation
group used in the Aguilar-Balslev-Combes definition of resonance [AgCo,BaCo].

There is a wide class exact dynamical systems associated with maps of intervals.
In particular exact are Renyi, the logistic and the cusp map introduced in Section 2.

We have already mentioned that Kolmogorov systems and exact systems are two
disjoint subclasses of mixing systems. Kolmogorov systems are reversible exact
systems are irreversible. On the other hand there are, however, strict ties between
these two systems. We shall show in Section 7 that projecting dynamical system
(X ,Σ, µ;S) corresponding to the baker transformationS on thex-coordinate we ob-
tain the exact system corresponding to the 2-adic Renyi map. Conversely it was shown
by Rokhlin [Roch] that exact systems can arise as natural projections of Kolmogorov
systems and have the same entropy.
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In other words, exact dynamical systems can be extended (dilated) to Kolmogorov
systems. Let demonstrate briefly this extension assuming for simplicity that time is
discrete. Thus instead of a group{St}t≥0 let us consider a single measure preserving
transformation on the space(X ,Σ, µ) that satisfies the property

⋂∞
n=1 S

−n(Σ) = the
trivial σ-algebra.

Note first that sinceS is measure preserving it must be “onto” (µ - a.e.). Hence
for a givenx0 fromX there isx−1 such thatx0 = Sx−1. Then there is anx−2 such
thatx−1 = Sx−2, and so on. Moreover, putxn = Snx0, n = 1, 2, . . ., and consider
the sequences

(. . . , x−2, x−1, x0, x1, x2, . . .) , for x0 ∈ X . (5.1)

If S was invertible, each such sequence could be written simply as

(. . . , S−2x0, S
−1x0, x0, Sx0, S

2x0, . . .)

and identified with the pointx0. Therefore, in this case the action ofS on the pointx0

would be expressed as the left shift in the above sequence. SinceS is not invertible,
to a givenx0 corresponds a tree of points on the left side ofx0 in the sequence (5.1).

The collection of all such branches, i.e. the set of all sequences (5.1), where
x0 ∈ X , is treated as a new phase spaceX̃ and the transformatioñS on a sequence
x̃ ∈ X̃ is defined as the left shift. Theσ-algebraΣ̃ and measurẽµ are then defined in
a similar manner as in product spaces (see also Section 12 for a similar construction)
and it turns out that̃S is one-to-onẽµ preserving transformation.

Because of the just described relations between exact and Kolmogorov systems it is
natural to expect that the time operator associated with a Kolmogorov system should
also have a counterpart for exact systems. We shall show that this is indeed the case.
Let us assume that(Ω,Aµ) is a finite measure space andS a single measure preserving
transformation of the phase spaceΩ. As we know there is several equivalent definition
of exactness. The most useful for us is the definition of exactness expressed in terms
of the Koopman operatorV , V f(ω) ≡ f(Sω) and the Frobenius-Perron operator
U ≡ V † regarded as linear operators onL2 ≡ L2(Ω,Aµ). Namely the dynamical
system is exact if and only if

lim
n→∞

‖Unρ− 1‖L2 = 0 , for each density ρ ∈ L2 , (5.2)

or, in terms of the Koopman operator:

∞⋂
n=1

V n(L2) = lin{1} − the linear space spanned by constants . (5.3)

For the proof of equivalence of various definition of exactness we refer the reader to
the monograph [LM] and Ref. [Lin].In the sequel we assume condition (5.3) as the
definition of exactness.

Consider now the Koopman operatorV , which is determined by an arbitrary mea-
sure preserving transformationS. Observe thatV is an isometry onL2 and consider
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the intersection

H∞ =
∞⋂
n=0

V n(L2) . (5.4)

SinceL2 ⊃ V (L2) ⊃ V 2(L2) ⊃ . . ., the intersectionH∞ is V -invariant. The
operatorV is unitary on the orthogonal complementH0 of H∞,

H0 ≡ L2 	H∞ ,

and we have
∞⋂
n=0

V n(H0) = {0} . (5.5)

Therefore the spaceL2 can be decomposed on a direct sum

L2 = H0 ⊕H∞ (5.6)

in such a way thatV is unitary on the second space –H∞. The definition (5.3) of
exactness means that the operatorV is exact if and only if the spaceH∞ consist only
of constants. The decomposition (5.6) corresponds to the Wald decomposition from
the theory of stationary processes. In the Wald decomposition the analog of the spaces
H0 andH∞ are calledpurely nondeterministicanddeterministicpart respectively.
Thus exact systems correspond to purely nondeterministic stationary processes.

There is another interpretation of the decomposition (5.6) on the ground of operator
theory. Namely, note first that the Koopman operatorV has the uniform spectrum on
the spaceH0. Indeed let{gα} be a orthonormal basis in the spaceH0 	 V (H0) and
denote, for eachα, byHα the Hilbert space spanned by{gα, V gα, V 2gα, . . .}. Then
(V kgα, V lgα) = 0, for eachk, l = 0, 1, 2, . . ., k 6= l and, similarly, the spacesHα are
mutually orthogonal. By (5.5) the system{V ngα} is complete inH0, thus we have the
decomposition ofH0 on a direct sum ofV -invariant subspaces:H0 =

⊕
αHα. This

shows thatV has uniform spectrum onH0. In particular, if the Koopman operator
is exact then it has a uniform spectrum on the orthogonal complement of constants:
L2	{1}. Secondly, the definition (5.3) of exactness means in terms of operator theory
thatV is a unilateral shift onL2	{1} with the generating spaceN0 ≡ H0	V (H0)
(see the following section).

The above observations concerning exact systems indicates that the concept of
time operator can be generalized for stationary stochastic processes and for shifts.
Below we will study the time operator associated with unilateral shifts.

5.2 TIME OPERATOR OF UNILATERAL SHIFT

It was shown in the previous section that the Koopman operator of an exact system
is in the case of discrete time a unilateral shift on the space of square integrable
functions. The problem of construction of time operator of exact systems can thus
be considered in a more general framework. Namely, to construct a time operator
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associated with a shift operator acting on an arbitrary Hilbert spaceH. This means
(see Section 2) that given a shift operatorV onH we want to construct an operator
T that satisfies the following conditions:

V (D(T )) ⊂ D(T ) (5.7)

and
TVt = VtT + tVt , (5.8)

whereD(T ) is the domain ofT .
We shall show in this section that time operators can be associated with all unilat-

eral shifts. Time operators associated with bilateral shifts on Hilbert spaces will be
considered separately. However, before generalizing the construction of time operator
we give the notation and some basic facts on shifts.
Definition A linear continuous operatorV on a Hilbert spaceH is called ashift iff
there exists a sequence{Nn |n = 0, 1, 2, . . .}, enumerated by the set of all integers
or by the set of all positive integers, of closed linear subspaces ofH such that

(i) Nn is orthogonal toNm if m 6= n

(ii) H = ⊕nNn

(iii) V is an isometry fromNn ontoNn+1, for eachn, .

The operatorV is calledunilateral shiftif n = 0, 1, 2, . . . andbilateral shiftif n ∈ ZZ.
We shall callN ≡ N0 thegenerating spaceof the shiftV .

The adjointV † of the unilateral shiftV vanishes onN ≡ N0, moreoverN0 =
NullV †. The operatorV † maps isometricallyNn ontoNn−1,n = 1, 2, . . .. Therefore
the spacesNn, n = 1, 2, . . . and the multiplicitym are unique for a given unilateral
shift V .

Any unilateral shiftV is an isometry, the adjoint shiftV † is a partial isometry and
V †V = 1. Any bilateral shift is a unitary operator. The adjoint to a bilateral shift is
again a bilateral shift of the same multiplicity.

The spacesNn for a bilateral shiftV are non unique. Indeed, observe that for
any unitary operatorB commuting withV the spacesN ′

n = B(Nn) also satisfy all
the conditions of the definition of bilateral shift. The converse is also true: ifV is a
bilateral shift,Nn andN ′

n are spaces that satisfy all conditions of the definition of
bilateral shift forV then there exists a unitary operatorB, commuting withV such
thatV (Nn) = N ′

n.
Finally, let us introduce the concept of generating basis.

Definition. Let V be a unilateral shift of multiplicitym ∈ IINN ∪ {∞} on a Hilbert
spaceH. An orthonormal basis{gna |n = 0, 1, . . . , 1 ≤ a < m + 1} is called a
generating basisfor V iff V gna = gn+1

a for all n, a (or equivalently,V †gna = gn−1
a if

n ≥ 1 andV †g0
a = 0).

The generating basis for a bilateral shift can defined in a similar way
Definition. LetV be a bilateral shift of multiplicitym ∈ IINN∪{∞} on a Hilbert space
H. An orthonormal basis{gna |n ∈ ZZ, 1 ≤ a < m+ 1} is called agenerating basis
for V iff V gna = gn+1

a for all n, a (or equivalently,V †gna = gn−1
a for all n, a).
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The following proposition gives a clear procedure for constructing a generating
basis for a given unilateral shift.

Proposition 5.1 LetV be a unilateral shift on a Hilbert spaceH of multiplicitymand
{ga | 1 ≤ a < m+1} be an orthonormal basis inN0 = kerV †. Let alsogna = V nga
for anyk = 0, 1, 2, . . . and anya. Then{gna |n = 0, 1, 2, . . . , 1 ≤ a < m+ 1} is a
generating basis forV .

Proof. The conditionV gna = gn+1
a is obvious. It remains to prove that{gna |n =

0, 1, 2, . . . , 1 ≤ a < m+ 1} is an orthonormal basis inH. First, from the definition
of the shift, the operatorsV n are isometries fromN0 ontoNn. Therefore, the set
{gna | 1 ≤ a < m+ 1} is an orthonormal basis inNn. By orthogonality of different
Nn we get orthonormality of the set{gna |n = 0, 1, 2, . . . , 1 ≤ a < m + 1}. The
completeness of this orthonormal system follows from the density of the sum ofNn.

The following theorem gives the general form of time operators for unilateral
shifts.

Theorem 5.1 Let V be a unilateral shift on a Hilbert spaceH Then for any self-
adjoint time operatorT for the semigroup{V n |n = 0, 1, 2, . . .} there exists a unique
self-adjoint operatorA onN0 such that the operatorT has the form:

T =
∞∑
n=0

V n(A+ n)(V †)nKn, (5.9)

whereKn = V n+1(V †)n+1 − V n(V †)n are the orthoprojections onto the spaces
Nn from the definition of unilateral shift.

Conversely any operator of the form(5.9), whereA is a self-adjoint operator on
N0, is a time operator for the semigroup{V n |n = 0, 1, 2, . . .}.

Proof. LetT be a self-adjoint time operator for the semigroup{V n |n = 0, 1, 2, . . .}.
First, we shall prove thatT has the form (5.9) when the spectrumσ(T ) is a subset

of the setZZ/l = {m/l |m ∈ ZZ} for some positive integerl. In this case by the
spectral theoremH is the orthogonal direct sum of the spacesHτ (τ ∈ ZZ/l), where
Hτ = Null(T − τ). BecauseV preserves the domain ofT we haveV (Hτ ) ⊆ Hτ+1

for all τ ∈ ZZ/l. Therefore for anyτ ∈ [0, 1) ∩ ZZ/l, V n(Hτ−n) is the decreasing
sequence of closed linear subspaces ofHτ (heren = 0, 1, 2, . . .) with zero intersec-
tion. Choosing orthonormal bases in each spaceV n(Hτ−n)	 V n+1(Hτ−n−1) and
taking the union of these bases we obtain an orthonormal basisBτ inHτ such that for
anyn = 0, 1, 2, . . ., Bτ ∩ V n(Hτ−n) is an orthonormal basis inV n(Hτ−n). Then
for anyτ ∈ ZZ/l, τ < 0

Bτ = (V †)[τ ](B{τ} ∩ V [τ ](Hτ ))

is an orthonormal basis inHτ (here[τ ] and{τ} are the integer and fractional parts of
the numberτ respectively). Forτ ∈ ZZ/l, with τ > 1 we shall construct orthonormal
basisBτ in Hτ by induction. The first step of the induction (Bτ for τ < 1) is
already established. Assume thatj ∈ ZZ, j ≥ 2 and the basesBτ for τ ∈ ZZ/l,
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τ < j − 1 are already constructed. We shall construct the basisBτ for τ ∈ ZZ/l,
j − 1 ≤ τ < j. Choose an arbitrary orthonormal basisB′τ in Hτ 	 V (Hτ−1). The
setBτ = B′τ ∩ V (Bτ−1) is obviously an orthonormal basis inHτ . Let

B =
⋃

τ∈ZZ/l

Bτ .

ThenB is an orthonormal basis inH andV f ∈ B for anyf ∈ B (this follows from
the construction ofB). This means thatB is a generating basis forV . Therefore,
A0 = {f ∈ B |V †f = 0} is an orthonormal basis inN0. ConsequentlyAn =
V n(A0) ⊂ B is an orthonormal basis inNn for any n = 0, 1, 2, . . .. From the
construction ofBτ for anyf ∈ B there exists the uniqueτ(f) ∈ ZZ/l thatf ∈ Bτ(f).
Let us define an operatorAn onNn by the formula

An

∑
f∈An

aff

 =
∑
f∈An

τ(f)aff.

This operator is self-adjoint (because the vectors of the orthonormal basisAn are
eigenvectors ofAn with real eigenvalues). Since for anyf ∈ B, f ∈ Bτ(f) =
Null(T − τ(f)) we haveTf = τ(f)f . ThereforeAn coincides with the restriction
of T toNn. ThusT commutes with projectionsKn and

T =
∞∑
n=0

AnKn.

To prove (5.9) forA = A0 it remains to verify the equalityAn = V n(A0 +n)(V ∗)n.
From the construction of basesAn we have thatAn = V n(A0). LetA0 = {gk | 1 ≤
k < m+ 1} (wherem is multiplicity of V ). ThenAn = {V ngk | 1 ≤ k < m+ 1}.
So

An

 ∑
1≤k<m+1

ckV
ngk

 =
∑

1≤k<m+1

ckτ(V ngk)V ngk

=
∑

1≤k<m+1

ck(τ(gk) + n)V ngk =

= V n
∑

1≤k<m+1

ck(τ(gk) + n)gk =

= V n(A+ n)(V †)nV n
∑

1≤k<m+1

ckgk =

= V n(A+ n)(V †)n

 ∑
1≤k<m+1

ckV
ngk

 .

So formula (5.9) forT (with A = A0) is proved.
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In the general case letP (τ) be the spectral resolution ofT :

T =

∞∫
−∞

τ dP (τ)

It is straightforward to check that the conditions (5.7) and (5.8) forT (with respect to
the semigroupV n) are equivalent to the fact that for anyτ1 < τ2,V (Pτ2−Pτ1)(H) ⊆
(Pτ2+1 − Pτ1+1)(H). From this reformulation of the definition of time operator (in
our particular case) it immediately follows that for any Borel functionf : IR → IR
such thatf(x+ 1) = f(x) + 1 for all x ∈ IR, the operatorf(T ) is also a self-adjoint
time operator for the semigroup{V n |n = 0, 1, 2, . . .}. The functionfl(x) = [lx]/l
(l ∈ IINN) satisfies the conditionfl(x+1) = fl(x)+1 and takes values inZZ/l. Hence,
fl(T ) is a self-adjoint time operator for the semigroup{V n |n = 0, 1, 2, . . .}, with
spectrum included inZZ/l. From the previous result there exist self-adjoint operators
Al onN0 such that

fl(T ) =
∞∑
n=0

V n(Al + n)(V †)nKn . (5.10)

From the definition offl it follows that the operatorsT − fl(T ) are bounded and
‖T − fl(T )‖ ≤ 1/l. So, the sequencefl(T ) converges toT with respect to the
operator norm. From the other sideAl = fl(T )

∣∣
N0

. Therefore the operatorsAi−Aj
are bounded and‖Ai − Aj‖ ≤ 1

min(i,j) . SoAi is the Cauchy sequence with respect
to the operator norm, and thereforeAl converges to some self-adjoint operatorA on
N0. Passing to the limit in the formula (5.10) we obtain the desired formula (5.9).

Formula (5.9) implies thatA = T
∣∣
N0

. ThereforeA is unique for givenT .
Conversely, letT be an operator given by the formula (5.9). SinceA is a self-

adjoint operator onN0, each operatorAn = V n(A+n)(V †)nKn

∣∣
Nn

,n = 0, 1, 2, . . .
is self-adjoint onNn, as it is unitary equivalent to the self-adjoint operatorA + n.
ThereforeT is self-adjoint as a direct sum of self-adjoint operators. It remains to verify
conditions (5.7) and (5.8) with respect to the semigroup{V n |n = 0, 1, 2, . . .}. Let
f ∈ DT ⊂ H. Then by (5.9)

TV f =
∞∑
n=0

AnKnV f =
∞∑
n=0

V n(A+ n)(V †)nKnV f (5.11)

From the obvious relationsK0V = 0 andKnV = V Kn−1 for n ≥ 1 we obtain

∞∑
n=0

V n(A+ n)(V †)nKnV f =
∞∑
n=1

V n(A+ n)(V †)nV Kn−1f =

=
∞∑
n=1

V V n−1(A+ n− 1)(V †)n−1Kn−1f +
∞∑
n=1

V V n−1(V †)n−1Kn−1f =
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=
∞∑
n=0

V AnKnf +
∞∑
n=1

V Knf . (5.12)

Sincef ∈ DT , the series
∑∞
n=0AnKnf converges. SinceV is continuous and

the sequenceKn of orthoprojections is a decomposition of the identity both series∑∞
n=0 V AnKnf and

∑∞
n=1 V Knf converge inH. Thus, by (5.11) and (5.12)V f ∈

DT and

TV f =
∞∑
n=0

V AnKnf +
∞∑
n=1

V Knf = V Tf + V f.

Corollary 5.1 For a unilateral shiftV on a Hilbert spaceH, there exists a unique
self-adjoint time operatorT for the semigroup{V n |n = 0, 1, 2, . . .}, satisfying the
additional condition that the null space of the adjoint shift is included into the null
space ofT :

V †f = 0 implies that Tf = 0 . (5.13)

In this case the null spaceN of the adjoint shiftV † is identical with the null space of
T .

Proof. By Theorem 5.1, formula (5.9) withA = 0 defines a time operator for
the semigroup{V n |n = 0, 1, 2, . . .}. It is straightforward to verify that this time
operator satisfies condition (5.13). Now suppose thatT is time operator for the
semigroup{V n |n = 0, 1, 2, . . .}, satisfying the condition (5.13). From theorem 5.1,
T can be represented in the form (5.9) with some self-adjoint operatorA onN0. Since
the restriction ofT to NullV ∗ coincides withA, condition (5.13) implies thatA = 0.
ThereforeT is unique. The inclusionNullV † ⊆ NullT is one of our assumptions.
The opposite inclusion follows from (5.9) withA = 0, since formula (5.9) in the case
A = 0 provides spectral resolution ofT .

The above theorem allows, in addition, to determine the diagonal form of the
time operatorT associated with unilateral shift. It turns out thatT has the diagonal
representation in terms of the generating bases for the shiftV .

Corollary 5.2 The time operatorT of Corollary 5.1 has diagonal representation for
any generating basisgna :

T =
∞∑
n=0

n
∑

1≤a<m+1

|gna 〉〈gna | (5.14)

Kn =
∑

1≤a<m+1

|gna 〉〈gna | .

Therefore the generating basis is a basis of eigenvectors ofT : Tgna = ngna .

Proof of the formula (5.14) follows from (5.13) and (5.9) immediately.
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5.3 TIME OPERATOR OF BILATERAL SHIFT

We shall prove now an analog of Theorem 5.1 for bilateral shifts. This theorem
generalizes the construction of time operator from Section 2 because Koopman and
Frobenius-Perron operators of invertible K-systems are bilateral shift operators on
the Hilbert space of square integrable functions.

The generating basis of multiplicityM for a bilateral shiftV is defined in the same
way. Only difference is thatn ∈ ZZ and the conditionV †g0

a = 0, if n ≥ 1, is dropped.

Theorem 5.2 LetV be a bilateral shift on a Hilbert spaceH andT be a self-adjoint
time operator for the group{V n |n ∈ ZZ}. Then the time operatorT is given by

T =
∞∑

n=−∞
V n(A+ nI)(V †)nKn , (5.15)

where

1) Kn are the orthoprojections onto the subspacesNn, n ∈ ZZ;

2) the subspacesNn satisfy the conditions (1–3) of the definition of shifts;

3) A is a self-adjoint operator onN0 such that the spectrumσ(A) is contained in
[0, 1] and 1 is not an eigenvalue ofA.

The subspacesHn and the operatorA are uniquely determined byT .
Conversely, if the subspacesNn, n ∈ ZZ satisfy all conditions from the definition

of bilateral shift,Kn are the orthoprojections ontoNn, andA is an arbitrary self-
adjoint operator onN0 then any operator of the form(5.15) is a time operator for
the group{V n : n ∈ ZZ}.

Proof. Let T be a self-adjoint time operator for the group{V n : n ∈ ZZ}, and{Eλ}
be the spectral resolution ofT :

T =

∞∫
−∞

λ dEλ . (5.16)

Define the functionϕ : IR → IR by the formula

ϕ(t) =
{

1, if t ∈ [0, 1),
0, if t ∈ IR \ [0, 1).

LetKn = ϕn(T ), whereϕn(t) = ϕ(t− n) or equivalently

Kn = lim
λ→n
λ<n

Eλ+1 − Eλ.

It is clear thatKn are orthoprojections and that the spacesNn = Kn(H) satisfy all
the properties from the definition of bilateral shift forV andT (Nn) ⊆ Nn.
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Let An : Nn → Nn be the restriction of the operatorT to the spaceNn. The
operatorsAn are self-adjoint as restrictions of the self-adjoint operatorT . Evidently,

T =
∞∑

n=−∞
AnKn.

To prove (5.15) forA = A0 it remains to verify the equalityAn = V n(A0+n)(V ∗)n

for anyn ∈ ZZ. This can be done by the same argument as the corresponding statement
in the proof of the theorem 5.1. SinceA = TK0

∣∣
N0

andK0 = ϕ(T ) we have that
σ(A) is contained in the closure of the setϕ(IR) and the point spectrum ofA is
contained in the setϕ(IR). Thereforeσ(A) ⊂ [0, 1] and 1 does not belong to the
point spectrum.

Let us verify now the uniqueness ofNn andA. Let T be the operator defined by
the formula (5.15). Sinceσ(A + n) ⊆ [n, n + 1] andn + 1 is not an eigenvalue
of A + n, we have thatϕn(T ) = Kn for all n ∈ ZZ. So,Kn and thereforeNn are
unique. By (5.15)A is the restriction ofT toN0. Therefore,A is also unique.

The proof of the converse part of Theorem 5.2 is the same as for Theorem 5.1.
Remark. For a given self-adjoint Time OperatorT of a bilateral shiftV there exist
representations ofT in the form (5.15) with differentKn. The condition that makes
Kn unique is the restriction that the spectrum ofA is contained in [0,1] and 1 is not
an eigenvalue ofA. This condition is actually equivalent to the identification ofKn

of formula (5.15) with the eigenprojectionsPn+1 	 Pn obtained from the spectral
resolution (5.16).

NOTES

1. The null spaceN = N0 = kerV † of the adjoint unilateral shift is the gener-
ator of innovationsNn = V n(N ) which coincide with the eigenspaces of the time
operator. The spaceN contains all initial information and defines the origin of time.

2. As the bilateral shift is the unitary dilation [SzNFo] of the unilateral shift,N is
still a generator of innovations. However as the null space of the adjoint bilateral shift
is the zero subspace, the generating subspaceN does not contain the initialλ = 0
information. The initial information is included in the space

Hin = E0(H) =
0⊕

n=−∞
V n(N ).

This space is called incoming subspace by Lax and Phillips [LaxPh] as it contains the
initial information which will manifest in future. In the case of Kolmogorov systems
[CFS]P (0) is the conditional expectation projection onto theK-partition [Mi,Pr].

3. If V is a unilateral shift, then the adjoint semigroup{(V ∗)n} does not have
any time operator. Therefore the Time Operator does not exist for the evolution of
probability densities of exact endomorphisms, whereV is the Koopman operator and
U = V † is the Perron–Frobenius operator.

This non-equivalence between states and observables does not appear in auto-
morphisms, like Kolmogorov systems, where the Koopman and Perron–Frobenius
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operators are both unitary. In the original definition of time operators [Mi,Pr] both
pictures in terms of states (Schrödinger) and observables (Heisenberg) were used
without discrimination. However the generalization of time operators beyond unitary
evolutions is only possible in observables (Heisenberg) evolution picture.

4. The definition of time operator goes beyond the shift evolution. In fact time
operators can be defined for more general contracting semigroups [AShdiff].



6
Time operator of the Renyi

map and the Haar wavelets

A characteristic feature of the time operator of exact systems constructed in the
previous section is that it has uniform infinite multiplicity. This means that the
eigenspaces of time operator have the same infinite dimension. We shall show in
this section that it is also possible a natural construction of a time operator for an
exact systems based on its generating partition. If this partition is finite then the
eigenspaces of the time operator are also finite. Time operators of the first kind are
called thetime operators with uniform multiplicity, the second kind thetime operators
with non-uniform multiplicity.

In this section we shall construct a time operator with non-uniform multiplicity
for the exact system determined by the Renyi map. One of the reasons for choosing
this particular dynamical system is that this will allow to demonstrate in a transparent
way the ideas, the details of the construction as well as to compare uniform and non-
uniform time operator. This will also clarify the details of the construction of time
operator of the baker map. Another reason is that there are close connections between
the non-uniform time operator of the Renyi map and the multiresolution analysis of
L2

IR based on Haar wavelets. We shall show later (Section 13) that this connection
is not incidental. The spectral decomposition of a time operator turns out to be a
generalization of multiresolution analysis.

We begin with the construction of the complete family of eigenfunctions of the
time operator. The construction is based on a simple but important remark that the
Koopman operator acts as a shift on the Haar functions. Then we shall discuss the
domain of the time operator and show the connections between eigenfunctions of
the time operator and the Haar wavelets on the interval[0, 1]. We shall also show
relations of the time operator of the Renyi map with the time operator of the baker’s

47
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transformation constructed previously by Misra, Prigogine and Courbage. Finally we
shall construct, for a comparison, a uniform time operator of the Renyi map applying
the results of Section 6.

6.1 NON-UNIFORM TIME OPERATOR OF THE RENYI MAP

The 2-adic Renyi map is defined on the unit interval[0, 1) by the formula

Sx = 2x (mod 1) .

The Lebesgue measure is invariant with respect toS. The Renyi map is the simplest
chaotic system and the prototype of exact endomorphisms presented in the previous
section.

The Koopman operator of the Renyi map is the unilateral shift defined by

V f(x) = f(Sx) =
{
f(2x) , for x ∈ [0, 1

2 )
f(2x− 1) , for x ∈ [ 12 , 1) , (6.1)

The construction of the time operator of the Renyi map is based on the following
observation:

Lemma 6.1 The Koopman operator(6.1) acts as a shift on the Haar functions in
L2

[0,1]

hn,k(x)
df=1l[0,1)(2n+1x− 2k)− 1l[0,1)(2n+1x− 2k − 1) , (6.2)

wheren = 0, 1, 2, ..., k = 0, 1, ..., 2n − 1,

V hn,k = hn+1,k + hn+1,k+2n ,

for n = 0, 1, 2, ... andk = 0, 1, ..., 2n − 1.

Proof.

Vhn,k(x)=
{
hn,k(2x), for x ∈ [0, 1

2 )
hn,k(2x− 1), for x ∈ [ 12 , 1)

=
{

1l[0,1)(2n+2x−2k)−1l[0,1)(2n+2x− 2k − 1), x∈ [0, 12 )
1l[0,1)(2n+2x−2(k + 2n))−1l[0,1)(2n+2x−2(k+2n)−1),x∈ [ 12 ,1)

=
{
hn+1,k(x), for x ∈ [0, 1

2 ), k = 0, 1, ..., 2n − 1
hn+1,k(x), for x ∈ [ 12 , 1), k = 2n, ..., 2n+1 − 1

= hn+1,k(x) + hn+1,k+2n(x)

The last equality follows from the fact that functionhn+1,k andhn+1,k+2n have
disjoint supports[0, 1

2 ) and[ 12 , 1) respectively.
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In order to obtain an orthonormal basis we define the functions

ϕ1(x) = h0,0(x) = 1l[0,1)(2x)− 1l[0,1)(2x− 1)
ϕn+1(x) = V nϕ1(x) , for n = 1, 2, ...

We observe that
ϕ2(x) = V h0,0(x) = h1,0(x) + h1,1(x) .

In general, it follows from Lemma 6.1 that

ϕn+1 = hn,0 + ... + hn,2n−1 , (6.3)

for n = 1, 2, . . ..
We see therefore that every functionϕn+1(x) can be expressed in terms of the

Haar functions as the sum of allk-components ofhn,k, k = 0, 1, ..., 2n − 1
Now, for a given set of integersn

n = {n1, ..., nm} , n1 < ... < nm

define the function
ϕn(x) df=ϕn1(x)...ϕnm

(x) . (6.4)

Lemma 6.2 Any functionϕn, wheren = {n1, ..., nm} , n1 < ... < nm, can be
expressed as

ε0hnm,0 + ... + ε2nm−1hnm,2nm−1, (6.5)

for some choice ofεi = −1 or 1, i = 0, . . . , 2nm − 1.

Proof. Indeed, sincenm corresponds to the finest division of the interval and the
functionsϕi can only assume values +1 or−1, the multiplication ofϕnm

byϕni
, for

ni < nm, can only change signs of somehnm,j . This ends the proof.

Lemma 6.3 The Koopman operator act as a shift onϕn

V ϕn = ϕn+1 ,

wheren + 1 df={n1 + 1, ..., nm + 1}.

Proof. Since the Koopman operator is multiplicative

(V fg)(x) = f(Sx)g(Sx) = (V f)(x)(V g)(x) ,

we have

V ϕn = V (ϕn1 ...ϕnm
) = V ϕn1 ...V ϕnm

= ϕn1+1...ϕnm+1 = ϕn+1 .

Lemma 6.4 The functionsϕn, wheren runs over all ordered subsets ofIINN, together
with the constant≡ 1, form an orthonormal basis inL2

[0,1].
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Proof. Note first thatϕ2
n ≡ 1, for eachn. Thereforeϕ2

n ≡ 1 and

ϕn′ϕn′′ = ϕn′1 ...ϕn′m1
ϕn′′1 ...ϕn′′m2

= ϕn1 ...ϕnm ,

wheren1, ...nm is the rearrangement of the numbersn′, ..., n′m1
, n′′1 , ..., n

′′
m2

in the
increasing order (ifn′i = n′′j then ϕn′

i
ϕn′′

j
≡ 1 , thus we can eliminate these

numbers). This implies thatϕn′ϕn′′ is again of the form (6.5) and consequently
1∫
0

ϕn′(x)ϕn”(x)dx = 0.

We shall show next that all indicators of sets [k
2n , k+1

2n ) can be obtained as finite
linear combinations of productsϕn1 ...ϕnm

, with nm ≤ n and the constant function
1. This will imply, in particular, that any Haar function is such a linear combination
and that the completeness inL2

[0,1] of the family{ϕn} will be a consequence of the
completeness of the Haar basis. Indeed applying the mathematical induction we see
that forn = 1

1l[0, 12 ) =
1
2
· 1 +

1
2
ϕ1 and 1l[ 12 ,1) =

1
2
· 1− 1

2
ϕ1.

Let us assume now that the statement is true forn and consider an interval∆(n+1) =
[ k
2n+1 ,

k+1
2n+1 ). It is the left or the right part of some interval∆(n) = [ β2n ,

β+1
2n ) indicator

of which is by the assumption a linear combination of productsϕn1 ...ϕnm
, nm ≤ n.

Therefore the indicator

1l∆(n+1) =
1
2
1l∆(n) ±

1
2
1l∆(n)ϕn+1 ,

where the choice of + or− depends whether∆(n+1) is the left or the right part of
∆(n), is again a linear combination of productsϕn1 ...ϕnm

, with nm ≤ n+ 1.

From Lemma 6.3 and 6.4 we can construct the innovation spacesWn,n = 1, 2, . . .
for the Koopman operatorV .

Let us define

W0 = span{1} and Wn = span{ϕn1 ...ϕnm},

for all choices of nonnegative integersn1 < ... < nm = n, n = 1, 2, . . .. Let
us also denote byBn theσ-algebra which corresponds to then-th dyadic division
and byL2(Bn) the subspace ofL2

[0,1] consisting of allBn-measurable functions. By
construction we have the standard properties of innovation spaces for shifts, namely:

1) the spacesWn are mutually orthogonal and

W0 ⊕W1 ⊕ . . .⊕Wn = L2(Bn) .

2) the spaceL2
[0,1] has the following direct sum decomposition

L2
[0,1] = W0 ⊕W1 ⊕W2 ⊕ ... .
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3) the Hilbert spaceL2
[0,1] 	 {1} ≡ H of non-equilibrium deviation is:

H = W1 ⊕W2 ⊕ . . .

4) the Koopman operator shifts the innovations

VWn ⊂ Wn+1 , n = 1, 2, . . . . (6.6)

We should remark here that in the unitary case we have

VWn = Wn+1 .

PuttingPn as the projection onWn, n = 1, 2, . . ., we obtain the time operator

T =
∞∑
n=1

nPn (6.7)

The union
⋃∞
n=1Wn, which is dense inH, is in the domain ofT and that forn =

{n1, . . . , nm}
Tϕn = nmϕn .

Therefore eachϕn is an eigenvector ofT corresponding to the eigenvaluen =
max{m : m ∈ n} which is called theageof ϕn. The agen corresponds to the
partition of [0,1) on2n intervals and can be identified with the information carried
by this uniform partition. The spaceW0 ⊕W1 ⊕ ... ⊕Wn consists of all elements
having the age≤ n or, using the computational language, all functions (with the mean
value 0) which can be computed with the accuracy1

2n . ThenWn+1 represents the
necessary contribution which is needed if one wants to describe all functions which
can be computed with the accuracy12n+1 . We shall show below thatT is indeed the
Koopman operator with respect toV .

Theorem 6.1 Each vectorf ∈ H has the following expansion in the basis{ϕn}

f =
∞∑
n=1

2n−1∑
k=1

an,kϕnk
n
, (6.8)

wherenkn denotes the set{n1, ..., ni}with fixedni = nwhilek runs through all2n−1

possible choices of integersn1 < ... < ni−1 < n. The operatorT acts onf having
finite expansion(6.8)as follows

Tf =
∞∑
n=1

2n−1∑
k=1

nan,kϕnk
n
. (6.9)

MoreoverT satisfies

TV m = V mT +mV m , m = 1, 2, . . . (6.10)
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Proof. The expansion (6.8) is a direct consequence of Lemma 6.4 and equality (6.9)
from the definition ofPn andT .
The intertwining relation (6.10) follows follows from the equality

Pn+mV
m = V mPn, (6.11)

where we putPn = 0 for n ≤ 0. Indeed, for any functionf of the form (6.8)

V mf =
∞∑
n=1

2n−1∑
k=1

an,kϕnk
n+m .

ThereforeV mf ∈ Wm+1 ⊕Wm+2 ⊕ . . . and consequently

PnV
mf = 0 = V mPn−mf ,

for n ≤ m. If n > m then

PnV
mf =

2n−m−1∑
k=1

an−m,kϕnk
n
.

On the other hand

V mPn−mf = V m

2n−m−1∑
k=1

an−m,kϕnk
n−m

 =
2n−m−1∑
k=1

an−m,kϕnk
n

which proves (6.11), for alln,m ∈ IINN.

6.2 THE DOMAIN OF THE TIME OPERATOR

What functions belong to the domain of our time operator? An immediate conse-
quence of the definition ofT is that it is densely defined onL2 because all finite linear
combinations of Haar functions are in the domain. On the other hand it is easy to find
a functionf ∈ L2 of the form (6.8) for which

‖f‖L2 <∞ ,

while
‖Tf‖L2 = ∞ .

We shall show below that the domain of the time operator contains also “smooth”
functions. For this purpose we shall consider expansions of functions in the Haar
basis instead of of the expansion in the basis{ϕnk

m
} which is in fact the Walsh basis.

Although the Walsh basis allows to describe in a simple way the dynamics on
L2, i.e. the action of the Koopman operator, it not so convenient when dealing with
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smooth functions. It is known, for example, that the Haar expansion of a continuous
function on the interval[0, 1] converges uniformly, while its Walsh series may be even
pointwise divergent.

From now on till the end of this section we shall only consider those functions
fromL2 which have continuous extensions on[0, 1]. The following theorem gives a
necessary condition on a functionf to belong to the domain of the time operator.

Theorem 6.2 Any functionf ∈ C[0,1] such that its modulus of continuity satisfies the
property ∫ 1

0

ωf (x)
log x
x

dx > −∞

belongs to the domain ofT .

The modulus of continuityωf [Zy] is defined by:

ωf (δ) = sup
x,y∈[0,1]
|x−y|≤δ

|f(x)− f(y)| , 0 ≤ δ ≤ 1 ,

for anyf ∈ C[0,1].
In order to prove this theorem we need the following lemma

Lemma 6.5 The Haar functionhn,k (6.2) is an eigenfunction ofT corresponding to
the same eigenvaluen.

Proof. Consider for a fixedm the functionsϕnk
m

, k = 0, 1, . . . , 2m − 1. By Lemma
6.2

ϕnk
m

= ε0hm,0 + ... + ε2m−1hm,2m−1 , (6.12)

where the choice ofεj depends onk. A simple geometric argument shows that each
hm,j can be represented as a linear combination ofϕnk

m
, k = 0, 1, . . . , 2m − 1. In-

deed, we can identifyhm,j with the unit vector of the2m dimensional Euclidean space
(0, . . . , 0, 1, 0, . . . , 0), where 1 is on thej + 1-coordinate. Since(ϕnk

m
|ϕnk′

m
)L2 =∑

j εjεj′ , theL2-scalar product can also be identified with the scalar product in the
Euclidean space. From (6.12) follows that there are2m mutually orthogonal, thus
linearly independent vectorsϕnk

m
in IR2m

. Therefore eachhm,j is a linear combina-
tion of ϕnk

m
. Sinceϕnk

m
is an eigenvector ofT corresponding to the eigenvaluem,

alsoϕnk
m

is en eigenvector ofT with the same eigenvalue.

Proof of Theorem 6.2.Without a loss of generality we may assume that
∫ 1

0
f(x) dx =

0. Thenf has the expansion in the Haar basis

f = lim
N→∞

fN = lim
N→∞

N∑
n=1

2n−1∑
j=0

cn,jψn,j ,

with ψn,j = 2n/2hn,j and cn,j =
∫ 1

0
f(x)ψn,j(x)dx. Sincef is continuous the

above series is not onlyL2-convergent but also uniformly on[0, 1]. We shall show
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that alsoTfN converges uniformly on[0, 1], asN → ∞. Thus we can definef as
the limit limn→∞ TfN . By Lemma 6.5

TfN =
N∑
n=1

2n−1∑
j=0

ncn,jψn,j .

Therefore applying the inequality [Ci]

|cn,j | ≤
1

22n/2
ωf

(
1

2n+1

)
,

valid for all k = 0, 1, . . . , 2n−1, we have∣∣∣∣∣∣
N∑
n=1

2n−1∑
j=0

ncn,jψn,j(x)

∣∣∣∣∣∣ ≤
N∑
n=1

2n−1∑
j=0

|ncn,jψn,j(x)|

≤
N∑
n=1

2n−1∑
j=0

22n/2 sup
j=0,...,2n−1

|cn,j |

≤
N∑
n=1

nω

(
1

2n+1

)
.

However
∑N
n=1 nω

(
1

2n+1

)
is nothing but the Riemann sum of the integral

−
∫ 1

0
ωf (x) log x

x dx which is finite by the assumption. therefore there is a constantK
such that

N∑
n=1

2n−1∑
j=0

|ncn,jψn,j(x)| ≤ K <∞ ,

for eachN = 1, 2, . . . which shows the uniform convergence of the functional series∑∞
n=1

∑2n−1

j=0 ncn,jψn,j(x).

6.3 THE HAAR WAVELETS ON THE INTERVAL

We show that the above constructed spectral decomposition of the time operator
coincides with the multiresolution analysis ofL2

[0,1] [Ch,LMR].

A multiresolution analysis(MRA) of L2
IR is a sequence{Hn}n∈ZZ of closed sub-

spaces ofL2
IR such that

{0} ⊂ . . . ⊂ H−1 ⊂ H0 ⊂ H1 ⊂ . . . ⊂ L2
IR ,⋂

n∈ZZ

Hn = {0} ,
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⋃
n∈ZZ

Hn = L2
(IR) ,

f(·) ∈ Hn ⇐⇒ f(2n ·) ∈ H0 .

Moreover it is assumed that there is a functionφ ∈ L2
(IR) (thescaling function) whose

integer translates form a Riesz basis ofH0, i.e. the set{φ( · − k) : k ∈ ZZ} is dense
in L2

(IR) and there exist positive constantsA andB such that

A
∑
k∈ZZ

c2k ≤ ‖
∑
k∈ZZ

ckφ( · − k)‖2L2
(IR)

≤ B
∑
k∈ZZ

c2k ,

for each{ck}k∈ZZ ⊂ IR such that
∑
k∈ZZ c

2
k <∞.

It follows from the definition of MRA that the spaceHn is spanned by the functions

φn,α(x) df=2n/2φ(2nx− α) , α ∈ ZZ .

Let us denote byWn the orthogonal complement ofHn in Hn+1, i.e.

Hn+1 = Wn ⊕Hn , n ∈ ZZ .

It can be shown [Ch,LMR,Da] that there exists a functionhsuch the translated versions
of

hn,α(x) df=2n/2h(2nx− α) , α ∈ ZZ , (6.13)

generate an orthonormal basis ofWn. The functionh is called thewavelet.
As we have seen above there is a strict analogy between wavelets and shift opera-

tors. This analogy leads to a definition of a time operator for wavelets [AnGu]. Here
we shall compare the eigenfunctions of the time operator (6.12) of the Renyi map
with the wavelets on the interval[0, 1).

The Haar wavelet

ψ(x) =

 1 , for 0 ≤ x < 1/2
−1 , for 1/2 ≤ x < 1
0 , otherwise

generates the orthonormal basisψn,α of L2
(IR) with formula (6.13). The restriction of

the Haar wavelet to the unit interval[0, 1) can be achieved [LMR,Da] byperiodizing
the underlying wavelet. Namely, for a given waveleth we define

bψper
n,α(x) =

∑
β∈ZZ

hn,α(x+ β) .

We shall denote byHper
n andWper

n the periodic counterparts of the spacesHn and
Wn defined above. In this way we can show the the analogy mentioned previously is
an exact fact namely

Theorem 6.3 The wavelet spacesWper
n of the Haar wavelet on the interval[0, 1)

coincide with the eigenspacesWn of the time operatorT of the Renyi map.
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Proof. Since the functionsψper
n,α are periodic with the period 1, they can be regarded

as functions on the interval[0, 1). It is enough to focus our attention on the waveletψ
which is, as it was assumed above, the Haar wavelet. In such case the corresponding
functionshn,α have, for fixedn and differentα, different supports. Moreover, if
n < 0 then the functionshn,α are constant on the interval[0, 1). This implies that
also the periodic functionsψper

n,α are constant on[0, 1), for n ≥ 0 and that onlyψper
n,α

with 0 ≤ α ≤ 2n− 1 may be different. The latter fact can be easily checked directly.
Indeed, each integerα can be written asα = l2n+α′, wherel ∈ ZZ and0 ≤ α′ < 2n.
Then

ψper
n,α(x) =

∑
i∈ZZ hn,α(x+ i)

=
∑
β∈ZZ 2n/2h(2n(x+ β)− α)

=
∑
β∈ZZ 2n/2h(2n(x+ β − l)− α′)

=
∑
β∈ZZ hn,α′(x+ β − l)

= ψper
n,α′(x) .

Finally observe that
ψper
n,α|[0,1) = hn,α .

Indeed, recall that

ψper
n,α(x) =

∑
i∈ZZ

hn,α(x+ i) =
∑
i∈ZZ

2n/2h(2n(x+ i)− α) .

However,h, being the Haar function, is zero outside[0, 1). Therefore, ifn ≥ 0
and0 ≤ α ≤ 2n−1, the functionh(2n/2(x + i) + α) may assume non-zero values
only if i = 0. This implies that above sum is reduced to one componenthn,α(x).
Consequently the spaceWper

n = span{ψper
n,α : 0 ≤ α ≤ 2n − 1} may be identified

with the spaceWn = span{hn,α : 0 ≤ α ≤ 2n − 1}, n ≥ 0. By Lemma 6.2 the
latter space coincides withWn.

6.4 RELATIONS BETWEEN THE TIME OPERATORS OF THE RENYI
AND BAKER MAPS

The Renyi map results as a canonical projection of the baker’s transformation on the
unit square[0, 1)× [0, 1)

B(x, y) df=


(
2x,

y

2

)
, for 0 ≤ x ≤ 1

2(
2x− 1,

y

2
+

1
2

)
, for 1

2 ≤ x ≤ 1 .

Therefore the Koopman operatorV of the Renyi map is the projection of the Koopman
operatorVB of the baker’s transformation. EquivalentlyVB is a positive dilation of
V . We ask therefore whether the time operatorT of the Renyi map is also a projection
of the time operator of the baker’s transformation. This is indeed the case.
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The Koopman operator of the baker transformation is

VBf(x, y) = f(B(x, y)) .

VB denotes the unitary group of{V nB }n=0,±1,±2,.... From the function

h(x, y) df=
[
1l[0, 12 )(x)− 1l[ 12 ,1)(x)

]
1l[0,1)(y) (6.14)

we construct the family of functions{hn}

{hn}
df=VB

n1hVB
n2h . . . VB

nmh , (6.15)

wheren = {n1, n2, . . . nm} (n1 < n2 < . . . < nm) runs through all finite subsets
of all integers. Observe that forn ≥ 0, VB

nh is of the formh1(x)1l[0,1)(y) while for
n < 0 it is of the form1l[0,1)(x)h2(y). Therefore each functionhn can be represented
as a product of two functions depending onx andy respectively. Moreover the family
{hn} is an orthonormal basis inL2

[0,1]×[0,1]. Indeed, the orthonormality can be proved
precisely in the same way as in Lemma 6.4, while completeness follows from the fact
that both ‘x andy parts’ are complete inL2 (Lemma 6.4). Define the spacesWB

n in
a similar way asWn, i.e.

WB
n = lin{VBn1hVB

n2h . . . VB
nmh} ,

for all choices of integersn1 < ... < nm = n, n = 0,±1,±2, . . .. The space

HB df=L2
[0,1]×[0,1] 	 {1}

HB =
∞⊕

n=−∞
WB
n .

The time operatorTB associated with the group{VBn} is defined as

TB =
∞∑

n=−∞
nPn ,

wherePn is the orthogonal projection fromHB ontoWB
n . It is straightforward to

check thatTB is a time operator with the group{V nB }, similarly as we checked (6.10)
for T andV .

Let us now define the projectionP fromL2
[0,1]×[0,1] onto thex-coordinate –L2

[0,1]

by

Pf(x)g(y) df= f(x)
∫ 1

0

g(y)dy

and extending by linearity on all functions of the form

N∑
i=1

aifi(x)gi(y) . (6.16)
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Since the operatorT is bounded and functions of the form (6.16) are dense in
L2

[0,1]×[0,1] P extends on the whole spaceL2
[0,1]×[0,1]. Now note thatPhn = 0,

for all n which contain a numbern < 0. This implies that

P (WB) = P

( ∞⊕
n=−∞

HB
n

)
= W1 ⊕W2 ⊕ . . .W

and that
PTB = TP .

6.5 THE UNIFORM TIME OPERATOR FOR THE RENYI MAP

The Koopman operatorV : L2
[0,1] → L2

[0,1] of an exact endomorphism restricted to
the orthocomplement to constants

H = L2
[0,1] 	 1

is a unilateral shift. Therefore we can also construct the time operatorT of V
∣∣
H

applying the general construction of the time operator of the exact endomorphism.
Note first, that the adjointV ∗ of V is the Frobenius-Perron operator:

V ∗f(x) = Uf(x) =
1
2

[
f
(x

2

)
+ f

(
x+ 1

2

)]
. (6.17)

It is straightforward to verify thatNullV ∗ consists of all functionsf of the form

f(x) =
{
φ(x), if x ∈ (0, 1/2)
−φ(x− 1/2), if x ∈ (1/2, 1)

whereφ ∈ L2
[0,1/2]. This implies that for a given set of integersn = {n1, ..., nm},

n1 < ... < nm, the functionϕn(x) = ϕn1(x)...ϕnm
(x) is in NullV ∗ if n1 = 1.

Since each functionϕn with n1 > 1 is orthogonal toNullV ∗, the set

{ϕn = ϕ1ϕn1 ...ϕnm
: 1 < n1 < n2 < . . . < nm}

is an orthonormal basis inN0 = NullV ∗. By Proposition 6.1 the set of functions

{ϕn =ϕnϕn1 ...ϕnm = V n−1ϕ1ϕn1−n+1...ϕnm−n+1 : 1<n1<n2<. . .<nm}

is a generating basis ofV . This basis coincides with the well known Walsh basis.
From Theorem 6.1 we have that the operatorT with the following diagonal rep-

resentation in the basis{ϕn}:

Tϕn1 ...ϕnm
= n1ϕn1 ...ϕnm

is a (uniform) time operator for the semigroup{V n : n = 0, 1, 2, . . .}. Indeed, let
Hn, n = 0, 1, . . . be the subspace ofL2

[0,1] consisting of the functions constant on
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the intervals[k2−n, (k+ 1)2−n), k = 0, 1, . . . 2n− 1 andPn be orthoprojections on
Hn 	Hn−1 ⊂ H, n = 1, 2, . . .. It was shown that the operator

T =
∞∑
k=0

nPn (6.18)

is a self-adjoint time operator for the semigroup{V n : n = 0, 1, 2, . . .}. By Theorem
(6.1) it can be represented by the formula (6.9) through a self-adjoint operatorAon the
spaceN0 = kerV †, whereA is simply the restriction ofT toN0. It is straightforward
to verify that this restrictionA acts on Walsh functions fromN0 as follows

Aϕ1,n1,...,nk
= nkϕ1,n1,...,nk

.

Note that the dimensions of the age eigensubspacesker(T −nI) of the time operator
(6.18) are finite and increase withn.

NOTES

1) The age eigenfunctionsϕn allow for probabilistic prediction because any square
integrable functionf can be expanded as

f =
∞∑
n=1

2n−1∑
k=1

an,kϕnk
n
.

The evolution off can be easily computed as a shift in the coordinatesfτ,α(τ)

V mf =
∞∑
n=1

2n−1∑
k=1

an,kV
mϕnk

n

=
∞∑
n=1

2n−1∑
k=1

an,kϕnk
n+m .

2) The representation of evolution in term of the age eigenstates is the generalized
Fourier transform of the spectral representation which has also been constructed in
the context of irreversibility [AMSS].

3) The time operator (6.9) is the analogue of the canonical time operator of Misra,
Prigogine and Courbage (see Section 15). However there is significant difference
in the multiplicity of the age eigenspaces. The eigenvaluen corresponds to the
eigenvectorsϕ{n1,...,nm} with nα = n. The dimension of the spaceWn is therefore
equal to the number of different sets which can be composed using numbers1, ..., n−1,
which is 2n−1. Therefore the time operatorT has a nonuniform multiplicity in
contradistinction with the canonical time operator of Misra, Prigogine and Courbage
which has uniform multiplicity equal to the multiplicity of the Koopman operator
which is countably infinite. We shall show elsewhere that it is possible to define time
operators of exact systems with uniform multiplicity.
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4) Since the multiplicity of the age eigenspaces increases we have (6.6)

VWn ⊂ Wn+1

in contradistinction to the uniform case where

VWn = Wn+1

We distinguish as a result two kinds of functions in each innovation spaceWn, namely:
the elementsϕn ∈ Wn for which there is an “ancestor”ϕn′ ∈ Wn−1 such that
ϕn = V ϕn′ , and those which do not arise fromWn−1. These function can be
characterized with respect to their symmetry with respect to1

2 . Namely the functions
with “ancestors” inWn are symmetric

ϕn(x+
1
2
) = ϕn(x) (mod 1) ⇔ 1 /∈ n (6.19)

while the functions without “ancestors” inWn are antisymmetric

ϕn(x+
1
2
) = −ϕn(x) (mod 1) ⇔ 1 ∈ n . (6.20)

Indeed the functionϕ1(x), which is by the definition equal to 1, for0 < x < 1
2 , and

−1, for 1
2 < x < 1, satisfies (6.19). On the other hand for any functionh we have

(V h)(x+
1
2
) = h(2x+ 1) =

(mod 1)
h(2x) = (V h)(x) .

This implies (6.19), sinceϕn = V ϕn−1 provided1 /∈ n. Condition (6.20) follows
from the fact any functionϕn with 1 ∈ n can be written in the form

ϕn(x) = ϕ1(x)(V ϕn′)(x) ,

for somen′.
Each spaceWn, and consequently the spaceH =

⊕∞
n=1Wn, can be decomposed

on orthogonal classes of functions – the symmetric and antisymmetric functions
with respect to1

2 . The symmetric functions are simply in the spaceVH while the
antisymmetric functions are in the spaceH	 VH.

5) The eigenfunction (6.12) of the time operator are everywhere identical with
Walsh functions except at the jump points. Recall that the Walsh functions are defined
as all possible products of Rademacher functions

rn(x)
df=sign(sin 2nπx) .

6) From the previous remark we see that the Koopman operator of the Renyi map
generates the Rademacher functions from the first Haar function

h(x) = 1l[0,1)(2x)− 1l[0,1)(2x− 1)

like the “creation” operator in the case of the Harmonic oscillator in quantum me-
chanics
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map

Time operator of the cusp map
The purpose of this section is to construct a Time Operator for the so-called cusp

map
S : [−1, 1] → [−1, 1], where S(x) = 1− 2

√
|x| , (7.1)

which is an approximation of the Poincaré section of the Lorenz attractor [Ott]. The
absolutely continuous invariant measure of the cusp map has the density:

ρ(x) =
1− x

2
. (7.2)

Therefore the measure space(X ,Σ, µ) of the dynamical system determined by the
cusp map consists of the interval[−1, 1], the Borelσ-algebra and the measureµ with
the density function (7.2).

The Koopman operator of the cusp map is the linear operatorV acting onL2 =
L2(X ,Σ, µ) of the form:

V f(x) = f(1− 2
√
|x|) . (7.3)

The dynamical system determined by the cusp map is an exact system. However
the proof of exactness is based on other technique than used so far and will not be
demonstrated here. We refer the interest reader to [AnShYa].

We shall construct a time operator of the cusp map constructing a generating basis
of V and then using the general results of Section 6. For this we have to find an
orthonormal basis of the spaceN = kerV ∗ generating the innovations. We start
with the following convenient characterization of the spaceN :

61



62 TIME OPERATOR OF THE CUSP MAP

Lemma 7.1 The spaceN coincides with the following space of functions:

{f ∈ L2 : f(x) = (1 + x)g(x), where g is odd} . (7.4)

Proof. One can easily verify that the Frobenius–Perron operatorU = V ∗ is

Uf(x) =
(

1
2
− 1

2

(
1− x

2

)2)
f

((
1− x

2

)2)
+
(

1
2

+
1
2

(
1− x

2

)2)
f

(
−
(

1− x

2

)2)
.

Letf ∈ N and assume, changingf if necessary on a set of zero Lebesgue measure,
thatf(1) = f(−1) = 0 and. Then(

1
2
− 1

2

(
1− x

2

)2)
f

((
1− x

2

)2)
+
(

1
2

+
1
2

(
1− x

2

)2)
f

(
−
(

1− x

2

)2)
= 0 ,

for all x ∈ [−1, 1].
Denotingy = (1−x

2 )2 we obtain the equation:

(1− y)f(y) + (1 + y)f(−y) = 0 , for all y ∈ [0, 1] . (7.5)

Let g(x) = f(x)
1+x for x ∈ (−1, 1] andg(−1) = 0. Thenf(x) = g(x)(1 + x) and

equation (7.5) can be rewritten as

(1− y2)(g(y) + g(−y)) = 0 for all y ∈ [0, 1] . (7.6)

Equation (7.6) together with the equalitiesg(1) = g(−1) = 0, imply thatg is an odd
function. Hence,f is an element of space (7.4).

Conversely iff has the formf(x) = (1 + x)g(x), whereg is odd, then we have

Uf(x) =
(

1
2
− 1

2

(
1− x

2

)2)
f

((
1− x

2

)2)
+
(

1
2

+
1
2

(
1− x

2

)2)
f

(
−
(

1− x

2

)2)
=

1
2

(
1−

(
1− x

2

)4)(
g

((
1− x

2

)2)
+ g

(
−
(

1− x

2

)2))
= 0

sinceg is odd. Hencef ∈ N .

Lemma 7.2 Let gn : [−1, 1] → Cl , n = 1, 2, . . ., be a sequence of odd measurable
functions. Then the sequencefn(x) = (1+x)gn(x) is an orthonormal basis inN , if
and only if the sequenceen(x) =

√
1− x2gn(x), x ∈ [0, 1] is an orthonormal basis

in L2
[0,1].
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Proof. Taking into account Lemma 7.1 we obtain

〈fn|fm〉L2([−1,1],µ) =

1∫
−1

1− x

2
(1 + x)2gn(x)gm(x) dx

=
1
2

1∫
−1

(1− x2)gn(x)gm(x) dx

+
1
2

1∫
−1

(1− x2)xgn(x)gm(x) dx

=

1∫
0

(1− x2)gn(x)gm(x) dx

=

1∫
0

en(x)em(x) dx

= (en|em)L2
[0,1]

,

where we have used the fact that function(1− x2)gn(x)gm(x) is even and function
(1− x2)xgn(x)gm(x) is odd. This proves that orthonormality and completeness of
{fn} in N is equivalent to orthonormality and completeness of{en} in L2

[0,1].

Corollary 7.1 The set of functions

χk(x) =

√
2(1 + x)
1− x

sinπkx, k = 1, 2, . . . , (7.7)

is an orthonormal basis in the spaceN = kerV ∗.

Proof. It is well known that the sequenceek(x) =
√

2 sinπkx, k = 1, 2, . . . is an
orthonormal basis inL2

[0,1]. It remains to apply Lemma 7.2.

The proof of the following theorem follows immediately from Corollaries 6.1, 6.2
and 7.1.

Theorem 7.1 The setχkn = V nχk = χk(Sn(x)), k = 1, 2, . . . , n = 0, 1, . . . is a
generating basis for the Koopman operatorV of the cusp map acting onL2	1. The
operator with eigenvectorsχkn and eigenvaluesn is the time operator of the shiftV :

Tχkn = nχkn;

T =
∞∑
n=0

n

∞∑
k=1

|χkn〉〈χkn| . (7.8)

The form of the age eigenfunctions (7.7) of the cusp map is shown in Fig. 1.
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Remark:
In the construction of the generating basis (7.7) forV , we used the basisen(x) =√

2 sinπnx inL2
[0,1]. Different orthonormal bases inL2

[0,1] lead to different generating
bases forV (but the operatorT defined by formula (7.8) is of course the same).



8
Time operator of stationary

stochastic processes

We begin this section with a brief reminder of basic concepts and notions from the
theory of stochastic processes. More details the reader will find in Appendix 1.

Let (Ω,F , P ) be a probability space,(X ,Σ) a measurable space andI an index
set. AnX -valued stochastic process on(Ω,F , P ) is a family {Xt}t∈I of (F ,Σ)
measurable functions

Xt : Ω → X , t ∈ I .

The index setI is assumed to be a totally ordered subset of integers or real numbers.
In this section we shall only consider real or complex valued stochastic processes.
Intuitively speaking a stochastic process is a family of random variables{Xt} defined
on a common probability space, where each random variableXt = Xt(·), t ∈ I,
represents the outcome of an experiment performed at the time instantt. For each
ω ∈ Ω the correspondence

t 7−→ Xt(ω)

is a function defined onI called arealizationof the process{Xt}.
A finite dimensional distributionof theX -valued stochastic process{Xt}t∈I is

defined for a given set{t1, . . . , tn} ∈ I, t1 < . . . < tn, as the probability measure
µt1,...,tn , on the product space(Xn,Σn)

µt1,...,tn(B) = P{ω : (Xt1(ω), . . . , Xtn , (ω)) ∈ B} (8.1)

for all B ∈ Σn.
Recall that a family of sub-σ-algebras ofF is adaptedif every random variable

Xt, t ∈ I, is Ft measurable. A family{Ft}t∈I called afiltration of the process
{Xt}t∈I if:
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(1) Fs ⊂ Ft, for eachs < t

(2) {Xt} is {Ft} adapted.

In particular,{Ft}t∈I is called thenatural filtrationof the process{Xt}t∈I if eachFt
is defined as the smallestσ-algebra generated by all random variablesXs, for s ≤ t.

In this book we shall be mostly concerned with stochastic processes on which
some additional conditions are imposed. These additional conditions may concern
random variablesXt, t ∈ I, the finite dimensional distributions, or the realizations
of of {Xt}t∈I .

A condition that concerns individual random variablesXt is their integrability. We
distinguish the class ofLp-processes defined as follows. AnLp stochastic process,
p > 0, is defined as a family{Xt}t∈I of real or complex random variables onΩ such
that

‖Xt‖Lp = (E|Xt|p)1∧
1
p <∞, for all t ∈ I .

Thus anLp-process{Xt}t∈I can be interpreted as a trajectory

t 7−→ Xt

in the Fŕechet spaceLp (in the Banach space ifp ≥ 1, or in the Hilbert space if
p = 2). Particularly important is the class ofLp processes withp ≥ 1, which will be
also calledintegrable processes.

Integrable processes appear in a natural way in connection with filtrations. Indeed,
if {Ft} is a filtration of some stochastic process, then it can be associated with{Ft}
the family of conditional expectation{Et}

Et
df=E( · |Ft) , t ∈ I .

In particular{Et} is a family of orthogonal projectors on the Hilbert spaceL2. If X is
anLp-random variable then the stochastic processXt = E(X|Ft) is anLp-process.

In the class of integrable processes a prominent role plays the class of martin-
gales defined as follows. Let{Xt}t∈I be anLp, p ≥ 1, stochastic process with a
totally ordered index setI and{Ft} its filtration. We say that{Xt} is amartingale
(respectively,submartingaleor supermartingale) relative to{Ft} if for eachs < t

E(Xt|Fs) = Xs a.e. (8.2)

(respectively, if equality (8.2) is replaced by ‘≤’ or ‘≥’).
A stochastic process that is a martingale has a number of important properties some

of them can be found in Appendix 1. For instance, a discreteL1 bounded martingale
is almost surely convergent. A continuous time martingale, regarded as anLp valued
function, is an analog of a function of bounded variation. This means a possibility to
define integrals with respect to martingales, which is the basis of stochastic calculus
(see Appendix 1 for details).

Additional assumption on realizations are necessary when dealing with continuous
time processes, i.e. when the index setI is an interval. Observe that without an
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additional assumption on a stochastic process{Xt}t∈I such simple expressions as
P{Xt > 0} or

∫ b
a
Xt(ω) dt may be meaningless. The reason is that in the above

expressions an uncountable number of events is involved and that may lead to non-
measurable sets. In order to avoid such situations it is usually assumed that considered
processes are separable or measurable. We shall always tacitly assume, when it is
necessary, that it is the case. These additional assumptions are not too restrictive,
since the processes considered below possesses separable and measurable versions.
In Appendix 1 the reader will find a more detailed discussion of this matter.

A stochastic process is called stationary if its probabilistic characteristic do not
change in time. Depending on the king of characteristics that we take into account we
distinguish two kinds of stationary processes. If all finite dimensional distributions
of a process{Xt} are time invariant, i.e.

P{(Xt1+s, . . . , Xtn+s) ∈ B} = P{(Xt1 , . . . , Xtn) ∈ B} ,

for eachs, t1, . . . , tn ∈ I, n ∈ IINN, andB ∈ Σn, then{Xt} is said to bestationary in
a narrow senseor strictly stationary.

A process{Xt} is said to bestationary in the wide senseif it is L2-stochastic
process, i.e. each random variableXt is square integrable, and if, for eacht ∈ I, the
mean value ofXt is constant

EXt = m

(in the sequel we shall always assume thatm = 0) and the covariance function

R(s, t) df=EXsX̄t − |m|2

depends only on the difference betweens andt

R(s+ u, t+ u) = R(s, t) ,

for eachs, t, u ∈ IR.
In the first kind of stationarity we do not impose any condition of integrability

on the random variablesXt. Thus strict stationarity does not imply stationarity in
the wide sense and neither converse implication is true. However in the class of
L2-stochastic processes each strictly stationary process is also stationary in the wide
sense.

Strictly stationary stochastic processes arises from dynamical systems with mea-
sure preserving transformations. Indeed, consider a dynamical system(X ,Σ,µ;{St}),
whereµ is a normalized measure and each transformationSt is measure preserving,
i.e. µ(S−1

t A) = µ(A), for eachA ∈ Σ. Then let us define the probability space
(Ω,F , P ) by puttingΩ = X , F = Σ, andP = µ, and the stochastic process:

Xt(ω) = f(Stx) ,
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wheref is some real (or complex) valued measurable function onX . We have

P{ω ∈ Ω : Xt1+s(ω) ∈ A1, . . . , Xtn+s(ω) ∈ An} =
= µ{x ∈ X : St1+sx ∈ f−1(A1), . . . , Stn+sx ∈ f−1(An)}
= µ(S−1

t1+sf
−1(A1) ∩ . . . ∩ S−1

tn+sf
−1(An))

= µ(S−1
s (S−1

t1 f
−1(A1) ∩ . . . ∩ S−1

tn f
−1(An)))

= µ(S−1
t1 f

−1(A1) ∩ . . . ∩ S−1
tn f

−1(An))
= µ{x ∈ X : St1x ∈ f−1(A1), . . . , Stnx ∈ f−1(An)}
= P{ω ∈ Ω : Xt1(ω) ∈ A1, . . . , Xtn(ω) ∈ An} ,

for any choicet1, . . . , tn , s ∈ I and Borel setsA1, . . . , An. This shows that{Xt}
is strictly stationary onI. Choosing asf a square integrable function we obtain a
stochastic process which is stationary both in the strict and in the narrow sense.

It should be noticed here that a dynamical system has a more complex structure
than a stochastic process. Not only each functionf defines a stationary stochastic
process, but there is also an underlying dynamics{St} that can be linked with a time
operator. Stochastic processes do not posses such underlying dynamics in general,
but there are some exceptions. A natural dynamics can be distinguished in stationary
processes and some other related stochastic processes, like self-similar ones.

8.1 TIME OPERATORS OF THE STOCHASTIC PROCESSES
STATIONARY IN WIDE SENSE

In this section we shall focus our attention on stochastic processes which are stationary
in the wide sense, which will be called here simplystationary.

Let {Xt}t∈I be a stochastic process on a probability space(Ω,F , P ) with values
in the state spaceX . Let the setI of indices, interpreted here astime, be either the real
line IR or the set of integersZZ and let the state spaceX be a subset of an Euclidean
space. For simplicity, we assume thatX = Cl . Let {Ft}t∈I be the natural filtration
determined by process{Xt}t∈I . We assume in addition that theσ-algebra generated
by allXt coincides withF . Denote byEt the conditional expectation with respect
toFt.

As it was pointed out previously the conditional expectationsEt, regarded as
operators on the Hilbert spaceL2 ⊂ L1, are orthogonal projectors and define a
self-adjoint operatorT

Tf =
∫
I

t dEtf . (8.3)

OperatorT is densely defined onL2, hence it is also correctly defined on a dense
subset ofL1.

The operatorT is an analog of time operators associated with K-system or exact
systems. One may therefore ask whetherT can also be a time operator of the stochastic
process{Xt}. This question acquires meaning if there exists some dynamics (or flow
of time) consistent with the filtration determined by{Xt}. Such dynamics exists for
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some classes of stochastic processes. The most natural class of stochastic processes
that admit a time operator is the class of stochastic processes which are stationary in
wide sense.

Assume that the process{Xt}t∈I is stationary (in the wide sense). LetH(X)
(resp.Ht(X)) denote the closed sub-space ofL2 spanned by the linear combinations
of Xs, s ∈ I (resp. s ∈ I, s ≤ t). H(X) (resp.Ht(X)) is also a Hilbert space
that is in general a proper subspace ofL2 (respL2(Ft)). Note that, for eacht, the
conditional expectationEt is the orthogonal projection fromH(X) ontoHt(X).

Define the shift operator

VtXs
df=Xs+t

extending it by linearity on finite linear combinations ofXt1 , ..., Xtn . The operator
Vt preserves the norm

‖Vt(
n∑
j=1

ajXtj )‖2 = ‖
n∑
j=1

ajXtj+t‖2

=
n∑

j,k=1

aj ākEXtj+tX̄tk+t

=
n∑

j,k=1

aj ākEXtj X̄tk

= ‖
n∑
j=1

ajXtj‖2 .

ThereforeVt extends to an unitary operator onH(X).

Proposition 8.1 The operatorT associated with{Xt} through(8.3) is a time oper-
ator with respect to{Vt}.

Proof. To see thatT and{Vt} satisfy

TVt = VtT + tVt (8.4)

we need the equality
VtEs = Es+tVt (8.5)

Let Y be arbitrary element fromH(X). ThenEsY ∈ Hs(X) and VtEsY ∈
Hs+t(X). We can now apply the following simple property of Hilbert spaces:

LetH0 be a closed subspace of the Hilbert spaceH. If x0 ∈ H0 andx ∈ H,
then

x− x0 ⊥ H0 ⇐⇒ x0 = P0x,

whereP0 is the orthogonal projector onH0.
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By the above propertyY − EsY ⊥ Hs(X). SinceVt mapsHs ontoHs+t, we have
also haveVt(Y − EsY ) ⊥ Hs+t(X). Thus

VtY − VtEsY ⊥ Hs+t(X)

and applying again the above property we obtain

VtEsY = Es+tVtY,

which proves (8.5).
Now, to prove (8.4) it is enough to use representation (8.3) ofT and apply (8.5).

In the sequel we shall assume that the stationary process{Xt} is purely nondeter-
ministic, which means that ⋂

t∈I
Ht(X) = {0} .

Purely nondeterministic processes correspond to K-systems or exact systems, i.e. the
dynamical systems for which time operators have been already constructed.

It should be noticed that above assumption does not restrict the class of stationary
processes for which the time operators can be constructed. Indeed, it follows from the
Wold decomposition theorem that any stationary process{X(t)} can be represented
uniquely as

X(t) = X1(t) +X2(t) ,

where the process{X1(t)} is purely nondeterministic and{X2(t)} is deterministic,
i.e. Ht(X) = H(X), for all t. Moreover{X1(t)} and{X2(t)} areL2-orthogonal.
The deterministic process is measurable with respect to theσ-algebra

⋂
t Ft. There-

fore it is not affected be the transitionFs → Ft, for s < t, and we can say that there
is no flow of time for a deterministic process. Consequently, the time operator must
be identity on the spaceH(X2), which is the orthogonal complement ofH(X1).

Until the end of this section we shall confine ourself to discrete time stationary
processes. Namely, let us considerL2-stationary sequencesXn, n ∈ ZZ and assume
that they are purely nondeterministic. Under this assumption we can characterize the
time operator associated with a stationary sequence as follows:

Theorem 8.1 LetX = {Xn}n∈ZZ be anL2-stationary sequence. Then there is an
orthonormal basis{Yn} in the Hilbert spaceH(X) such that the time operatorT
associated with the processX has the form

T =
∑
n∈ZZ

nPn , (8.6)

wherePn is the projection on the space spanned byYn.

Proof.
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The process{Xn} can be represented in the form

Xn =
n∑

k=−∞

an−kYk , n ∈ ZZ , (8.7)

whereYk ∈ L2 , k ∈ ZZ, is a sequence of random variables that are mutually
orthonormal, and

∑∞
k=0 |ak|2 <∞. Moreover we have

Hn(X) = Hn(Y ) ,

which implies that eachEn coincides with the orthogonal projection ontoHn(Y ).
LetPn

df=En−En−1. SinceEn is the orthogonal projection onHn(Y ), Pn is the
orthogonal projection on the spaceHn(Y )	Hn−1(Y ), which is, by the assumption
that {Xn} is purely nondeterministic, one dimensional space generated byYn. It
follows from the general form of the time operator (see the beginning of Section 2)
that he time operator (8.3) associated with{Xn} is given by (8.6)

The above theorem connects the time operator with the spectral representation
(spectral process) of the stationary process. In this way we may extend the time
operator in a natural way beyond the class of stationary processes. Namely to such
processes that can be in some way determined by spectral processes.

In this and the next section we shall study in details the spectral properties and
extensions of the above defined time operatorT . First however, we would like to
present the stochastic interpretation ofT and its time recallingΛ(T ). We shall also
point out some connection ofT andΛ(T ) with filtering and the generation of new
processes.

Recall that for anyZ ∈ H(X) the value〈Z, TZ〉 is interpreted as the average age
of Z. It follows from the spectral resolution

T =
∞∑
n=1

nPn (8.8)

thatT attributes the agen to the random variableYn. Since{Yn} form a complete
orthonormal system in the Hilbert spaceH(X), eachZ ∈ H(X) can be represented
as

Z =
∑
n∈ZZ

bnYn ,

where
∑
n |bn|2 < ∞. Consequently each element ofH(X) can be decomposed in

terms of eigenvectors ofT . Moreover the domain ofT consists of all suchZ for
which

∑
n n|bn|2 <∞. We can then say that eachZ from the domain ofT has well

definite age, which is
〈Z, TZ〉 =

∑
n

n|bn|2 .

Moreover if
Λ = Λ(T ) =

∑
n∈ZZ

λnPn (8.9)
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is a function of the time operator thenΛ attributes the ageλn to Yn.
It is interesting to interpretΛ-operator in terms of filtering theory. From this point

of view the sequence{Yk} is a noise andXn is the response of a linear homogeneous
physically realizable system at instantn to the sequence of impulses{Yk}. According
to this interpretation at every time instantn there is the same contribution of noise.
Λ-operator changes the magnitude of impulses of the noise. As a result the system
becomes inhomogeneous with respect to time although still physically realizable.

It should be stressed that the time operatorT , and consequently alsoΛ, has been
actually associated with the spectral process (sequence){Yn}. However, a given
spectral process may represent many different stationary and non-stationary processes
subordinated to{Yn}. Each such process can now be regarded as the evolution of
some random variableX ∈ H(X) transformed through an appropriately chosenΛ-
operator. In particular the initial stationary process{Xn} can also be seen as a result
of a rescaling of the time operatorT . Indeed, notice first that it is enough to define a
functionΛ = Λ(T ) only on the set of integers. Thus taking a sequence{λk}, where

λk =
{
a−k , for k ≤ 0
0 , for k > 0 (8.10)

we get

Xn =
n∑

k=−∞

an−kYk

= V n

(
0∑

k=−∞

a−kYk

)

= V n

(
0∑

k=−∞

λkYk

)

= V nΛX0 .

Since, on the other hand,Xn = V nX0, we see thatΛ acts onX0 as the identity
operator. However, a different choice of{λk}will lead to different processes. Notice
that choosing a random variableZ0 ∈ H(X), a sequence{λk},

∑
k λ

2
k < ∞, and

putting
Zn = V nΛZ0 (8.11)

we obtain a stationary process. If eitherλk = 0, for k > 0, or Z0 ∈ H(X) then
{Zn} is physically realizable.

In a forthcoming section we shall show that a large variety of stochastic processes
can arise from a very simple process just through a time operator rescaling.

Remark. Considered above time operator associated with a stationary process may
seem to be completely different than the time operator associated with a K-system.
AlthoughT keeps step with the evolution semigroup{Vt} the time eigensubspaces
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are one -dimensional. This is in a sharp contrast with the properties of an “usual” time
operator that has eigenfunctions of infinite multiplicity. However, let us notice that

formula (8.3) (or 8.6)) actually definesT on the whole spaceL2(F) df=L2(Ω,F , P ),
whereF is theσ-algebra generated by allXt , t ∈ I. Suppose that there exists a uni-
tary group{Ut}t∈I (I = IR orZZ) onL2(F) that extends{Ut}t∈I , i.e,{Ut} restricted
to H(X) coincides with{Vt}. If the stationary process is purely nondeterministic
and if the unitary group{Ut} is such thatL2(F0) ⊂ UtL

2(F), for t > 0, where
F0 = σ(Xt)t<0, then, by von Neumann’s theorem, the group has a homogeneous
Lebesgue spectrum of infinite multiplicity. ThereforeT is an ordinary Misra’s time
operator with respect to the extended group{Ut}.

8.2 TIME OPERATORS OF STRICTLY STATIONARY PROCESSES -
FOCK SPACE

It follows from the previous remark that the problem of extension of the domain
of T depends on a possibility of extensions of the semigroup{Vt} associated with
T . We present below such an extension of the evolution{Vt} from H(X) to the
unitary evolution onL2(F) in the case when the considered process is a Gaussian
stationary sequence{Xn}n∈ZZ. In this case the Hilbert spaceH(X) is the space of
Gaussian random variables. In particular, since the random variablesYk from the
representation (8.7) are mutually orthogonal and normalized they are independent
with N (0, 1) distributions, and called the discrete white noise.

The shiftsV m, V mXn = Xn+m, can be extended fromH(X) to the shiftsṼ m

acting on all functionsf(Xn1 , . . . , Xnk
) of finite subsequences of{Xn} by putting

Ṽ mf(Xn1 , . . . , Xnk
) = f(Xn1+m, . . . , Xnk+m) . (8.12)

It is easy to see that̃V m is an isometry on functions of the formf(Xn1 , . . . , Xnk
).

Since such functions generateL2(F), Ṽ m extends to an isometry on the wholeL2(F).
We shall show below that the unitary group̃V m on L2(F) is associated with the
extended time operator̃T defined through (8.8). First, however, we shall find the
explicit form of the spectral projectors of̃T .

Let us note that the Hilbert space of square integrable functionsf(X) of a Gaussian
random variable can be identified withL2(IR,BIR, γ), whereBIR is the Borelσ-
algebra onIR andγ the Gaussian measure onIR with the density(2π)−1/2e−x

2/2.
ThereforeL2(F) can be identified with the infinite product spaceL2(IR∞,B∞IR , γ∞),
whereγ∞ is the corresponding product Gaussian measure onIR∞. This identification
allows us to express spectral projectors ofT in terms of the Wick polynomials.

In the sequel we shall use the following:

Proposition 8.2 [Se,Ma] If {Yk} is an orthonormal basis inH(X) then the family
of all products

Hn1(Ym1) · . . . ·Hnk
(Ymk

) , (8.13)
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whereHn(x) denotes then-th Hermite polynomial with the leading coefficient 1,
form a complete orthogonal system inL2(F).

Recall that then-th Hermite polynomial with the leading coefficient 1 is

Hn(x) = (−1)nex
2/2 d

n

dxn
e−x

2/2 .

In particularH0 ≡ 1, H1(x) = x, H2(x) = x2 − 1, H3(x) = x3 − 3x,. . .. Recall
also thatHn(x), n = 0, 1, . . ., form a complete orthogonal basis inL2(IR,BIR, γ),
i.e. for anyf ∈ L2(IR,BIR, γ)

f(x) =
∞∑
n=0

an
n!
Hn(x) ,

wherean = 〈f,Hn〉.
Our next task is to find the explicit form of the eigenprojectorsEn of the time

operator (8.8) on the spaceL2(F), i.e. the conditional expectationsE(·|Fn). Such
explicit form can be done for all polynomials

p(Xn1 , . . . , Xnj ) (8.14)

of the random variablesXn1 , . . . , Xnj , with j = 1, 2, . . .andn1, . . . , nj ∈ ZZ, which,
as follows from the above proposition, form a dense subspace ofL2(F).

Theorem 8.2 Suppose that{Xn}n∈ZZ is a Gaussian stationary sequence on the prob-
ability space(F , P ) and assume thatF coincides with the smallestσ-algebra gen-
erated by allXn, n ∈ ZZ. Let {Ṽ m}m∈ZZ be the extension(8.12)onL2(F) of the
group of shifts{V m}m∈ZZ of {Xn}. Then the extensioñT onL2(F) of T defined by
(8.8) is a time operator associated with{Ṽ m}. The eigenprojections̃Pn of T̃ are of
the form

P̃n =
∞∑
k=0

Pn(k) ,

where the orthogonal projectionPn(k), k = 0, 1, . . ., when restricted a polynomial
of orderk, is the Wick Polynomial corresponding to the Gaussian process{Xj}j≤n.
In particular, if {Yj}j≤n is an orthonormal system inL2(Fn) then for any finite
subsequenceYj1 , . . . , Yjr , jr ≤ n, and any homogeneous polynomial of orderk:

p(Yj1 , . . . , Yjr ) =
∑
l1,...,lr

al1,...,lrY
l1
j1
. . . Y lrjr (8.15)

the orthogonal projectionPn(k) of p(Yj1 , . . . , Yjr ) is of the form:

Pn(k)(p(Yj1 . . . Yjr )) =
∑
l1,...,lr

al1,...,lrHl1(Yj1), . . . ,Hlr (Yjr ) (8.16)
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Proof. Denote byGn, n ∈ ZZ the Hilbert spaceL2(Fn). It is easy to see that theσ-
algebraFn coincides with the smallestσ-algebra generated byYk, k ≤ n. Moreover
the above proposition implies that the products (8.13) withjk ≤ n form a complete
orthogonal system inGn. The spacesGn are the eigenspaces of̃T corresponding
to the eigenvaluen. Next, denote byH≤k(n) the Hilbert space spanned by all
polynomialsp(Yn1 , . . . , Ynr ) of the random variablesYn1 , . . . , Ynr with r = 1, 2, . . .
andn1, . . . , nr ≤ n. Let H0(n) denote the space of constants and letHk(n) be
the orthogonal complement ofH≤k−1(n) in H≤k(n), i.e. H≤k−1(n) ⊕ Hk(n) =
H≤k(n). Therefore

Gn =
∞⊕
k=0

Hk(n) .

Applying the same arguments as in [Ma] we see that the orthogonal projection of the
polynomial (8.14) of orderk ontoHk(n) is the Wick polynomial corresponding to
the Gaussian process{Xt}t≤n. The explicit form of these projection is known for
any polynomial of an orthogonal system inGn. In particular, for polynomials of the
form (8.15) we obtain (8.16). Since{Yj}j≤k form a complete orthonormal system
in Gn and

⋃
n∈ZZ Gn = L2(F), the explicit form of the spectral projectors of the time

operatorT̃ is known on a dense subspace ofL2(F). Finally we have to show that̃T is
the time operator with respect to the extended shiftṼ . Indeed, according to Lemma
??and properties of conditional expectation it is enough to show that

Ṽ mL2(Fk) = L2(Fk+m) .

However,L2(Fk) is the closure of the space spanned by allY l1j1 . . . Y
lr
jr

with j1, . . . , jr
≤ k. By the definition (8.12) of̃V

Ṽ m(Y l1j1 . . . Y
lr
jr

) = Y l1j1+m . . . Y
lr
jr+m .

Since the right hand sides of the latter equality spansL2(Fk+m) this concludes the
proof.

Remark. Applying the above theorem we can find the explicit form of the pro-
jection of an arbitrary, not necessarily homogeneous, polynomial. Indeed, ifq =
q(Yn1 , . . . , Ynr

) is an arbitrary polynomial of orderk then it can be written as a sum
q = p+ q1, wherep is a homogeneous polynomial of orderk of the form (8.15) and
the order ofq1 is less thank. Since

Pn(k)(p+ q1) = Pn(k)(p) ,

we can apply (8.16). If the order ofq is greater thank, sayk + r, then we calculate
first Pn(k + r)(q) and next, using the fact that the order ofq − Pn(k + r)(q) is less
thank + r, we calculate

Pn(k + r − 1)(q − Pn(k + r)(q)) = Pn(k + r − 1)(q) .

We repeat this procedure until we reach the orderk.
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Time operator of diffusion processes
The purpose of this section is to introduce time operators for dissipative systems

like the diffusion equation. The idea of the construction of time operators for such
systems is based on the intertwining formula introduced by Misra, Prigogine and
Courbage in the context of unstable Kolmogorov dynamical systems (see Section
15). Time operatorsT are canonically conjugate to the group of unitary evolution
{Ut} acting on the space of square integrable phase functionsf ∈ L2(X ). Let us
recall here, for the readers convenience, that a time operatorT for the unitary group
{Ut} onL2(X ) should satisfy the following conditions:

1) T is self-adjoint;
2) The domainDT of T is dense inL2

X ;
3) The unitary group{Ut} does not lead out ofDT :

Ut(DT ) ⊂ DT , t ∈ IR;

4) T satisfies the canonical commutation relation withUt

TVt = Vt(T + tI). (9.1)

The original motivation for introducing the time operators by Misra, Prigogine and
Courbage was the fact that they give rise to the definition of entropy operators and
to intertwining transformation of the unitary group{Ut} with two distinct Markov
semigroupsW+

t , t ∈ [0,+∞) or t = 0, 1, 2, . . . andW−
t , t ∈ (−∞, 0] or t =

0,−1,−2, . . ., corresponding to the forward and backward time directions:

Λ+Ut = W+
t Λ+, t ∈ [0,+∞) or t = 0, 1, 2, . . . ,

Λ−Ut = W−
t Λ−, t ∈ (−∞, 0] or t = 0,−1,−2, . . . .

(9.2)

77
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The strategy for constructing time operator for diffusion equation is motivated
by the intertwining formula (9.2), which relates two different evolutions. Then the
intertwining transformation transports the time operator from one evolution to the
other. The transported time operator, may of course not be self-adjoint. These general
results are discussed below. Then we will show that the semigroup associated with
the diffusion equation is intertwined with the unilateral shift. Using this fact we
construct a non-self-adjoint time operator for the diffusion equation in and obtain the
spectral resolution, the age eigenstates and the shift representation of the solution of
the diffusion equation. On the basis of the intertwining of the Poincare–Telegraphist
equation with the wave equation [???] we will construct also a self-adjoint time
operator for the telegraphist equation.

9.1 TIME OPERATORS FOR SEMIGROUPS AND INTERTWINING

We generalize the concept of time operator for an arbitrary semigroup and define the
conditions which relate the time operators of intertwined semigroups.
Definition 1. Let {Wt : t ≥ 0} be a semigroup of continuous linear operators on a
Hilbert spaceH. A linear operatorT onH is called atime operatorfor the semigroup
Wt if the following conditions are satisfied:

1) the domainDT of T is dense inH;
2) the semigroupWt does not lead out ofDT :

Wt(DT ) ⊂ DT for t ≥ 0.

3) T satisfies the canonical commutation relations withWt:

TWt = Wt(T + t) . (9.3)

One can see that we just eliminated the condition of self-adjointness from the
definition of time operators for unitary groups.
Definition 2. The semigroupV 1

t , t ≥ 0 of bounded linear operators on the Hilbert
spaceH1 is intertwined with the semigroupV 2

t , t ≥ 0 of bounded linear operators
on the Hilbert spaceH2 if and only if there exists a linear transformationΛ fromH1

toH2 with the following properties:
1) Λ is one-to-one and the domainDΛ of Λ is dense inH1;
2) the imageΛ(DΛ) is dense inH2, so the operatorΛ−1 is densely defined;
3) V 1

t (DΛ) ⊆ DΛ for all t ≥ 0;
4) the intertwining relation holds onΛ(DΛ) = DΛ−1 :

V 2
t = ΛV 1

t Λ−1, t ≥ 0.

We see that if the semigroupV 1
t is intertwined with the semigroupV 2

t via Λ, then
the semigroupV 2

t is intertwined with the semigroupV 1
t via Λ−1.

Indeed properties 1) and 2) forΛ−1 follow from 2) and 1) forΛ. Property 3) for
Λ−1 follows from properties 3) and 4) forΛ. IndeedV 1

t f ∈ DΛ for anyf ∈ DΛ from
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3). From 4) we have thatΛV 1
t f = V 2

t Λf . ThereforeV 2
t (Λf) ∈ Λ(DΛ) = DΛ−1 .

ThusV 2
t does not lead out ofDΛ−1 which is property 3) forΛ−1. Property 4) for

Λ−1 follows easily from property 4) forΛ and property 3) forΛ−1.
The relation between the time operators of intertwined semigroups is given by the

following

Lemma 9.1 Let V 1
t andV 2

t , t ∈ [0,∞) be semigroups on Hilbert spacesH1 and
H2 respectively, intertwined via the linear operatorΛ : H1 → H2 andT1 be a time
operator forV 1

t . Then the transported operator

T2 = ΛT1Λ−1 (9.4)

is a time operator forV 2
t , t ≥ 0 if the domain

DT2 = {f ∈ H2|f ∈ DΛ−1 , Λ−1f ∈ DT1 , T1Λ−1f ∈ DΛ}

is dense inH2.

Proof. Let f ∈ DT2 . We have to prove thatT2V
2
t f is well-defined andT2V

2
t f =

V 2
t T2f + tV 2

t f . By the definition ofT2 and by the conditions of lemma we have

T2V
2
t f = ΛT1Λ−1ΛV 1

t Λ−1f = ΛT1V
1
t Λ−1f.

From the inclusionf ∈ DT2 we obtaing = VT2f = ΛV 1
t Λ−1f ∈ Im (Λ) = DΛ−1 ,

Λ−1g = V 1
t Λ−1f . But Λ−1f ∈ DT1 . Hence,Λ−1g = V 1

t Λ−1f ∈ DT1 . By the
definition of the time operatorT1V

1
t Λ−1f = V 1

t (T1 + t)Λ−1f . So

T2V
2
t f = ΛT1V

1
t Λ−1f = ΛV 1

t (T1 + t)Λ−1f =

= ΛV 1
t T1Λ−1f + tΛV 1

t Λ−1f = ΛV 1
t T1Λ−1f + tV 2

t f.

The termV 2
t f is well-defined. The inclusionV 1

t T1Λ−1f ∈ DΛ follows from
T1Λ−1f ∈ DΛ = ImΛ−1 . Therefore termΛV 1

t T1Λ−1f is also well-defined.
Finally,

T2V
2
t f = ΛV 1

t T1Λ−1f + tV 2
t f = ΛV 1

t Λ−1ΛT1Λ−1f + tV 2
t f =

= V 2
t T2f + tV 2

t f = V 2
t (T2 + t)f.

9.2 INTERTWINING OF THE DIFFUSION EQUATION WITH THE
UNILATERAL SHIFT

In order to construct a time operator for the one-dimensional diffusion equation

∂ϕt(x)
∂t

=
∂2ϕt(x)
∂x2

(9.5)
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we shall first show that the diffusion equation (9.5) is intertwined with a unilateral
shift Vt, t ∈ [0,∞) and use the intertwining transformation

ΛWt = VtΛ

to transport the time operator of the shift to the time operator of (9.5).
Recall that for anyϕ ∈ L2

IR there exists a unique solutionϕt(x) of the equation
(9.5) with the initial conditionϕ0(x) = ϕ(x) such thatϕt ∈ L2

IR for all t ≥ 0. Denote
ϕt byWtϕ. The operatorsWt, t ∈ [0,∞) define a continuous semigroup of bounded
operators onL2

IR generated by the diffusion equation. The explicit formula forWt is
well known:

Wtϕ(x) =
1√
2π

∞∫
−∞

ϕ̌(y)e−ty
2
e−ixy dy , (9.6)

whereϕ̌ is the inverse Fourier transform:

ϕ̌(y) = Φ−1ϕ(y) =
1√
2π

∞∫
−∞

ϕ(x)eixy dx.

Obviously the semigroupWt preserves the spaces of evenHe and of oddHo

functions inL2
IR:

L2
IR = He ⊕Ho.

Let Pe andPo be the orthoprojections ontoHe andHo respectively.

In the sequel we will need a few technical lemmata. LetMe : L2
IR+

→ He and
Mo : L2

IR+
→ Ho be the operators defined by the formulae

Meα(x) =

∞∫
0

α(u)e−ux
2
du, (9.7)

Moα(x) = x

∞∫
0

α(u)e−ux
2
du. (9.8)

Lemma 9.2 The operatorsMo andMe are densely defined, closed, injective opera-
tors with dense image.

Proof. Let α ∈ L2
IR+

. Then by Cauchy–Bounjakovskii inequality

∣∣∣∣∣∣
∞∫
0

α(u)e−ux
2
du

∣∣∣∣∣∣ ≤ ‖α‖L2

√√√√√ ∞∫
0

e−2ux2 du =
‖α‖L2√

2|x|
. (9.9)
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Let α ∈ L1
IR+

. Then ∣∣∣∣∣∣
∞∫
0

α(u)e−ux
2
du

∣∣∣∣∣∣ ≤ ‖α‖L1 . (9.10)

Let α ∈ L∞IR+
. Then∣∣∣∣∣∣

∞∫
0

α(u)e−ux
2
du

∣∣∣∣∣∣ ≤ ‖α‖L∞
∞∫
0

e−ux
2
du =

‖α‖L∞
x2

. (9.11)

Now let α ∈ L2
IR+

∩ L1
IR+

∩ L∞IR+
. Obviously the latter set is dense inL2

IR+
. By

(9.9) and (9.10)|Meα(x)| ≤ min
{
‖α‖L1 ,

‖α‖L2√
2|x|

}
and thereforeMeα ∈ L2

IR+
. By

(9.10) and (9.11)|Moα(x)| ≤ min
{
‖α‖L2√

2
, ‖α‖L∞

}
and thereforeMoα ∈ L2

IR+
.

Hence, the operatorsMo andMe are densely defined. The injectivity ofMo and
Me follows from the injectivity of the Laplace transform, becauseMe is the Laplace
transform combined with the change of variables fromx to x2 andMo is the same
operator multiplied byx. Let us show thatMo andMe are closed. From (9.9) it
is obvious that these operators are continuous as operators fromL2

IR+
to the space

L0
IR of measurable functions with the topology of convergence by Lebesgue measure.

Therefore the graphs of these operators are closed in the productL2
IR+

× L0
IR and

hence these graphs are closed in the strongerL2-topology. So the operatorsMo and
Me are closed. It remains to prove that the images ofMo andMe are dense. The
proof of these two statements are similar. Let us prove that the image ofMe is dense.
Suppose it is not dense. Then there exists a functionα ∈ L2

IR+
, α 6= 0 such that for

all z ∈ Cl with positive real part we have

0 =

∞∫
0

∞∫
0

e−zτe−τx
2
dτα(x)dx =

∞∫
0

e−zτ
∞∫
0

α(x)e−τx
2
dx dτ.

It means that the Laplace transform of the function

∞∫
0

α(x)e−τx
2
dx vanishes. There-

foreκ(τ) =

∞∫
0

α(x)e−τx
2
dx ≡ 0. Butκ(τ) is the Laplace transform of the function

α(
√
x)

2
√
x

. Thereforeα = 0. This contradiction completes the proof.

Let Vt, t ∈ [0,∞) be the right shift onL2
[0,∞):

Vtα(τ) =
{

0, if τ ∈ [0, t),
α(τ − t) if τ ∈ [t,+∞) . (9.12)
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Let Λe : L2
[0,∞) → He andΛo : L2

[0,∞) → Ho be the operators

Λe = ΦMe, Λo = ΦMo . (9.13)

Lemma 9.3 The formulae

W o
t = ΛoVtΛ−1

o , W e
t = ΛeVtΛ−1

e (9.14)

are true for allt ≥ 0, whereΛo = ΦMo, Λe = ΦMe.

Proof. First, consider the semigroup(Gt)t≥0 of continuous linear operators acting
onL2

IR given by formula

Gtϕ(x) = e−tx
2
ϕ(x) , (9.15)

By formulae (9.6) and (9.15) we obtain

Wt = ΦGtΦ−1 . (9.16)

The operatorsGt andΦ−1 also preserve the decompositionL2
IR = Ho ⊕ He. Let

Got = Gt
∣∣
Ho

andGet = Gt
∣∣
He

. Then from (9.16) we see that the statement of the
lemma is equivalent to the equalities

Got = MoVtM
−1
o , Get = MeVtM

−1
e . (9.17)

Now letg ∈ DM−1
e

= ImMe. It means that there existsα ∈ L2
[0,∞) such that

g(x) = Meα(x) =

∞∫
0

α(τ)e−τx
2
dτ.

Then

MoVtM
−1
o g = MoVtα =

∞∫
0

Vtα(τ)e−τx
2
dτ

=
∞∫
0

α(s)e−(t+s)x2
ds = e−tx

2
∞∫
0

α(s)e−sx
2
ds

= e−tx
2
g(x) = Vtg(x).

The second equality can be similarly verified.

Thus we showed that the semigroupsW e
t andVt are intertwined byΛe and the

semigroupsW o
t andVt are intertwined byΛo.

9.3 THE TIME OPERATOR OF THE DIFFUSION SEMIGROUP

In order to construct a time operatorTW for the semigroupWt (9.6) we construct
first time operatorsT oW andT eW for the restrictionsW e

t = Wt

∣∣
He

andW o
t = Wt

∣∣
Ho

Wt ontoHe andHo. The time operatorTW will be the sum ofT eW andT oW :

TW f = T oWPof + T eWPef.
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We introduced previously time operators for discrete unilateral shifts. We can
define also time operators for continuous unilateral shifts.

Lemma 9.4 A self-adjoint time operatorT for the semigroupVt (9.12) is given by
the canonical formula

Tα(τ) = τα(τ) .

Proof. The domainDT includes all functions fromL2
[0,∞) with compact support.

ThereforeDT is dense. The inclusionVt(DT ) ⊂ DT is trivial. It remains to check
the canonical commutation relation forT . Letα ∈ DT . Then

TVtα(τ) =
{

0, if τ ∈ [0, t],
τα(τ − t) if τ ∈ (t,+∞)

=
{

0, if τ ∈ [0, t],
(τ − t)α(τ − t) if τ ∈ (t,+∞) + t

{
0, if τ ∈ [0, t],
α(τ − t) if τ ∈ (t,+∞)

= VtTα+ tVtα.

The explicit formula of the time operator forWt is given by:

Theorem 9.1 The operatorsT oW = ΛoTΛ−1
o andT eW = ΛeTΛ−1

e are time operators
for the semigroupsW o

t andW e
t respectively. The explicit formulae for these operators

are

T eW g(x) =
1
2

∞∫
|x|

yg(y) dy , (9.18)

T oW g(x) =
x

2

∞∫
|x|

g(y) dy . (9.19)

Proof. That the operatorsT oW andT eW are time operators for the semigroupsW o
t and

W e
t follows directly from lemmas 1–4. It suffices to prove (9.18) and (9.19) for some

dense linear subspaces ofHe andHo. We shall prove them for the dense subspaces
of He andHo consisting respectively of the functions of the form

g(x) =

∞∫
0

α(τ)e−τx
2
dτ , (9.20)

h(x) = x

∞∫
0

α(τ)e−τx
2
dτ , (9.21)

where the functionα ∈ L2
[0,∞) has compact support in(0,∞).
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For even functions (9.20) we have:

Φ−1g(x) =
∞∫
0

α( 1
4τ )

(2τ)3/2 e
−τx2

dτ,

M−1
e Φ−1g(x) =

α( 1
4τ )

(2τ)3/2 ,

TM−1
e Φ−1g(x) =

α( 1
4τ )

2(2τ)1/2 ,

MeTM
−1
e Φ−1g(x) =

∞∫
0

α( 1
4τ )

2(2τ)1/2 e
−τx2

dτ,

T eW g(x) = ΦMeTM
−1
e Φ−1g(x) =

∞∫
0

α(τ)
4τ e

−τx2
dτ.

Now

(T eW g)
′(x) =

∞∫
0

α(τ)
4τ

(−2τx)e−τx
2
dτ = −x

2
g(x).

Therefore

T eW g(x) =
1
2

+∞∫
|x|

yg(y).

For odd functions (9.21) we have

Φ−1h(x) = ix
∞∫
0

α( 1
4τ )

(2τ)1/2 e
−τx2

dτ,

M−1
o Φ−1h(x) =

iα( 1
4τ )

(2τ)1/2 ,

TM−1
o Φ−1h(x) = i

√
τ
2α
(

1
4τ

)
,

MoTM
−1
o Φ−1h(x) = ix

∞∫
0

√
τ
2α
(

1
4τ

)
e−τx

2
dτ,

T oWh(x) = ΦMoTM
−1
o Φ−1h(x) = x

∞∫
0

α(τ)
4τ e

−τx2
dτ.

Now (
T oWh

x

)
=

∞∫
0

α(τ)
4τ

(−2τx)e−τx
2
dτ = −1

2
h(x).

Therefore

T oWh(x) =
x

2

+∞∫
|x|

h(y).

The theorem is proved.

Corollary 9.1 Combining the formulae (9.18) and (9.19) forT eW andT eW we obtain
the time operatorTW = T oWPo + T eWPe for the entire semigroupWt:

TW f(x) =

∞∫
|x|

(y + x)f(y) + (y − x)f(−y)
4

dy. (9.22)
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9.4 THE SPECTRAL RESOLUTION OF THE TIME OPERATOR

The spectral resolution of the time operator (9.22) is obtained from the spectral reso-
lutions of the restrictions (9.18) and (9.19) onto the spaces of even and odd functions.

Theorem 9.2 The time operatorsT oW andT eW (9.18) and (9.19) have spectral reso-
lutions:

T eW =
∞∫
0

τ dP e(τ),

T oW =
∞∫
0

τ dP o(τ).

whereP e(τ) andP o(τ) are (nonorthogonal) projections given by the formulae

P e(τ)g(x) =

∞∫
1/4τ

α(τ ′)e−τ
′x2

dτ ′, where g(x) =

∞∫
0

α(τ ′)e−τ
′x2

dτ ′,

P o(τ)h(x) = x

∞∫
1/4τ

α(τ ′)e−τ
′x2

dτ ′, where h(x) = x

∞∫
0

α(τ ′)e−τ
′x2

dτ ′.

Proof. The spectral resolution of the self-adjoint time operator of the right shiftVt
is:

Tα(τ ′) =

∞∫
0

τ dP (τ)α(τ ′),

whereP (τ)α(τ ′) = α(τ ′)θ(τ ′ − τ), θ is the Heaviside function. By (9.3) for
g ∈ DT e

W
we obtain

T eW g = ΛeTΛ−1
e g = Λ

∞∫
0

τ dP (τ)Λ−1
e g =

∞∫
0

τ dΛeP (τ)Λ−1
e g

Let Pe(τ) = ΛeP (τ)Λ−1
e . Then we obtain the spectral resolution formula

T eW =

∞∫
0

τ dP e(τ).

Analogously,

T oW =

∞∫
0

τ dP o(τ),

wherePo(τ) = ΛoP (τ)Λ−1
o . It remains to calculate the explicit formulae forP e(τ)

andP o(τ). It suffices to check these formulae for some dense linear subspaces ofHe
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andHo. Therefore it suffices to prove the first formula for the functions of the form
(9.20). A straightforward calculation gives

Φ−1g(x) =

∞∫
0

α
(

1
4τ ′

)
(2τ ′)3/2

e−τ
′x2

dτ ′,

M−1
e Φ−1g(x) =

α
(

1
4τ ′

)
(2τ ′)3/2

,

P (τ)M−1
e Φ−1g(x) =


α
(

1
4τ ′

)
(2τ ′)3/2

if τ ′ ≤ τ,

0 if τ ′ > τ,

MeP (τ)M−1
e Φ−1g(x) =

τ∫
0

α
(

1
4τ ′

)
(2τ ′)3/2

e−τ
′x2

dτ ′,

P e(τ)g(x) = ΦMeP (τ)M−1
e Φ−1g(x) =

∞∫
1
4τ

α(τ ′)e−τ
′x2

dτ ′.

The first formula is proved. The second can be proved analogously.

9.5 AGE EIGENFUNCTIONS AND SHIFT REPRESENTATION OF THE
SOLUTION OF THE DIFFUSION EQUATION

We see directly from the expressions (9.18) and (9.19) that the functions

χτe (x) =
1√
τ
e−

x2
4τ , (9.23)

χτ0(x) =
x√
τ
e−

x2
4τ (9.24)

are age eigenfunctions ofTW :

TWχ
τ
e (x) = τχτe (x)

TWχ
τ
o(x) = τχτo(x).

The Time operatorTW has spectral multiplicity two. We plot the age eigenfunctions
(9.23),(9.24) in figs. 1 and 2.

Fig.1
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Fig.2

The semigroupWt acts as a shift on the age eigenfunctions:

Wtχ
τ
e (x) = χτ+te (x) and Wtχ

τ
o(x) = χτ+to (x).

If ϕ ∈ L2(IR) is represented in terms of the age eigenfunctions as

ϕ(x) =

∞∫
0

ϕeτ√
τ
e−

x2
4τ dτ +

∞∫
0

xϕoτ√
τ
e−

x2
4τ dτ =

∞∫
0

ϕeτ + xϕoτ√
τ

e−
x2
4τ dτ

then the semigroupWt of the diffusion equation acts as follows:

Wtϕ(x) =

∞∫
0

ϕeτ + xϕoτ√
τ + t

e−
x2

4(τ+t) dτ . (9.25)

The coordinatesϕeτ andϕoτ of ϕ can be expressed through the inverse Laplace
transform of the even and odd parts ofϕ up to the change of variablesx 7→ x2.

Formula (9.25) provides a new representation of the solution of the diffusion
equation.

We remark before ending this section that the age eigenfunctions (9.23) and (9.24)
can be also obtained from the age eigenstates of the time operatorT (9.18) of the
unilateral shiftVt (9.12) via the transformationsΛe and Λo (9.13) which can be
continuously extended to Schwartz distributions:

χτe = Λeδτ ,

χτo = Λoδτ .

δτ , τ ∈ [0,∞) are the Diracδ-functions concentrated atτ , being the eigenfunctions
of T (9.18).

9.6 TIME OPERATOR OF THE TELEGRAPHIST EQUATION

The operator

T

(
ψ(x)
ψ̇(x)

)
= −


3∑
a=1

xa ∂
∂xa ∆−1ψ̇(x)

ψ(x) +
3∑
a=1

xa ∂
∂xaψ(x)

 (9.26)

was shown [???] to be a self-adjoint time operator for the groupVt, associated to the
wave equation

∂t

(
ψ(x)
ψ̇(x)

)
=
(

0 I
∆ 0

)(
ψ(x)
ψ̇(x)

)
(9.27)
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in the Hilbert space of square-integrable initial data with finite energy.
It was also shown in [???] that the transformation

Λ(T ) =
∫
e−γτ dPτ

wherePτ is the spectral resolution of the time operator (9.26):

T =
∫
τ dPτ

intertwines the wave equation (9.27) with the Poincare–Telegraphist equation, for
t ≥ 0:

∂2u

∂t2
= ∆u− 2γ

∂u

∂t
− γ2u . (9.28)

Since the operatorsΛ andT commute, the operator (9.26) is also a time operator for
the semigroup generated by the Poincare–Telegraphist equation, which is a dissipative
hyperbolic equation describing diffusion propagating with finite velocity [Kelly].

9.7 NONLOCAL ENTROPY OPERATOR FOR THE DIFFUSION
EQUATION

The norm||Wtϕ||2 for every initial stateϕ, defines a local entropy for the diffusion
process. However, Misra, Prigogine, and Courbage defined a nonlocal Entropy op-
erator as a decreasing operator-function of the Time operator [Mi,Pr,MPC]. We may
define also in the same way a nonlocal Entropy operator for the diffusion equation:

M = M(TW ) =
∫ ∞

−∞
M(τ)d(P e(τ)⊕ P o(τ)) . (9.29)

For the simple profile function

M(τ) = e−2γτ , γ > 0 . (9.30)

we have:

Proposition 9.1 The Entropy operator (9.29), (9.30) acts on the functionsf(x) in
the domain ofTW as:

Mf(x) =
i

4

√
γ

2

∫ λ+i∞

λ−i∞
dz
H

(1)
1 (i

√
2γz)√

z(x2 − z)

[
(
√
x2 − z + 2x)f(

√
x2 − z)+

+(
√
x2 − z − 2x)f(−

√
x2 − z)

]
, (9.31)

whereλ > 0 is an arbitrary positive constant,f(±
√
x2 − z) stands for the analytic

continuation of the functionf(x) to the complex plane, the branch of the square root is
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chosen so that real part of
√
z is nonnegative andH(1)

1 (ζ) = − 1
π

∫∞
−∞ eiζ cosh t−tdt

is the Hankel function of the first type.

Proof. Following the proof of Theorem 1, we consider separately the action of the
entropy operator on even and odd functions. For the even functiong(x) (9.20) we
have:

M−1
e Φ−1g(x) =

α
(

1
4τ

)
(2τ)3/2

Mee
−2γτM−1

e Φ−1g(x) =
∫ ∞

0

α
(

1
4τ

)
(2τ)3/2

e−2γτe−τx
2
dτ

Meg(x) = ΦMee
−2γτM−1

e Φ−1g(x) =
∫ ∞

0

α(τ)e−
γ
2τ e−τx

2
dx .

The latter integral is the Laplace transform of the product of the functionsα(τ) and
e−

γ
2τ with respect to the variablez = x2,

Meg(x) = Meg(
√
z) = L[α(τ)e−

γ
2τ ] .

Using Mellin’s formula we get

Meg(x) =
1

2iπ

∫ λ+i∞

λ−i∞
L[α(τ)](x2 − z)L[e−

γ
2τ ](z)dz ,

whereλ > 0 is an arbitrary positive constant. From Eq.(9.20) we have

L[α](z) =
∫ ∞

0

α(τ)e−τzdτ = g(
√
z) .

From [GradRyz] we have:

L[e−
γ
2τ ](z) =

∫ ∞

0

e−
γ
2τ −τzdz = −π

√
γ

2
1√
z
H

(1)
1 (i

√
2γz) ,

Therefore

Meg(x) =
i

2

√
γ

2

∫ λ+i∞

λ−i∞
g(
√
x2 − z)H(1)

1 (i
√

2γz)
dz√
z
. (9.32)

For the odd functionsh(x) (9.21) we have

M−1
o Φ−1h(x) =

i
(

1
4τ

)
√

2τ

Moe
−2γτM−1

o Φ−1h(x) = ix

∫ ∞

0

α

(
1
4τ

)
1√
2τ
e−2γτe−τx

2
dτ

Moh(x) = ΦMoe
−2γτM−1

o Φ−1h(x) =
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=
1√
2π

∫ ∞

0

α

(
1
4τ

)
1√
2τ
e−2γτ

∫ ∞

−∞
iye−τy

2−ixydydτ =

= 2x
∫ ∞

0

α(τ)e−
γ
2τ e−τx

2
dτ .

From Eq.(9.21) we have

Moh(x) = 2xL[α(τ)e−
γ
2τ ] =

1
iπ

∫ λ+i∞

λ−i∞
L[α](x2 − z)L[e−

γ
2τ ](z)dz =

= x

√
γ

2

∫ λ+i∞

λ−i∞

h(x2 − z)√
x2 − z

H
(1)
1 (i

√
2γz)

dz√
z
. (9.33)

Separating the even and odd components of a functionf(x)

f(x) = Pef(x) + Pof(x) =
f(x) + f(−x)

2
+
f(x)− f(−x)

2

we calculate the Entropy operator

Mf(x) = MePef(x) + MoPof(x) .

From Eqs.(9.32) and (9.33) we obtain Eq.(9.31).
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Time operator of

self-similar processes

LetX = {Xt}t≥0 be a real valued stochastic process.X is self-similarif there exist

a constantH > 0 such that{Xat}
d={aHXt}, for eacha > 0, where

d= denotes the
equality of all finite dimensional distributions. We call thisX anH-ss process. The
constantH is called the index of self-similarity or Hurst exponent.

The Brownian motion is a well known example of a self-similar process with
the indexH = 1/2. Another example of a self-similar process with the index
1/2 < H <∞ is the symmetric-α-stable (SαS) Lévy motion, whereH = 1/α [ST].

Recall that the processX = {Xt}t≥0 is the SαS Lévy motion,0 < α ≤ 2, if it
has independent and stationary increments,X(0) = 0 a.e. and for eachn = 1, 2, . . .,
a1, . . . , an ∈ IR the random variablea1X1 + . . . + anXn is symmetricα-stable,
i.e. with the characteristic functiont 7→ e−θ

α|t|α , for someθ > 0. Recall also that
stationarity of increments is in the strong sense. This means that

{Xt+s −Xs}
d={Xt −X0} ,

for all s.
The basic tool that allows to associate a time operator with a self-similar process

is the following proposition

Proposition 10.1 (Lamperti – see [ST])If the process{Xt}t>0 is H-ss then the
process

Yt
df= e−tHXet , −∞ < t <∞ , (10.1)

is stationary. Conversely if{Yt}t∈IR is stationary, then

Xt
df= tHYln t , t > 0 , (10.2)

91
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isH-ss.

The term ‘stationary’ used in this section means also stationary in the strong sense,
i.e. for eachn ∈ IINN, s, t1, . . . , tN ∈ IR, the distribution of the random vector

(Xt1+s, . . . , Xtn+s)

does not depends ons.
Since the above definition does not impose any condition on the moments ofX,

stationarity in the strong sense does not imply the stationarity in the wide sense (see
Section 9), and neither conversely. However, if a stationary in the strong sense process
has finite second moments, then it is also stationary in the wide sense and we can
apply to it the results of Section 9.

For a givenH-self-similar processX = {Xt} we proceed with the construction
of the time operator as follows. We correspond toX the stationary processY through
(10.1). If the second moments ofX are finite then the processY is also stationary in
the wide sense and we can associate withY through

Tf =
∫
t dEtf

the operatorT acting on the Hilbert spaceH(Y ) spanned byYt, t ∈ IR, where
the projectorsEt are the conditional expectations with respect to theσ-algebras

Ft
df=σ(Ys)s≤t. T is a time operator with respect to the group{Vt}t∈IR of shifts of

Y , VtYs = Ys+t.
Because of (10.2)H(Y ) = H(X), whereH(X) is spanned byXt, t > 0. We

define on the spaceH(X) the operator

T̃ =
∫ ∞

0

s dẼs , (10.3)

whereẼs
df=Eln s. It is easy to see that̃T is the exponential function of the operator

T , T̃ = exp(T ). SinceT is a time operator with respect to the group{Vt}t∈IR, it
satisfies the relation

TVt = Vt(T + tI) . (10.4)

The group of shifts{Vt} has the property that it generates the whole stationary pro-
cess from just one random variableY0. We shall introduce below a similar group
of transformation generating the self-similar processX and show an analog of the
relation (10.4) with respect to the operatorT̃ . Define

Ṽt = tHVln t , t > 0 . (10.5)

{Ṽt}t>0 is a multiplicative group onH(X). Moreover it generates the selfsimilar
processX form the random variableX(1). Indeed, observe that

ṼsX(t) = sHtHVln sY (ln t) = (st)HY (ln(st)) = X(st) = ṼtX(s) ,
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for s, t > 0, which implies that{Ṽt}t>0 possesses group properties onH(X) with
respect to multiplication onIR+. In particular, puttings = 1 we obtain

X(t) = ṼtX(1) , for t > 0 .

It remains to show that̃T is a time operator with respect to{Ṽt}t>0. First, however
let us find the analog of the relation (10.4) in the case of multiplicative semigroups. It
is natural to expect that the multiplicative analog of (10.4), i.e. that the multiplicative
group{Ṽt} keeps step witht is

T̃ Ṽt = Ṽt(T̃ · tI)

or, equivalently,
T̃ Ṽt = tṼtT̃ . (10.6)

Indeed, sincẽT = exp(T ) we have

T̃ Ṽt =
(∫ ∞

−∞
es dEs

)
tHVln t = tHVln t

∫ ∞

−∞
es+ln tdEs = Ṽtt

∫ ∞

−∞
esdEs = ṼtT̃ ,

which proves (10.6).
Let us also notice the following relation between the operatorT and the group

{Ṽt}:
T Ṽt = ṼtT + ln tṼt ,

and betweeñT and the group{Vt}:

T̃ Vt = etVtT̃ .

The following example illustrates how an application ofΛ-operator can lead
from short to long memory processes and conversely. Assume that the orthonor-
mal basis{Yn}n∈ZZ in H(X) consists of independent identically distributed normal
N (0, 1) random variables. Letan, n = 0, 1, 2, . . . be positive numbers such that∑∞
n=0

∑∞
k=0 an+kak < ∞. Since, in particular,{an} is square summable the ran-

dom variable

Z0
df=

0∑
k=−∞

a−kYk

is an element ofH0(X). Therefore the shifts ofZ0 define a gaussian process

Zn
df=V nZ0

with the correlation function

C(n) df=〈Z0, Zn〉 =
n∑

k=−∞

a−kan−k
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(we putak = 0, for k < 0).
The above assumptions concerning{an} imply that the correlation function is

summable:
∑
n∈ZZ |C(n)| < ∞. One can show easily that the central limit theo-

rem for {Zn} holds, i.e. the sum 1√
N

∑N
n=1 Zn converge to the normalN (0, σ2)

distribution withσ2 =
∑
n∈ZZ C(n). This is, however, no longer true if we apply

Λ-transformation toZ0. Indeed, consider the process

Z̃n
df=V nΛZ0 .

Its correlation functioñC(n) has the form

C̃(n) =
n∑

k=−∞

λkλn+ka−kan−k .

Taking{λk} in such a way that the asymptotic behavior ofC̃(n) is:

C̃(n) ∼ K/nα , as n→∞ ,

whereK is a constant and0 < α < 1, one can prove that a non-central limit theorem
holds. Namely (see [ST], Th.7.2.11) that the averaged sums:

1
NH

[Nt]∑
n=1

Zn , t ∈ [0, 1] ,

converge (in the sense of finite dimensional distributions) to a fractional Brownian
motionBH(t) with the self-similarity parameter (Hurst exponent)H = 1− α/2.

We have shown above how to associate the time operator to a stochastic process
by describing its spectral resolution in terms of the filtration of the process. Although
the connection of the filtration of a stochastic process with the flow of time is very
natural, the explicit form of the filtration and corresponding eigenprojectors is rarely
known in practice. Usually the knowledge of a stochastic process is limited. In the
case of stationary (in the wide sense) process it is usually known only its covariance
function or spectral density. In fact, the most relevant result, from the point of view
of applications of stationary processes, concerns these two functions. Therefore, for
practical purposes it is necessary to derive time operator basing only on such limited
knowledge. We shall show below how to derive the eigenprojectors of the time
operator associated with a stationary process knowing only the covariance function.
In order to do this we have to recall the basic facts from the spectral analysis of
stationary processes.

Denote byR the covariance function of the stationary process{X(n)}n∈ZZ:

R(n) df=Cov[X(k + n), X(k)] = E(X(k + n)−m)(X(k)−m) .

Assuming thatm = 0 we have

R(n) = EX(k + n)X(k) .
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By Herglotz’s Theorem [AG] there is a unique measureµ on theσ-algebraB[−π,π]

of the Borel subsets of[−π, π] such that

R(n) =
∫ π

−π
einπµ(dλ) .

The measureµ is the control measure of a unique orthogonal valued measureM :
B[−π,π] → H(X) such that

X(n) =
∫ π

−π
einλM(dλ) .

This means that for eachY ∈ H(X) there is a functionf ∈ L2(µ) such thatY has
the following spectral representation:

Y =
∫ π

−π
f(λ)M(dλ) (10.7)

with ∥∥∥∥∫ f dM

∥∥∥∥2

=
∫
|f |2dµ .

In particular‖M(A)‖2 = µ(A), where the norm‖ · ‖ denote theL2 norm. Note that
in the spectral representation (10.7) the action of the shiftV onH(X), V kX(n) =
X(n+ k), can be written explicitly

V kY = V k
∫ π

−π
f(λ)M(dλ) =

∫ π

−π
einλf(λ)M(dλ) .
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Time operator of Markov

processes

The termMarkov processmeans a family of random variables on a probability space.
An equivalent object is aMarkov semigroupor simply aMarkov operatorif the time
is discrete.

Our goal is to correspond to a given Markov process or, equivalently, to a Markov
semigroup a time operator.

If the Markov process is given as a family of random variables{Xt} an operator
T can be associated with the family{Ft} as above. However, the natural evolution
semigroup associated with{Xt} is, the Markov semigroup{Mt} which acts on a
different space thenL2(F , P ) (details below). Because of this we cannot directly
relateT with the evolution semigroup, i.e. validate the relation

TMt = MtT + tMt , for all t . (11.1)

We shall show below that such association is possible by the means of dilation the-
ory and replacement of the original Markov process by the corresponding canonical
process.

The original goal of dilation theory is to find a way to study general bounded oper-
ators through isometries or unitary operators (see [SzNF] for an excellent treatment
of the subject). This is moreover a natural framework to study the question whether a
Markov process may arise as a projection of deterministic dynamical system. The lat-
ter question is closely related to the long standing problem of the relationship between
deterministic laws of dynamics and probabilistic description of physical processes,
known as theproblem of irreversibility.

In contrast to the usual coarse graining approach B. Misra, I. Prigogine and M.
Courbage [MPC,Pr] formulated the problem of irreversibility taking as a fundamental
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physical principle the law of entropy increase. In this theory the problem of rec-
onciling the dynamical evolution with the irreversible thermodynamical evolution is
viewed in terms of establishing a non-unitary equivalence between the unitary dynam-
ical group and probabilistic Markov processes. More explicitly, let{Ut} be a unitary
group of evolution, which is induced by point dynamics{St} of the phase space, act-
ing on the Hilbert spaceH spanned by the square integrable phase space functions.
One considers now the possibility of relating the group{Ut}with a Markovian semi-
group{Wt} through a non-unitary positivity preserving intertwining transformation
Λ in such a way that

ΛUt = WtΛ , for t ≥ 0 . (11.2)

If the transformationΛ is invertible then the intertwining between the unitary dynam-
ics and the Markov evolution involves no loss of information (non-unitary “equiva-
lence”). If, on the other hand,Λ is an orthogonal projection on a subspace ofH, then
the relation between{Ut} and{Wt} can be seen as a coarse-graining compatible with
dynamics.

The conservative systems for which invertible transformation to dissipative sys-
tems have been constructed are qualified by the existence of internal time. An internal
time operator for the unitary evolution evolution{Ut} is a self-adjoint operatorT sat-
isfying the canonical commutation relation:

U−tTUt = T + tI , for each t . (11.3)

Internal time operators for unitary dynamics were introduced [Mi] in the context of
unstable dynamical systems of the Kolmogorov type. Misra, Prigogine and Courbage
showed that the unitary evolution{Ut} of a Kolmogorov system can be intertwined
(11.2) either by a similarity

Wt = ΛUtΛ−1

or by a coarse-graining projectionΛ = P ,

Wt = PUtP ,

with the Markov semigroup{Wt}.
Since 1980’s the Misra, Prigogine and Courbage theory of irreversibility has been

developed further in several directions: classical dynamical systems [Co, EP, Ll, MP1,
SW, ZS], relativistic systems [AMr], or quantum systems [LM], to mention just the
main direction. Of course, the above list of references is far from being complete. It is
therefore natural that also new problems have been raised. One of them is the problem
of implementability of the resulting Markov semigroup, i.e. the question whether the
semigroup{Wt} is implementable by a (noninvertible) point transformation of the
phase space. Another problem is to characterize the class of dynamical systems,
both classical and quantum, which can be intertwined with dissipative systems. Yet
another problem, which is in a sense converse to the latter, is to characterize the
Markov semigroups that can be intertwined with unitary groups or which can arise
as their projections.



MARKOV PROCESSES AND MARKOV SEMIGROUPS 99

The first question was raised because the formulation of invertible dynamics in
terms of point transformations of the phase space is equivalent to the formulation
in terms of unitary measure preserving groups. The question of implementability
of {Wt} is then about whether the irreversibility can be observed on the level of
trajectories. Although all unitary and positivity preserving transformations onL2

(isometries onLp, p 6= 2) are implementable [GGM,La] the semigroup{Wt} related
with {Ut} through a similarity transformationΛ is, in general, not implementable
[GMC,AG,SAT] (see also [AMS] for quantum dynamics).

Concerning the second problem, it is known that K-systems, both classical and
quantum, admit time operators thus can be intertwined with dissipative systems. It is
also known that if a unitary dynamics admits a time operator then it has the ergodic
property of mixing.

The third problem has been so far only partially solved. One of the reasons of
the difficulties to resolve this problem is the above mentioned negative answer to
the problem of implementability. A unitary group of positivity preserving operators
which acts on the Hilbert space spanned by phase space functions is implemented by
some transformations of the phase space. But the induced Markov semigroup is in
general not related to the underlying phase space and its dynamics. It should be noticed
that in all known constructions of the similarity between the unitary and Markov
semigroups the knowledge of the underlying dynamics plays a crucial role. It is in fact
crucial from the point of view of the possibility of constructing a time operator which
relates both semigroups. Therefore the third question is actually about the ability of
relating a Markov semigroup with some phase space dynamics and with the existence
of a time operator. We shall show how to resolve this problem by relating Markov
semigroups with canonical Markov processes acting on larger spaces. Namely that
the original Markov semigroup can be dilated to some unitary group which also admits
a time operator. Thus the concept of time operator goes beyond the unitary dynamics
where it was initially introduced (see also [AStime,ASS,APSS]). In view of the above
mention answer on the first problem, that Markov semigroups are not connected with
the underlying dynamics on the phase space, the dilation approach to the problem of
associating time operators with Markov semigroups, appears to be not only justified
but the only possible, which guarantees a general solution.

11.1 MARKOV PROCESSES AND MARKOV SEMIGROUPS

The purpose of this section is to recall the correspondence between Markov processes
and semigroups. Let(Ω,F , P ) be a probability space andXt anX -valued stochastic
process (X ⊂ IRn) onΩ. Xt is aMarkov processif for any time instantst1 < ... <
tn < tn+1, statesx1, ..., xn, xn+1 ∈ X and a Borel setB ⊂ X we have

P{Xtn+1 ∈ B|Xt1 = x1, ..., Xtn = xn} = P{Xtn+1 ∈ B|Xtn = xn} . (11.4)

Because of (11.4) all finite dimensional distributions

P{Xt1 ∈ B1, ..., Xtn ∈ Bn} ,
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whereB1, ..., Bn are Borel subset ofX , are determined by the transition probabilities
Qs,t:

Qs,t(x,B) = P{Xt ∈ B|Xs = x} ,

for s < t. Assuming that the transition probabilities arestationary, i.e. Qs,t(x,B)
depend only on the differencet− s and that the set of indicest is the interval[0,∞),
we can consider instead ofQs,t(x,B) the transition probabilities:

Qt(x,B) = P{Xt ∈ B|X0 = x}, (11.5)

for all t > 0. Recall that the transition probabilities have the following properties:

1) For eacht and fixedB,Qt(x,B) is measurable as a function ofx

2) For eacht and fixedx,Qt(x, .) is a probability measure on Borel subsets ofX

3) For eachs, t

Qs+t(x,B) =
∫
X

Qt(y,B)Qs(x, dy)

(Chapman-Kolmogorov equation).

B by a theorem Ionescu Tulcea [Ne] an arbitrary family of transition probabilities,
i.e. any family of functionsQt(x,B)satisfying conditions 1)-3), determines a Markov
process. On the other hand suppose that the setX is equipped with the measure
structure, i.e. with aσ-algebraΣ of subsets ofX and a measureµ. Then each
transition probabilityQt(x,B) determines an operatorMt onL2

X by putting

Mt(1lB) =
∫
X
Qt(x,B)µ(dx) ,

and then extendingMt to a bounded and positivity preserving linear operator onL2
X .

The family{Mt}t≥0, which forms a semigroup of Markov operators onL2
X , is called

aMarkov semigroup.
The termMarkov operatormeans, in general (see [Fog]), an arbitrary positivity

preserving contraction onL1. Here, however, by the Markov operator we mean a
linear operatorM on the spaceL2

X (or on any of the spacesLpX , for p ≥ 1) with the
following properties:

(a) M is a contraction
‖Mf‖ ≤ ‖f‖

(b) M preserves positivity
Mf ≥ 0 if f ≥ 0

(c) M preserves probability normalization∫
X
Mfdµ =

∫
X
fdµ .



CANONICAL PROCESS 101

If, in addition, the measureµ on (X ,Σ) is normalized then

(d) M preserve constants
M1 = 1 .

The properties (a)–(d) characterize Markov process. Namely (see [Ne]), each operator
Mt with properties (a)-(d) determines the transition probability

Qt(x,B) df=M∗
t 1lB(x) (11.6)

whereM∗
t is theMt adjoint on the spaceL2

X , and the transition probabilities define
in turns a stochastic process, called thecanonical Markov process.

11.2 CANONICAL PROCESS

Let us consider the infinite product̃X =
∏

t∈I
Xt, whereI is the set of indices of the

stochastic process{Xt} and, for eacht ∈ I,Xt = X , whereX is the space of states
of the process{Xt}. Let us correspond to each finite set of indices{t1, ..., tn} the
σ-algebraCt1,...,tn generated by the cylinders

Ct1,...,tn
B1,...,Bn

df={x̃ ∈ X̃ : x̃(t1) ∈ B1, ..., x̃(tn) ∈ Bn}, (11.7)

whereB1, ..., Bn runs through all Borel subsets ofX . By C we shall denote the
σ-algebra generated by cylinders (11.7) for all possible choices of finite subsets
{t1, ..., tn}. The stochastic process{Xt} determines a probability measureµ on
(X̃ , C) such that the restrictionµt1,...,tn of µ to Ct1,...,tn coincides with the finite
dimensional distributions:

Pr{Xt1 ∈ B1, ..., Xtn ∈ Bn},

whereB1, ..., Bn are Borel subset ofX . It is easy to see that the family of mea-
suresµt1,...,tn is consistent, i.e. if{s1, ..., sn} ⊂ {t1, ..., tn} then the restriction
of µt1,...,tn to Cs1,...,sk

coincides withµs1,...,sk
. Conversely, the well known Kol-

mogorov’s extension theorem says that any given consistent family of probability
measuresµt1,...,tn determines the unique probability measureµ on (X̃ , C), which
restricted toCt1,...,tn coincides withµt1,...,tn . With the probability space(X̃ , C, µ) it
is associated acanonical process

Xt(x̃)
df= x̃(t),

for eachx̃ ∈ X̃ and t ∈ I, i.e. the random variableXt is the projection on the
t-coordinate. In the theory of stochastic processes it is often assumed that only the
knowledge of all finite dimensional distributions is relevant. This is also the case in
this section. Therefore, as it follows from the Kolmogorov extension theorem, the
original stochastic process and the corresponding canonical process carry the same
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information. For this reason we shall assume in the sequel that the probability space
(Ω,F , P ) is (X̃ , C, µ) and the considered process is the canonical process. This
assumption will allow to relate to the same probability space the stochastic process
and the corresponding Markov semigroup that we discuss below.

11.3 TIME OPERATORS ASSOCIATED WITH MARKOV PROCESSES

The problem of the association of time operators with Markov semigroups can be seen
a part of a more general problem of the association of time operators with stochastic
processes. The most natural way to associate a time operator with a stochastic process
{Xt} would be to associate it with the filtration, i.e. the increasing family ofσ-
algebras{Ft}, whereFt = σ{Xs : s ≤ t}, through (8.3) (in such caseEt would be
the conditional expectationsE(·|Ft)). Such correspondence can be established for
any stochastic process. However, the time operator must be, by the definition, related
to the time evolution of the stochastic processes expressed in terms of a semigroup
of operators acting on a Hilbert space. Such dynamical semigroups (groups) can be
specified for some classes of stochastic processes. If, for example, a stochastic process
is stationary in the wide sense then it defines a dynamical group of unitary operators
(shifts of the time) acting on the Hilbert space generated by the realizations of the
stochastic process. As we shall see below Markov semigroups can also be extended
(dilated) to unitary groups associated with stationary processes and, consequently, a
time operator can be associated with such stationary extension.

Recall that a semigroup of isometries{M̃t} on a Banach spacẽX is a dilation
of the contractive semigroup{Mt} on the Banach spaceX if there exist two linear
operatorsI : X −→ X̃ andE : X̃ −→ X such that

Mt = EM̃tI , for each t . (11.8)

In other words the following diagram commutes

X
Mt−→ X

I ↓ ↑ E
X̃

M̃t−→ X̃

Usually, a dilation is realized in such a way thatX is isomorphic to a subspace of̃X,
I is the canonical injection ofX into X̃, andE is the projection ofX̃ ontoX. If X
is a Hilbert space and̃Mt are unitary operator we may speak about unitary dilations
of contractions.

Let us assume for the sake of the clarity of presentation that the time is discrete,
t = 0, 1, 2, . . .. This assumption allows to consider a single Markov operatorM
instead of the whole Markov semigroup becauseMt = M t. The case of continuous
time can be however treated in the same way. Our aim is to construct a positive
dilationM̃ ofM which is implemented by a measure preserving transformationS of
some probability space(Ω,F , P ).
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Dilations of contractive semigroups such as the constructed in Ref. [SzNF] cannot
be applied in our case. We are interested in more specific dilations of the Markov
semigroup{Mn}, whereM satisfies (a)–(d), acting on the Hilbert spaceX = L2

X to
a group acting on the larger spaceX̃ = L2

Ω which corresponds to a stationary process.
In particular we are looking for such dilation that both̃Mn, n = 0,±1,±2, ... and
E are positivity preserving.

Faced with the difficulty to obtain meaningful positive dilations of Markov semi-
groups using the Sz-Nagy dilation theory, we constructed [AGS] a positive dilation
based on the natural extensions of dynamical systems through canonical Markov pro-
cesses. There the positivity is clearly related to that of the inducing semigroup. It
is now our task to apply the dilation approach to an arbitrary Markov Semigroup in
order to associate it with a time operator. Let us consider first the case of a single
Markov operatorM onL2

X that satisfies (a)–(d).
Suppose then it is given a Markov operatorM on the spaceL2

X . Recall thatM
corresponds to a transition probabilityQ(x,A) through (11.6). Define the product
space

Ω =
∞∏

n=−∞
Xn , where Xn = X ,

and theσ-algebraF generated by the cylindrical sets

CA1,...,Ak
= ...× Ω×A1 ×A2 × ...×Ak × Ω× ... , (11.9)

wherek ∈ N, Ai ∈ A.
On (X ,F) we define the cylindrical measureP

P (CA1,...,Ak
) =

∫
A1

∫
A2

...

∫
Ak

Q(xk−1, dxk)...Q(x1, dx2) µ(dx1) , (11.10)

and show [AGS] thatP is correctly defined and normalized. Thus using the Kol-
mogorov theorem [Ne] we extendP to a probability measure on the wholeσ-algebra
F .

Denote byS the left shift onΩ, i.e.

Sω = S(xn)∞−∞
def= (xn+1)∞−∞ , ω ∈ Ω . (11.11)

It can be shown [AGS] thatP is invariant with respect toS, which amounts to showing
that to check that if eitherA0 = Ω orAk+1 = Ω then

P (CA0,...,Ak
) = P (CA1,...,Ak+1) = P (CA1,...,Ak

) . (11.12)

Now letM̃ be the operator onL2
Ω associated withS as follows:

M̃f̃(ω) = f̃(S−1ω) , f̃ ∈ L2
Ω . (11.13)

The operatorM̃ is a dilation ofM . Precisely, we show that

Mn = EM̃nI , n ∈ N , (11.14)
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whereI is the canonical injectionL2
X intoL2

Ω:

L2
X 3 f 7−→ If = f̃ ∈ L2

Ω

defined as
(If)(..., x−1, x0, x1, ...)

def= f(x0) (11.15)

andE is the conditional expectation with respect to theσ-algebra generated by the
cylinders

C0
A = {ω = (xn)∞−∞ : x0 ∈ A} , A ∈ A . (11.16)

Consequently, for anyf ∈ L2
X , the functionEM̃nIf depends only on the 0–

coordinate and can be uniquely identified with a function onΩ. The complete proof
of the above constructed dilation the reader can find in Ref. [AGS].

In order to construct the time operatorT̃ associated with the dilation{M̃n} we
can proceed as in the case of K-flows. We distinguish theσ-algebraF0 generated
by those cylindersC0,...,k

A0,...,Ak
(k = 0, 1, ... , A0, ..., Ak ∈ Σ) for which the setA0

is placed on the0th coordinate and note that theσ-algebraS−nF0 , n ∈ Z, is the
σ-algebra generated byCn,...,n+k

A0,...,Ak
with A0 placed on thenth coordinate. Then we

see that

(i) SF0 ⊃ F0

(ii) σ(
∞⋃

n=−∞
SnF0) = F .

However, the the third condition of K-flows:

(iii)
∞⋂

n=−∞
SnF0 is the trivialσ-algebra

is, in general not satisfied. The condition (iii) is satisfied, i.e. the dilated evolution
is a K-flow, provided the Markov operator has additionally the following property
[AGS]:

(e)M strongly converges to equilibrium

‖Mnf − 1‖Lp −→ 0, as n→∞ for each probability density f ∈ Lp .

The dynamical system with the Frobenius-Perron operator satisfying (e) is called the
exact system.

The above consideration leads to the conclusion that Markov operators satisfying
conditions (a)–(e) can be dilated to K-flows. The corresponding time operator can be
then constructed by the means of the conditional expectations

En = E(·|Fn)
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by putting

T =
∞∑

n=−∞
n(En − En−1) .

The case of continuous Markov semigroup{Mt}t≥0 is treated analogously. As
before we assume that eachMt corresponds through (11.5) to the transition probability
Qt(x,A). Now the dilation spaceΩ will be the product

Ω =
∏
t∈R

Xt , where Xt = Ω .

Theσ-algebraF is generated by the cylinders

Ct0,...,tkA0,...,Ak
, where t0, ..., tk ∈ R , A0, ..., Ak ∈ Σ .

The probability measureP on (Ω,F) and the distinguishσ-algebraF0 are also
defined analogously (see [AGS] for details). Then we may define the group of shifts
transformations ofΩ

Stω = x(·+ t) , for each function ω = x(·) ∈ Ω .

Finally, we define the operators

M̃tf(ω) = f(S−tω) , f ∈ L2
Ω ,

and check in essentially the same way as before thatM̃t are the dilations ofMt. The
time operatorT is now of the form (8.3) (or stochastic integral)

T =
∫ ∞

−∞
tdEt

whereEt are the conditional expectationsEt(·|StF0). In this way we have defined
the time operatorT on the Hilbert spaceL2

Ω, but it can be defined as linear operators
on any spaceLp(Ω,F , P ), where1 ≤ p ≤ ∞.

It can be checked directly thatT satisfies the relation

TM̃t = M̃tT + tM̃t . (11.17)

However, sinceT is the time operator associated with a K-system(Ω,F , P ;S) (or a
K-flow) the relation (11.17) also follows the previous results [MPC,GMC,SW].

We may now ask the question whether the above constructed time operator can be
projected on the spaceL2

X giving rise to the time operator associated with the Markov
semigroup{Mt}, i.e. whether the operatorETI satisfies (11.1) with respect toMt.
The answer to this question is however negative. To see this it is enough to notice
that for anyf ∈ L2

X the injectionIf is the function depending only on the “zero-
coordinate” butT places zero for the projection on this coordinate thusETIf = 0.
Therefore the time operator of the dilated semigroup is, like the resulting K-flow,
generically associated with the extended space.
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Time operator and

approximation

The first connection, although indirect, of the time operator with the approximation
theory has been obtained through wavelets [AnGu,AStime]. An arbitrary wavelet
multiresolution analysis can be viewed as a K-system determining a time operator
whose age eigenspaces are the wavelet detail subspaces. Conversely, in the case of the
time operator for the Renyi map the eigenspaces of the time operator can be expanded
from the unit interval to the real line giving the multiresolution analysis corresponding
to the Haar wavelet. However, the connections of time operator with wavelets are
much deeper than the above mentioned. As we shall see later time operator is in fact
a straightforward generalization of multiresolution analysis.

In order to connect time operator with approximation it is necessary to go beyond
Hilbert spaces. Recall that one of the most important vector spaces from the point of
view of application is the Banach spaceC[a,b] of continuous functions on an interval
[a, b]. The space of continuous functions plays also a major role in the study of
trajectories of stochastic processes.

Time operator can be, in principle, defined on a Banach space in the same way as
on a Hilbert space. However its explicit construction is in general a non-trivial task.
Having given a nested family of closed subspaces of a Hilbert space we can always
construct a self-adjoint operator with spectral projectors onto those subspaces. This
is not true in an arbitrary Banach space. The reason is that it is not always possible to
construct an analog of orthogonal projectors on closed subspaces. Moreover, even if
a self-adjoint operator with a given family of spectral projectors can be defined there
appear additional problems associated with convergence of such expansion and with
possible rescalings of the time operator.

107
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For some dynamical systems associated with maps the time operator can be ex-
tended from the Hilbert spaceL2 to the Banach spaceLp. This can be achived by
replacing the methods of spectral theory [MPC,GMC], by more efficient martingales
methods. For example, for K-flows it is possible to extend the time operator from
L2 to L1 including to its domain absolutely continuous measures on the the phase
space [SuL1,Su]. Martingales methods can not be, however, applied for the space of
continuous functions.

In this section we discuss connections of time operator with wavelets, especially
those restricted to the interval[0, 1], and the corresponding multiresolutions analysis.
We establish a link between the Shannon sampling theorem and the eigenprojectors
of the time operator associated with the Shannon wavelet. We construct the time
operator associated with the Faber-Schauder system on the spaceC[0,1] and study
its properties. Such time operator corresponds to the interpolation of continuous
functions by polygonal lines. We give the explicit form of the eigenprojectors of
this time operator and characterize the functions from its domain in terms of their
modulus of continuity.

12.1 TIME OPERATOR IN FUNCTION SPACES

Let V andT be two linear operators on the Banach spaceB such thatV is bounded
andT is densely defined. We shall say thatT is an(internal) time operatoron B
associated withV if V preserves the domain ofT , i.e. V (D(T )) ⊂ D(T ), and

TV k = V kT + kV k , for k ∈ I , (12.1)

whereI is either the setZZ of integers or the setIINN of natural numbers. This corre-
sponds to the case whenV is inververtible or not.

The above definition of time operator is a straightforward generalization of time
operator on Hilbert spaces [Pr,ASaSh]. The operatorV is interpreted as a generalized
dynamics. In the sequel we shall only consider time operators associated with a
particular class of operatorsV that is specified below.

Consider a Banach spaceB that can be decomposed as an infinite direct sum of
closed subspaces

B =
⊕
n∈I

Bn (12.2)

in the sense that eachx ∈ B has a unique representation

x =
∑
n∈I

xn , (12.3)

wherexn ∈ Bn and the series (12.3) converges inB. A linear operatorV on the
Banach spaceB of the form (12.2) will be called ageneralized shiftwith respect to
{Bn} if V is bounded and satisfies

V Bn ⊂ Bn+1 , for n ∈ I . (12.4)
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We do not assume thatV is an isometry neither that it mapsBn ontoBn+1.
Let Pn be the projection fromB onto Bn, i.e. Pn is a linear operator onB

that corresponds to eachx ∈ B its n-th componentxn in the representation (12.3).
The family {Pn}n∈I is a resolution of identity,x =

∑
n∈I Pnx, for x ∈ B, and

determines a time operator. Namely we have

Proposition 12.1 Assume that the Banach spaceB has the direct sum decomposition
(12.2)and let{Pn}n∈I be the corresponding family of projectors. Then the operator

T =
∑
n∈I

nPn , (12.5)

defined for allx ∈ B for which the above series converges, is a time operator corre-
sponding to any generalized shiftV with respect to{Bn}n∈I .

Proof. We shall show first thatV (D(T )) ⊂ D(T ). Let x =
∑
n xn belong to the

domainD(T ) of T . This means that the series
∑
n nPnx =

∑
n nxn converges inB.

On the other hand, the series
∑
n xn is also convergent. SinceV is bounded, by the

assumption, both series
∑
n V xn and

∑
n nV xn converge. Thus

∑
n(n+1)V xn =∑

n nV xn +
∑
n V xn is also convergent, which shows thatV x ∈ D(T ).

In order to show the identity (12.5) notice first that

V Pn = Pn+1V , for each n ∈ I .

Indeed, ifx ∈ B, x =
∑
n xn, thenV Pnx = V xn. Conversely,Pn+1V x =

Pn+1

∑
k V xk = V xn, sinceV xn belongs toBn+1.

By the induction we can show that

V kPn = Pn+kV
k , for all k , n ∈ I . (12.6)

Finally applying (12.6) and using the fact that the operatorsV k are bounded and
preserve the domain ofT we have

TV kx =
∑
n

nPnV
kx = V k

∑
n

nPn−kx = V k
∑
n

(n+ k)Pnx = V kT + kV kx .

Having the direct sum decomposition (12.2) of the Banach spaceB we can define
a nested family of subspaces ofB that corresponds to multiresolution analysis in
wavelets or to filtration in stochastic processes. Define

B≤n
df=
⊕
j≤n

Bj

and denote byEn the projection fromB ontoB≤n, i.e. En =
∑
j≤n Pj . En is the

projection onto the past till the time instantn. The following elementary lemma relate
the projectorsEn with the dynamicsV .

Lemma 12.1 Suppose thatV is a generalized shift onB =
⊕

n∈I Bn. Then we have

V kEn = En+kV
k , for all k , n ∈ I . (12.7)
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Proof. It is enough to show that (12.6)⇒ (12.7), which is elementary in the case
I = ZZ. In the caseI = IINN we have

V kEn = V kP1 + . . .+ V kPn
= (P1+k + . . .+ Pn+k)V k

= (En+k − Ek)V k

= En+kV
k .

The latter equality follows from the direct sum decomposition (12.2) and the fact that
EkV

k = 0, for eachk ≥ 1.

We begin the construction of time operators associated with approximations in
Lp spaces and inC[0,1] with an application of the results from Section 7 concerning
the time operator for the Renyi map, which is the simplest chaotic system and the
prototype of exact endomorphisms [LM].

Recall that the 2-adic Renyi map is defined on the unit interval[0, 1) by the formula

Sx = 2x (mod 1) .

The Lebesgue measure is invariant with respect toS. The Koopman operatorV

V f(x) = f(Sx) =

 f(2x) , for x ∈ [0, 1
2 )

f(2x− 1) , for x ∈ [ 12 , 1) ,
(12.8)

determines the evolution semigroup{V n}n≥0 onLp[0,1], p ≥ 1.
The eigenfunctions of the time operator are constructed as follows. First we define

the functions
ϕ0(x) = 1l[0,1)(2x)− 1l[0,1)(2x− 1)

and
ϕk(x) = V kϕ0(x) , for k = 1, 2, . . . .

For each natural numberk there exist unique integersn ≥ 0 and εj = 0, 1,
j = 0, . . . , n− 1, εn = 1, such that

2n ≤ k < 2n+1 and k = ε020 + . . .+ εn2n .

We putw0 = 1 and, fork ≥ 1,

wk(x) = ϕε00 (x) . . . ϕεn
n (x) . (12.9)

Thusw1 = ϕ0, w2 = ϕ1, w3 = ϕ0ϕ1, and so on.
We have modified here the ordering of the eigenfunctions in order to get a direct

connection with the Walsh-Paley system. Inded, observe that extending functionswk
periodically onIR and taking into account the above introduced ordering we obtain
the Walsh-Paley system [SWS].

The functionsw0, . . . , w2n−1 form a basis in the vector space of all functions that
are measurable with respect to theσ-algebraAn generated by the dyadic division of



TIME OPERATOR IN FUNCTION SPACES 111

[0, 1] on 2n parts. The blockw2n , . . . , w2n+1−1 is the contribution (details) that is
necessary in order to obtain allAn+1 measurable functions.

It is well known [SWS] thatw0, w2, . . . form a Schauder basis in each of the spaces
Lp[0,1], 1 < p <∞. This means that each functionf ∈ Lp[0,1] has a unique expansion

f = w0 +
∞∑
j=1

ajwj = w0 +
∞∑
n=1

2n−1∑
k=2n−1

akwk

convergent in theLp-norm. In particularw0, w1, . . . form a complete orthonormal
system in the Hilbert spaceL2

[0,1]. Therefore eachLp space with1 < p <∞ has the
following direct sum decomposition

Lp[0,1] = W0 ⊕W1 ⊕ . . . ,

whereW0 is the space of constant functions andWn, n = 1, 2, . . ., is the linear space
spanned byw2n−1 , . . . , w2n−1.

Denote byPn the projection ontoWn

Pn =
2n−1∑
k=2n−1

〈 · , wk〉wk, (12.10)

and putW = W1 ⊕W2 ⊕ . . .. We have

Proposition 12.2 ([AStime]) The operatorT defined onW as

Tf =
∞∑
n=1

nPnf

is a time operator with respect to the semigroup{V n}∞n=1 generated by the Koopman
operator of the Renyi map. Each numbern = 1, 2, . . . is an eigenvalue ofT and the
functionsw2n−1 , . . . , w2n−1 are the corresponding eigenvectors.

In order to prove the above theorem one should notice that the Koopman operator
is a multiplication operator andV (ϕεj

j ) = ϕ
εj+1
j . HenceV transports any Walsh

functionwk, which is of the form (12.9), fromWn into a Walsh function fromWn+1.
Then it is enough to check that the assumptions of Lemma 1 are fulfilled.

The time operator constructed in Proposition 12.1 is associated with approxima-
tions ofp-integrable functions by step functions. The structure ofT when restricted
to theL2-space coincides with the multiresolution analysis associated with the Haar
wavelet.

We remind the reader that amultiresolution analysis(MRA) of L2
IR is a sequence

{Vn}n∈ZZ of closed subspaces ofL2
IR such that

(i) {0} ⊂ . . . ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ . . . ⊂ L2
IR ,

(ii)
⋂
n∈ZZ Vn = {0}
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(iii)
⋃
n∈ZZ Vn = L2(IR),

(iv) f(·) ∈ V0 ⇐⇒ f(2n ·) ∈ Vn

(v) There is a functionφ ∈ L2
IR (the scaling function) whose integer translates

{φ( · − k) : k ∈ ZZ} form an orthonormal basis inV0.

Sometimes the condition(v) in the definition of MRA is replaced by a weaker
condition

(v’) There is a functionφ ∈ L2
IR such that the set{φ( ·−k) : k ∈ ZZ} form a Riesz

basis inV0, i.e. it is dense inV0 and there exist positive constantsA andB
such that

A
∑
k∈ZZ

c2k ≤ ‖
∑
k∈ZZ

ckφ( · − k)‖2L2(IR) ≤ B
∑
k∈ZZ

c2k ,

for each{ck}k∈ZZ ⊂ IR such that
∑
k∈ZZ c

2
k <∞.

The replacement of the condition (v) by (v’) is also necessary for an extension of
the concept of MRA on Banach spaces where the notion of orthogonality is in general
meaningless.

We have shown in Section 7, restricting the Haar wavelet to the interval[0, 1] by
the periodization method (see [Da]), that the eigenspacesW1,W2, . . . of the time
operator of the Renyi map coincide with the corresponding wavelet spaces. The
ladder of spacesW0 ⊂ W0⊕W1 ⊂ W0⊕W1⊕W2 ⊂ . . . forms the multiresolution
spaces of the Haar wavelet restricted to[0, 1]. Moreover the condition (iv), when
applied to a functionf defined on the interval [0,1] and then extended periodically
on IR is nothing but the action of the Koopman operator of the Renyi map.

Generalizing the above considerations we can interpret the multiresolution analysis
associated with a given wavelet as a spectral decomposition of the time operator
associated with the operatorf(x) 7→ f(2x) (the Koopman operator of the Renyi map
when restricted by periodization to[0, 1]).

This means that the time operator method is a generalization of MRA on the case
when the scaling condition (iv) is replaced by the “keeping pace condition” (12.1) to
be satisfied by an arbitrary bounded operator.

We would like to comment on the multiplicity of time operators that can be asso-
ciated with wavelets. Using wavelets to analyze a signal we do not restrict a’priori
its wave length, which can be arbitrary large. Therefore the MRA gives rise to a
time operator with a uniform (infinite) multiplicity [AnGu]. However, using a MRA
for the approximation of functions on[0, 1] we encounter the natural bound for the
wave length, which is 1. Such is the case of the Haar wavelet on[0, 1], where the
multiplicity of the eigenspaceWn is 2n−1.
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12.2 TIME OPERATOR AND SHANNON THEOREM

We present now an interesting connection of time operator and Shannon’s sampling
theorem. Recall first that the function

φ(x) = sinc(x) =
sinπx
πx

(12.11)

is called the Shannon scaling function. The functionφ(x) is the Fourier transform
of 1l[−π,π] – the indicator of the set[−π, π]. Using the scaling function we define in
the usual way the nested family. . . ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ . . . of subspaces ofL2

IR,
i.e. Vn is spanned by all the translationsφ(2nx− k), k ∈ ZZ. In this way we obtain
the multiresolution analysis associated withφ [Da]. Denoting byWn the orthogonal
complement ofVn in Vn+1, i.e. Vn+1 = Wn ⊕ Vn, we obtain the following direct
sum decomposition

L2
IR =

⊕
n∈ZZ

Wn .

Therefore the operatorT =
∑
n∈ZZ nPn, wherePn is the projection ontoWn is a

time operator with respect to any bounded operatorV , which satisfies the conditions
of Lemma 1. In particular,V can be the shiftV f(x) = f(2x).

Knowing that for eachn the set{ψ(2nx− k), k ∈ ZZ}, where

ψ(x) = (πx)−1(sin 2πx− sinπx) ,

forms an orthonormal basis inWn we obtain the explicit form of the eigenprojectors
Pn

Pnf(x) =
∑
k∈ZZ

〈f, ψ(2n · −k)〉ψ(2nx− k) .

Using the time operator language we can say that the spaceVn consists of the elements
fromL2

IR that are no older thann. Moreover the Shannon theorem allows to identify
these elements.

To see this recall the Shannon theorem, which says that if a functionf ∈ L2
IR is

such that its Fourier transform is supported on the interval[−2nπ, 2nπ], n ∈ ZZ, then

f(x) =
∑
k∈ZZ

f

(
k

2n

)
sinπ(2nx− k)
π(2nx− k)

=
∑
k∈ZZ

f

(
k

2n

)
φ(2nx− k) . (12.12)

Since the family{φ(2nx−k), k ∈ ZZ} forms an orthonormal basis inVn, the equation
(12.12) says that the projection

En =
∑
j≤n

Pn

on the past priorn leavesf invariant. Therefore the age off is at mostn.
In terms of the signal processing we say thatf is band limited with the band width

Ω if its Fourier transform has a compact support contained in the interval[−Ω,Ω].
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Therefore the projection on the past priorn is equivalent to apply the low pass filter
for damping the frequencies higher than2n. Correspondingly, the projection on the
future is equivalent to apply the high pass filter. By the Shannon theoremthe age
of (a signal)f ∈ L2

IR is equivalent to the sampling that is necessary to recover
f . The transition from the time instantn to n + 1 means the sampling off with
doubled accuracy. The natural flow of time,−∞ < n <∞, is reflected in the signal
processing as the transition from large to fine scales (resolutions).

12.3 TIME OPERATOR ASSOCIATED WITH THE HAAR BASIS IN L2
[0,1]

The importance of the Walsh basis in the construction of the time operator associated
with the Renyi map is due to the fact that the spectral decomposition ofT is particularly
simple. The Walsh functions are the eigenvectors ofT and the action of the Koopman
operator can be described explicitly as a shift from one Walsh function to another.
On the other hand the Walsh basis is not so convenient when dealing with continuous
functions. For example, although the Walsh functions are linear combinations of the
Haar functions it is well known that the Haar expansion of a continuous function on
the interval[0, 1] converges uniformly, while its Walsh series may be even pointwise
divergent. For this reason it would be more convenient, when dealing with continuous
functions, to representT in the basis of Haar functions.

In Section 7 we represented the time operatorT associated with the Renyi map
in the Haar basis. Below we generalize this result showing thatT as represented in
the Haar basis is in fact a time operator with respect to a wide class of dynamical
semigroups. We shall focus our attention onT as an operator on the space of con-
tinuous functions. Accordingly, we discuss the conditions under which a continuous
function belongs to the domain ofT and is image throughT is also a continuous
function. We shall also show in this section how a time rescaling affects the dynam-
ics giving an estimation of the correlation function associated with the underlying
dynamical semigroup. We shall see that although for a wide class of functions the
decay is exponential, the exponent depends on the “degree of smoothness” of the
considered function. The additional advantage of such choice is that the Haar basis
can be transported to the spaceC[0,1] giving rise to the time operator associated with
the Faber-Schauder basis.

Recall that the Haar functionsχj on the interval[0, 1) bare defined as follows:

χ1 ≡ 1 , χ2n+k(x) = 2
n
2 1l[ 2k−2

2n+1 ,
2k−1
2n+1 )(x)− 2

n
2 1l[ 2k−1

2n+1 ,
2k

2n+1 )(x) ,

for n = 0, 1, . . ., k = 1, . . . , 2n.
For a givenn the Haar functionsχ2n+k, k = 1, . . . , 2n, are the eigenfunctions of

T corresponding to the same eigenvaluen (see Section 7). Each functionf ∈ L2
[0,1]

has the expansion in the Haar basis, which can be written in one of the following
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equivalent forms

f =
∞∑
j=1

ajχj = a1χ1 +
∞∑
m=0

2m∑
k=1

a2m+kχ2m+k = a1χ1 +
∞∑
n=1

2n∑
k=2n−1+1

akχk ,

(12.13)
with aj =

∫ 1

0
f(x)χj(x)dx.

The Haar functions form an orthonormal basis inL2
[0,1] and the linear space gen-

erated by{χk}2
n

k=2n−1+1 coincides withWn. Also the orthogonal projection onto
the space generated by{χk}2

n

k=2n−1+1 coincides with the orthogonal projectionPn
as defined by (12.10) for the Walsh basis. Therefore introduced in Section 2 time
operatorT onW assumes the form

Tf =
∞∑
n=1

n
2n∑

k=2n−1+1

akχk , (12.14)

wheref ∈ L2
[0,1] with

∫ 1

0
f(x) dx = 0 andak are as in (12.13). The Koopman

operatorV of the Renyi map does not transport a Haar function corresponding to the
eigenvaluen onto a single Haar function but onto a linear combination of two Haar
functions corresponding to the eigenvaluen+1 (see Section 7). Nevertheless one can
check that the assumptions of Lemma 1 are satisfied so that the commutation relation
(12.1) still holds. This however follows from the following more general result:

Theorem 12.1 The operatorT defined onW = L2
[0,1] 	 {1} as

Tf =
∞∑
n=1

nPn ,

where

Pnf =
2n∑

2n−1+1

[∫ 1

0

f(x)χk(x)dx
]
χk

is a time operator with respect to any semigroup{V n}n≥0, whereV is a bounded
operator onW such thatV (Wn) ⊂ Wn+1, for eachn = 1, 2, . . ..

Proof. Recall that we have the direct sum decomposition

W = W1 ⊕W2 ⊕ . . .

and that eachPn is the orthogonal projector ontoWn. We shall show that

V Pn = Pn+1V ,

for eachn ∈ IINN. Indeed, since eachf ∈ W has a unique expansion

f =
∞∑
n=1

2n∑
k=2n−1+1

akχk . (12.15)
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then

V Pnf = V

 2n∑
k=2n−1+1

akχk

 =
2n∑

k=2n−1+1

akV χk .

On the other hand, among the elements{V χj} only those with2n−1 < j ≤ 2n are
elements ofWn+1. Therefore

Pn+1V f =
2n∑

j=2n−1+1

ajV χj ,

which implies (12.23). Consequently the assumptions of Lemma 12.1 are satisfied
andT̃ is a time operator with respect to{V n}n≥0.

In the sequel we shall also consider time operator on other spaces thanL2
[0,1]. If

it is not stated otherwise, then the letterT will stand for the time operator as defined
by (12.14).

One of the advantages of the choice of Haar functions to determineT is that they
are more suitable when dealing with continuous functions. As we have shown in
Section 3 (Theorem 3) any functionf ∈ C[0,1] such that its modulus of continuity
satisfies the property ∫ 1

0

ωf (x)
log x
x

dx > −∞

belongs to the domain ofT andTf ∈ C[0,1].
If a functionf is a Lipschitz function, i.e. there are constantsK > 0and0 < α ≤ 1

such that|f(x) − f(y)| ≤ K|x − y|α, for eachx, y ∈ [0, 1], thenωf (x) ≤ K|x|α.
It is therefore easy to see that a Lipschitz function with an exponentα, 0 < α ≤ 1,
satisfies the assumption of Theorem 1 and, consequently, belongs to the domain ofT
expanded in the Haar basis.

It is worth to note that if the time operatorT is expanded in terms of the Walsh
basis then the sufficient condition that a continuous function belongs to its domain is
more restrictive. In particular, in the class of Lipschitz functions only those with the
exponentα > 1

2 belong to the domain ofT . The proof of this fact, which is based
on some estimations for the Walsh-Fourier coefficients, will be presented elsewhere.

Note that the family of Haar functions forms also a Schauder basis in the Banach
spaceLp[0,1], 1 ≤ p < ∞ and this basis is unconditional ifp > 1. This means

that every functionf ∈ Lp[0,1] has representation (12.13) convergent inLp-norm
(unconditionally convergent ifp > 1). The Walsh functions also form a Schauder
basis inLp, 1 < p <∞, but not inL1 (see [CiKw] and references therein).

One of the basic tools in the study of dynamical systems with the use of time
operator is time scaling, which corresponds to filtering in signal processing. Scaling
is defined as replacing the time operatorT by some of its operator functionΛ(T ),
whereΛ(·) is a real valued function. The application ofΛ on T may affect its
domain. Modifying slightly Theorem 2 in Section 7 it is also possible to give sufficient
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conditions under which a continuous functionf belong to the domain ofΛ(T ) and
Λ(T )f is also continuous.

Let us show now how scaling affect the dynamics. We consider the action semi-
group{V N} on the functions transformed throughΛ(T ). The relevant value that we
would like to evaluate is the correlation function

Rf (N) df=(V NΛ(T )(f),Λ(T )(f)) ,

where(·, ·) denotes the scalar product inL2
[0,1].

Theorem 12.2 Let V be the Koopman operator of some map of the interval[0, 1]
such that the corresponding semigroup{V N} onL2

[0,1] satisfies the assumptions of
Theorem 1. Then for every functionf ∈ C[0,1] which belongs to the domain ofΛ(T )
we have

|Rf (N)| ≤ 1
4

∞∑
n=1

|Λ(n)Λ(n+N)|ω
(

1
2n

)
ω

(
1

2n+N

)
.

Proof. In order to calculate the correlation function let us representΛ as follows

Λ(f) =
∞∑
n=0

Λ(n+ 1)
2n∑
k=1

a2n+kχ2n+k .

LetN andn be fixed. By the assumption eachV Nχ2n+k, k = 1, . . . , 2n, is a linear
combination of some basis elementsχ2n+N+k:

V Nχ2n+k =
nk∑
j=1

α2n+N+lj(k)χ2n+N+lj(k) , k = 1, . . . , 2n , (12.16)

for some choice of indicesl1(k), . . . , lnk
(k).

SinceV is also a Koopman operator,V N is a multiplicative map, i.e.V fg =
V fV g. Because, for a givenn, the functionsχ2n+k, k = 1, . . . , 2n, have disjoint
supports, then alsoV Nχ2n+k must have disjoint supports. This implies that in the
representation (12.16) alllj(k) are different and

n1 + . . .+ n2n ≤ 2n+N . (12.17)



118 TIME OPERATOR AND APPROXIMATION

We have

Rf (N) =

( ∞∑
n=0

Λ(n+1)
2n∑
k=1

a2n+kV
Nχ2n+k,

∞∑
n=0

Λ(n+1)
2n∑
k=1

a2n+kχ2n+k

)

=
∞∑
n=0

Λ(n+1)Λ(n+N+1)

2n∑
k=1

a2n+k

nk∑
j=1

α2n+N+lj(k)χ2n+N+lj(k),

2n+N+1∑
k=1

a2n+N+kχ2n+N+k



=
∞∑
n=0

Λ(n+1)Λ(n+N+1)
2n∑
k=1

a2n+k

nk∑
j=1

a2n+N+lj(k)α2n+N+lj(k) .

Thus

|Rf (N)| ≤
∞∑
n=0

|Λ(n+ 1)Λ(n+N + 1)|
2n∑
k=1

1
2 · 2n

2
ω

(
1

2n+1

)

·
nk∑
j=1

1

2 · 2n+N
2

ω

(
1

2n+N+1

) ∣∣α2n+N+lj(k)

∣∣
=

1
4
· 1

2
N
2

∞∑
n=0

|Λ(n+1)Λ(n+N+1)| 1
2n
ω

(
1

2n+1

)
ω

(
1

2n+N+1

)

·
2n∑
k=1

nk∑
j=1

∣∣α2n+N+lj(k)

∣∣ .
Note that

∥∥V Nχ2n+k

∥∥2

L2 =

∥∥∥∥∥∥
nk∑
j=1

α2n+N+lj(k)χ2n+N+lj(k)

∥∥∥∥∥∥
2

=
nk∑
j=1

∣∣α2n+N+lj(k)

∣∣2 ,
and since‖V ‖ ≤ 1, we have

nk∑
j=1

∣∣α2n+N+lj(k)

∣∣2 ≤ ∥∥V N∥∥2 ‖χ2n+N+k‖
2
L2 ≤ 1 .

Therefore, applying Ḧolder’s inequality we get

nk∑
j=1

∣∣∣α
2n+N+lj(k)

1
2

∣∣∣ ≤ √
nk

 nk∑
j=1

∣∣α2n+N+lj(k)

∣∣2 ≤
√
nk .
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Applying Hölder’s inequality once more together with (12.17) we obtain

2n∑
k=1

nk∑
j=1

∣∣α2n+N+lj(k)

∣∣ ≤ 2n∑
k=1

√
nk ≤ 2

n
2

(
2n∑
k=1

nk

) 1
2

≤ 2
n
2 · 2

n+N
2 .

Consequently

|Rf (N)| ≤ 1
4
· 1

2
N
2

∞∑
n=0

|Λ(n+1)Λ(n+N+1)| 1
2n
ω

(
1

2n+1

)
ω

(
1

2n+N+1

)
2n2

N
2 ,

and rearranging the summation we finally get

|Rf (N)| ≤ 1
4

∞∑
n=1

|Λ(n)Λ(n+N)|ω
(

1
2n

)
ω

(
1

2n+N

)
,

which ends the proof.

Under the same assumptions as in Theorem 12.2 we have

Corollary 12.1 If f is a Lipschitz function with the exponentp, 0 < p ≤ 1, then

|Rf (N)| ≤ 1
4
· 1
2pN

∞∑
n=1

|Λ(n)Λ(n+N)| 1
22pn

. (12.18)

Corollary 12.2 If Λ(x) is a bounded function then the series on the right hand side
of (12.18) is convergent and

|Rf (N)| ≤ K

(
1
2p

)N
= Ke−(p ln 2)N ,

for someK > 0.

It should be noticed that for a boundedΛ any continuous function is in the domain
of Λ(T ). In particular, takingΛ(x) ≡ 1 we see that the decay of the correlations
of (V Nf, f) is at least exponential with the exponent depending on the degree of
smoothness off . If f is differentiable then the exponent isln 2.

ExampleLet V be the Koopman operator of the Renyi map. Since

V χ2n+k =
1√
2

(χ2n+1+k + χ2n+1++2n+k) ,

V satisfies the assumptions of Theorem 1.



120 TIME OPERATOR AND APPROXIMATION

12.4 TIME OPERATOR ASSOCIATED WITH THE FABER-SCHAUDER
BASIS IN C[0,1]

Although each continuous function can be expanded in terms of the Haar basis the
Haar functions lay outside the spaceC[0,1]. We shall show that the Haar basis inL1

[0,1]

can be transported toC[0,1] by the means of integration giving rise to a new basis in
C[0,1]. Namely, let us define the operator of indefinite integrationJ : L1

[0,1] → C[0,1]:

(Jf)(t) df=
∫ t

0

f(s)ds , for f ∈ L1
[0,1] .

The range ofJ consists of absolutely continuous functions. Since the series (12.13)
is also uniformly convergent [KaSt] we can applyJ to both sides getting

(Jf)(t) =
∞∑
j=1

[∫ 1

0

f(s)χj(s)ds
]

(Jχj)(t)

=
∞∑
j=1

[∫ 1

0

χj(s)d(Jf)(s)
]
ϕj(t) ,

(12.19)

whereϕj(t)
df=(Jχj)(s) , j = 1, 2, . . ..

Actually the representation (12.19) extends on all functionsg ∈ C[0,1]. To be
more precise the family{ϕj}∞j=1 together with the constant functionϕ0 ≡ 1 form a
Schauder basis in the Banach spaceC[0,1]. We have [Ci]

g(t) = g(0)ϕ0 +
∞∑
j=1

[∫ 1

0

χj(s) dg(s)
]
ϕj(t) , (12.20)

where the series converges uniformly in[0, 1].
In a similar way, applyingJ to both sides of (12.14), we can transport the time

operatorT to C[0,1]. To be more precise, let̃C be the space of all functionsg ∈ C[0,1]

such thatg(0) = g(1) = 0 and letCn, n = 1, 2, . . ., be the subspace of̃C spanned by
ϕk, 2n−1 < k ≤ 2n. Define the operator̃Pn : C̃ → Cn putting

P̃ng(t) =
2n∑

k=2n−1+1

∫ 1

0

χk(s)dg(s)ϕk(t) . (12.21)

Theorem 12.3 The operatorT̃ defined oñC as

T̃ =
∞∑
n=1

nP̃n ,

is a time operator with respect to any semigroup{V n}n≥0, whereV is a bounded
operator onC̃ such thatV (Cn) ⊂ Cn+1, for eachn = 1, 2, . . .. The explicit form of
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P̃n is

P̃ng(t) = 2
n−1

2

2n−1∑
k=1

[
2g
(

2k − 1
2n

)
− g

(
k − 1
2n−1

)
− g

(
k

2n−1

)]
ϕ2n−1+k(t)

(12.22)

Proof. Since the functionsϕ0, ϕ1, . . . form a Schauder basis inC[0,1] we have the
direct sum decomposition

C̃ = C1 ⊕ C2 ⊕ . . .

and each̃Pn is the projector ontoCn. It is easy to see that

V P̃n = P̃n+1V , (12.23)

for eachn ∈ IINN. Indeed, since eachg ∈ C̃ has a unique expansion

g =
∞∑
n=1

2n∑
k=2n−1+1

bkϕk . (12.24)

then

V Png = V

 2n∑
k=2n−1+1

bkϕk

 =
2n∑

k=2n−1+1

bkV ϕk .

On the other hand, among the elements{V ϕj} only those with2n−1 < j ≤ 2n are
elements ofCn+1. Therefore

Pn+1V g =
2n∑

j=2n−1+1

bjV ϕj ,

which implies (12.23). Consequently the assumptions of Lemma??are satisfied and
T̃ is a time operator with respect to{V n}n≥0. The explicit form (12.22) of̃Pn follow
directly from (12.21).

Constructed in this way time operator arises as the integral transformation of the
time operatorT for the Renyi map expanded in terms of the Haar basis, i.e. for
g = Jf we have

T̃ g = Tf .

Moreover, sincẽT is a time operator with respect to any bounded operatorV , which
maps each Schauder functionϕ2n−1+k, k = 1, . . . , 2n−1, onto a linear combination
of the functionsϕ2n+k′ , k′ = 1, . . . , 2n, it can be also associated with the Koopman
operatorV of the Renyi map (12.8) acting on the spaceC̃. Indeed,V is, of course,
bounded oñC and one can check easily that

V ϕ2n−1+k =
√

2(ϕ2n+k + ϕ2n+2n−1+k) ,
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for n = 1, 2 . . ., k = 1, . . . , 2n.
Observe also that the Koopman operatorV of the Renyi map together with the

integral operatorT satisfy the following commutation relation

V Jf = 2JV f , (12.25)

valid for eachf ∈ L1 such that
∫ 1

0
f(s)d(s) = 0.

Using the time operator terminology we can say now that the functiong ∈ C̃, has the
agen if its representation (12.20) consists of then-th block, i.e. those with the indices
k = 2n−1 + 1, . . . , 2n. Therefore the flow of time means step by step interpolation
of g by polygonal lines. The polygonal lineln(x), n = 1, 2, . . ., corresponding to the
dyadic division of the interval[0, 1] on2n parts is

ln(x) =
2n∑
k=1

{[
g

(
k

2n

)
− g

(
k−1
2n

)]
(2nx−k+1) + g

(
k−1
2n

)}
1l[ k−1

2n , k
2n ](x) .

Since the time operators considered here are defined on infinite dimensional Ba-
nach spaces, it is easy to see that their domains are always proper subsets of the
underlined spaces. Therefore it arises the problem of characterization of the domain
of a time operator. It is also important for applications of time operator techniques,
especially for filtering, to characterize the domain of a function of a given time oper-
ator.

It is easy to see that if the eigenfunctions of a time operatorT defined on a Banach
spaceB form an unconditional Schauder basis then for any bounded functionΛ :
IINN → IR the domain ofΛ(T ) coincides withB. However the spaceC[0,1] does not
have an unconditional basis. Therefore not for each bounded functionΛ the operator
Λ(T̃ ) is correctly defined onC[0,1]. The next theorem provides sufficient conditions

for a functiong to be in the domain of̃T , as well as to be in the domain ofΛ(T̃ ) in
terms of the modulus of continuity.

Theorem 12.4 Let Λ be a real valued function defined onIINN. Any functiong ∈ C̃
such that its modulus of continuityωg satisfies the property

∞∑
n=1

|Λ(n)|ωg(2−n) <∞ (12.26)

belongs to the domain ofΛ(T̃ ) and the series
∑
n Λ(n)P̃ng(t) is uniformly and

absolutely convergent. In particular, if the modulus of continuityωg satisfies∫ 1

0

ωg(t)
log t
t
dt > −∞ (12.27)

theng belongs to the domain of̃T and the series

∞∑
n=1

nP̃ng(t) (12.28)



TIME OPERATOR ASSOCIATED WITH THE FABER-SCHAUDER BASIS IN C[0,1] 123

is uniformly and absolutely convergent.

Proof. Let g ∈ C̃ be such that its modulus of continuity satisfies (12.26). Let

bn,k
df=
∫ 1

0
χ2n−1+k(s)dg(s). We have

|bn,k| =
∣∣∣∫ 1

0
χ2n−1+k(s)dg(s)

∣∣∣
≤ 2

n−1
2
∣∣g ( k−1

2n−1

)
− g

(
2k−1
2n

)∣∣+ 2
n−1

2
∣∣g ( 2k−1

2n

)
− g

(
k

2n−1

)∣∣
≤ 2

n+1
2 ωg

(
1
2n

)
,

for n = 1, 2, . . . , k = 1, . . . , 2n−1. Therefore

∞∑
n=1

|Λ(n)P̃ng(t)| ≤
∞∑
n=1

2n−1∑
k=1

|Λ(n)bn,k|ϕn,k(t) ≤ 2
∞∑
n=1

|Λ(n)|ωg
(

1
2n

)
,

which proves the first part of the theorem. To show the second part observe that
puttingΛ(x) = x we have

∞∑
n=1

n|P̃ng(t)| ≤
∞∑
n=1

2n−1∑
k=1

n|bn,k|ϕn,k(t) ≤
∞∑
n=1

nωg

(
1
2n

)
.

On the other hand, since the functionωg(t) is non-decreasing on[0, 1] and− log t
t is

decreasing, we have

−
∫ 1

0

ωg(t)
log t
t
dt =

∞∑
n=1

∫ 1
2n−1

1
2n

ωg(t)
(
− log t

t

)
dt

≥
∞∑
n=1

ωg(
1

2n−1
)
(
−

log 1
2n

1
2n

)(
1

2n−1
− 1

2n

)

= log 2
∞∑
n=1

nωg

(
1

2n−1

)

≥ 4−1 log 2
∞∑
n=1

nωg

(
1
2n

)
.

(12.29)

The last inequality is a consequence of the propertyωg(x+y) ≤ ωg(x)+ωg(y) valid
for x, y, x+ y ∈ [0, 1]. Since the left hand side of (12.29) is finite by the assumption,
the series (12.28) is uniformly and absolutely convergent. This concludes the proof.

Corollary 12.3 If Λ is a bounded function onIINN, then eachg ∈ C̃ such that
∞∑
n=1

ωg(2−n) <∞
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belongs to the domain ofΛ(T̃ ).

Corollary 12.4 If g is a Lipschitz function with an exponent0 < p ≤ 1, theng
belongs to the domain of̃T .

Proof. It follows from the definition ofωg that if g satisfies|g(x)− g(y)| ≤ |x− y|p

thenωg(t) ≤ Ktp. Since
∫ 1

0
tp−1 log tdt > −∞, for p > 0, the condition (12.27) is

satisfied.

We have already mentioned about the importance of time rescalings realized
through theΛ operators defined as functions of the time operator. Somewhat dif-
ferent is the role of the integration transformationJ , which satisfies together with
T the commutation relation (12.25). Applying the transformationJ on a functional
basis makes approximations “smoother”. We have seen already that applyingJ on
the orthonormal Haar basis we obtain the time operator associated with approxima-
tions by continuous functions, i.e. with the Faber-Schauder basis inC[0,1]. Similarly,
starting from a time operator associated with an orthogonal basis of continuous func-
tions we can get a time operator associated with approximation in the spaceC(1)

[0,1]

of differentiable functions. As an example let us consider the Franklin systemφn,
n = 0, 1, . . . in C[0,1]. Recall that the functionsφn are obtained through the Schmidt
orthonormalization of the Faber-Schauder functions [Cif,SWS]. The Franklin system
is a Schauder basis inC[0,1]. We can therefore apply Proposition 1 constructing, as in
Theorem 12.3, the time operator associated with a given partition of{φn} on blocks.
On the other hand the system

1, Jφ0, Jφ1, . . . (12.30)

is also a Schauder basis inC[0,1] and eachf ∈ C[0,1] has the expansion

f(t) = f(0) +
∞∑
n=0

anJφn ,

wherean =
∫ 1

0
φn(s)df(s). This implies that (12.30) is also a Schauder basis inC(1)

[0,1]

endowed with the norm‖f‖ df=max0≤s≤1 |f(s)| + max0≤s≤1 |f ′(s)|. Repeating

again the proof of Theorem 12.3 we obtain a time operator inC(1)
[0,1] associated with

this basis, which nothing but the composition of the integral transformation with time
operator constructed formerly onC[0,1].



13
Time operator and quantum

theory

13.1 SELF-ADJOINT OPERATORS, UNITARY GROUPS AND
SPECTRAL RESOLUTION

If A is a self-adjoint operator then there exists a unique family{Eλ}λ∈IR of projections
such that

i) Eλ1 ≤ Eλ2 if λ1 ≤ λ2

ii) s-limλ→−∞Eλ = 0, s-limλ→+∞Eλ = I

iii) f ∈ DA if and only if
∫
IR
λ2d(f,Eλf) <∞

iv) for f ∈ DA and anyg

(g,Af) =
∫
λ d(g,Eλf)

The family{Eλ} satisfying (i-iv) is called the spectral family ofA. We shall write
A =

∫
λ dλ to mean (iii) and (iv). Conversely every family{Eλ} of projections

satisfying (i-iii) defines a unique self-adjoint operatorA given byA =
∫
λ dλ.

A given one-parameter unitary group{Ut}t∈IR is associated with an unique spectral
family {Eλ}λ∈IR of a self-adjoint operatorA such that

Ut =
∫
e−iλtdEλ . (13.1)

125
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The operatorA =
∫
λ dEλ is called the (self-adjoint) generator of the unitary group

{Ut}. ThusUt = e−iAt in the sense of functional calculus. The operatorA can also
be defined as follows:

f ∈ DA iff
d

dt
(Utf)

∣∣∣∣
t=0

exists in the strong topology

and

−iAf =
d

dt
(Utf)

∣∣∣∣
t=0

, for f ∈ DA .

Every self-adjoint operatorA defines a unitary group{Ut} by (13.1), where{Et} is
the spectral family ofA.

13.2 DIFFERENT DEFINITIONS OF TIME OPERATOR AND THEIR
INTERRELATIONS

Let consider the following definitions of time operator:

(a) A self-adjoint operatorT is said to be a time operator for the unitary group
{Ut} of time evolution if

(i) UtDT = DT

(ii) U∗t TUt = T + tI on DT .

(b) A self-adjoint operatorT with the spectral family{Et} is said to be a time
operator for the unitary group{Ut} if it is satisfied theimprimitivity condition:

U∗t EλUt = Eλ−t , for each λ, t ∈ IR .

(c) (Weyl commutation relation) The self-adjoint generatorT of a unitary group
{Vs}, Vs = e−isT , is a time operator for a unitary group{Ut} if Ut andVs
satisfy the Weyl commutation relation

UtVs = eistVsUt , for each s, t ∈ IR

(d) (Canonical commutation relation) LetL be the self-adjoint generator of a evo-
lution group{Ut}, Ut = e−iLt. Then a self-adjoint operatorT is said to be a
time operator of{Ut} if there is a dense domainD on which bothLT andTL
are defined and

i[L, T ] = I on D .

We shall show below that the definitions (a), (b) and (c) are equivalent and imply (d).
We shall also discuss the conditions under which the canonical commutation relation
implies the first three definitions of time operator.
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(a)⇒(b):
Let {Eλ} be the spectral family of a time operatorT in the sense of (a). The the
spectral family ofU∗t TUt is the family{U∗t EλUt}:

U∗t TUt =
∫
λ d(U∗t EλUt) . (13.2)

On the other handU∗t TUt = T + tI, thus

T + tI =
∫

(λ+ t) dEλ =
∫
λ dEλ−t . (13.3)

From the uniqueness of the spectral resolution of a self-adjoint operator it follows
that

U∗t EλUt = Eλ−t .

(b)⇒(a):
Suppose that the spectral family{Eλ} of T satisfies the imprimitivity condition for
{Ut}. We have to show that

UtDT = DT and U∗t TUt = T + tI on DT .

Now, letf ∈ DT . ThenUtf ∈ DT , for all realt. Indeed∫
λ2 d(Utf,EλUtf) =

∫
λ2 d(f, U∗t EλUtf)

=
∫
λ2 d(f,Eλ−tf)

=
∫

(λ+ t)2d(f,Eλf)

=
∫
λ2d‖Eλf‖2 + t2

∫
d‖Eλf‖2 + 2t

∫
λ d‖Eλf‖2 .

First and the third terms are finite becausef ∈ DT and second term equalst2 from the
properties of any resolution of identity. ThusUtDT ⊂ DT for all t. SinceU∗t = U−t,
we also haveU∗t DT ⊂ DT . ThereforeDT = Ut(U∗t DT ) ⊂ UtDT , which proves
the equalityUtDT = DT .

To verify thatU∗t TUt = T + tI onDT it is enough to consider the scalar product
(g, U∗t TUtf) for f ∈ DT and anyg. We have

(g, U∗t TUtf) =
∫
λ d(g, U∗t EλUtf)

=
∫
λ d(g,Eλ−tf)

=
∫

(λ+ t) d(g,Eλf)

=
∫
λ d(g,Eλf) + t

∫
d(g,Eλf)

= (g, Tf) + t(g, f) ,



128 TIME OPERATOR AND QUANTUM THEORY

which proves (ii).

(b)⇒(c):
Let {Eλ} be the spectral projectors ofT and consider the unitary operatorsVs =∫
e−iλsdEλ. We have

U∗t VsUt =
∫
e−iλsd(U∗t EλUt)

=
∫
e−iλsdEλ−t

=
∫
e−i(λ+t)sdEλ

= e−itsVs .

ThusVsUt = e−itsUtVs, for all t. Taking the Hermitian conjugate we getUtVs =
eitsVsUt, for all t.

(c)⇒(b):
Assume thatUtVs = eitsVsUt, for all s, t, hence

UtVsU
∗
t = eitsVs . (13.4)

The left hand side of (13.4) has, for a fixedt the representation

UtVsU
∗
t =

∫
e−iλsd(UtEλU∗t ) .

On the other hand the unitary groupeitsVs is given by

eitsVs =
∫
eitse−λsdEλ =

∫
e−is(λ−t)dEλ =

∫
e−isλdEλ+t .

By the uniqueness of spectral family and (13.4) we haveUtEλU
∗
t , for all t.

We have proved that definitions (a), (b) and (c) of time operator are equivalent.
Note also that the Weyl commutation relation can be written

V ∗t UtVs = eistUt . (13.5)

If {Fλ} is the spectral family of the self-adjoint generatorL of the evolution group
{Ut}, Ut =

∫
e−iλtdFλ, then it follows from (13.5) that

V ∗s FλVs = Fλ+s , for all s , (13.6)

whereVs = e−isT . Thus the spectral family ofL satisfies the imprimitivity condition
with respect to the unitary group{Vs}, V ∗s = eisT .

Because the spectral family{Fλ} of L satisfies the imprimitivity condition (13.6)
with respect toVswe can again verify as before thatVsDL = DL andV ∗s LVs = L−sI
onDL, for all s ∈ IR. There is thus a “duality” betweenL andT .
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(c)⇒(d):
Let L be a self-adjoint generator of the group{Ut}. Then the Weil commutation
relation assumes the form

e−itLe−isT = eiste−isT e−itL , for each s, t ∈ IR . (13.7)

Multiplying (13.7) bye−s we get

e−itLes(−iT−I) = es(−iT+itI−I)e−itL . (13.8)

Then the integration (13.8) with respect tos on (0,∞) gives

e−itL(−iT − I)−1 = (−iT + itT − I)−1
e−itL . (13.9)

After taking the derivative of (13.9) in the pointt = 0 we have

−iL(−iT − I)−1 = −i(−iT − I)−2 + (−i)(−iT − I)−1L

or equivalently

L(T − iI)−1 = (T − iI)−1L+ i(T − iI)−2 . (13.10)

Adding to both sides of (13.10)−i(T − iI)−1 and then multiplying from the left and
from the right by(L− iI)−1 we get

(T−iI)−1(L−iI)−1 = (L−iI)−1(T−iI)−1+i(L−iI)−1(T−iI)−2(L−iI)−1 .
(13.11)

Let y be an element ofH and put

x = (T − iI)−1(L− iI)−1y . (13.12)

Thenx ∈ D(L−iI)(T−iI) and

y = (L− iI)(T − iI)x . (13.13)

It follows from (13.11) that

x = (L− iI)−1(T − iI)−1(y + ix) . (13.14)

This implies thatx ∈ D(T−iI)(L−iI) and

(T − iI)(L− iI)x = (L− iI)(T − iI)x+ ix . (13.15)

Then, summarizing, we obtain thatx ∈ DLT ∩DTL and

(TL− LT )x = ix . (13.16)

It is obvious that anyx ∈ DLT ∩DTL can be expressed in the form (13.12) (by
lettingy as in (13.13)). Thus (13.16) holds for eachx ∈ DLT ∩DTL or equivalently

[L, T ]x = −ix , for each x ∈ DLT ∩DTL , (13.17)
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which concludes the proof of (c)⇒(d).
Notice that we have actually proved that

(T − iI)(L− iI)(DLT ∩DTL) = (L− iI)(T − iI)(DLT ∩DTL) = H .

This means, in particular, that the image of a dense subsetΩ of DLT ∩ DTL (here
Ω = DLT ∩DTL) through both(T − iI)(L− iI) and(L− iI)(T − iI) is dense inH.
It can be proved [FGN,Pu] that the latter condition is also sufficient for the canonical
commutation relation to imply Weyl commutation relation. In fact in order to prove
that (d)⇒(c) it is enough to assume that there exists a dense setΩ ⊂ DLT ∩DTL for
which either(T − iI)(L− iI)Ω or (L− iI)(T − iI)Ω is dense inH.

13.3 SPECTRUM OF L AND T

If Ut = e−iLt andT is defined by any of the equivalent conditions (a), (b) or (c) im-
portant restrictions on the spectrum ofL andT are implied. First, from the condition
(a) it follows that

(UtfT, Ut) = (f, Tf) + t(f, f) , for any f ∈ DT . (13.18)

Therefore, by takingt in (13.18) to be suitably large, positive or negative number,
expectation value ofT in the stateUtf may be made equal to any positive or negative
value. Thus the spectrum ofT can not be bounded from below or above. Similar con-
clusion follows forL because of “duality”betweenT andL. Imprimitivity condition
implies more. It implies that the spectrum ofT (andL) are whole of real line and
spectral multiplicity is uniform. With the aid of Plesner’s theorem (Plesner 1929) the
imprimitivity condition implies that the spectra ofT andL are absolutely continuous.

13.4 INCOMPATIBILITY BETWEEN THE SEMIBOUNDENESS OF THE
GENERATOR H OF THE EVOLUTION GROUP AND THE
EXISTENCE OF A TIME OPERATOR CANONICAL CONJUGATE
TO H

In standard formulation of quantum mechanics the (pure) states of the system are
represented by (unit) vectorsψ of a Hilbert spaceH. Time evolution group is given
by {e−iHt}, whereH is the Hamiltonian that represents the energy observable and
hence must be bounded from below. Previous remarks about the spectrum of the
generator of the evolution group admitting a time operator in the sense of (a), (b)
or (c) show that{e−iHt} can not admit a time operator in this sense becauseH is
semibounded. The time-energy uncertainty relation can however be derived from the
existence of time operatorT which is canonically conjugate toL:

i[H,T ] = I , on D . (13.19)
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As noted before this canonical commutation relation does not imply condition
(a), (b) or (c) onD. Since a main motivation for introducing a time operator in
quantum mechanics is to give a theoretical foundation to time-energy uncertainty
relation (Pauli) we shall give a simple proof that the existence a time operatorT in
the weaker sense that it satisfies (13.19) on a suitable domainD is incompatible with
the semiboundeness ofH.

For this purpose we shall not suppose thatD is dense inH. But we shall suppose
that there is a vectorψ ∈ D such thateitTψ ∈ D, for eacht ≥ 0.

Consider now the functiont 7−→ (eiT tψ,HeiT tψ), for someψ 6= 0, such that
eiT tψ ∈ D for all t. This function is differentiable with respect totwith the derivative:

d
dt

(
eiT tψ,HeiT tψ

)
= −i

(
eiT tψ, THeiT tψ

)
+ i
(
eiT tψ,HTeiT tψ

)
=
(
eiT tψ,HeiT tψ

)
= (ψ, [H,T ]ψ) ≡ ‖ψ‖2 .

Integrating both sides from0 to t > 0 we get(
eiT tψ,HeiT tψ

)
− (ψ,Hψ) = t‖ψ‖2

or
(ψ,Hψ) = −t‖ψ‖2 +

(
eiT tψ,HeiT tψ

)
.

SinceH ≥ 0,
(
eiT tψ,HeiT tψ

)
≥ 0. Thus(ψ,Hψ) ≤ −t‖ψ‖2, which is contradic-

tion because(ψ,Hψ) is a constant finite number.
Thus in standard formulation of quantum mechanics there can not exist a time

operator even in the weaker sense – that is canonically conjugate to the generator of
time evolution group.

13.5 LIOUVILLE-VON NEUMANN FORMULATION OF QUANTUM
MECHANICS

The previous argument shows that a time operator can not be defined in the usual
formulation of quantum mechanics in any of the senses (a), (b), (c) or (d). To define
a time operator we need to go to an extended formulation of quantum dynamics in
which the generator of time-evolution group is not necessarily semibounded. This is
the well known Liouville-von Neumann formation given in terms of the evolution of
more general states than the pure states.

First some general remarks about Hilbert-Schmidt (H.S.) trace class (called also
nuclear) operators. A bounded operatorA in Hilbert spaceH is called a H.S. operator
if

∞∑
k=1

‖Aφk‖2 ≡ ‖A‖22 <∞ .

It can be shown that‖A‖2 (called H.S. norm ofA) is independent of the choice of
orthonormal basis{φk}. The class of H.S. operators is a linear space. IfA is H.S.
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operator so isA∗ and‖A∗‖2 = ‖A‖2. If B is a bounded operator andA H.S. then
bothBA andAB are again H.S.. We can define an inner product in the spaceB2(H)
of H.S. by putting forA,B ∈ B2(H)

(A,B) =
∞∑
k=1

(ψk, A∗Bψk) ,

where{ψk} is an orthonormal basis inH. It can be shown that the above defined
inner product does not depend on the choice of orthonormal basis{ψk}. We can write

(A,B) = Tr (A∗B) , for A,B ∈ B2(H) .

With this inner productB2(H) is a Hilbert space. IfS1 andS2 are two bounded
operator inH they define a bounded operator, denoted byS1 × S2, on B2(H) as
follows:

(S1 × S2)A ≡ S1AS2 , for A ∈ B2(H) .

If S1 orS2 are not bounded thenS1×S2 does not define a bounded operator but defines
an unbounded operator inB2(H) whose domain consists of allA ∈ B2(H) is again
in B2(H). Operators inB2(H) of the formS1×S@ are calledfactorizableoperators
of B2(H). There exist, of course, operators inB2(H) which are not factorizable.
An operatorA is said to be of trace class ifA = S1S2, where bothS1 andS2 are
H.S.. IfA is trace class,TrA =

∑
k(φk, Aφk) <∞, where{ψk} is an orthonormal

basis, then it is independent of basis{ψk}. Trace operators form a linear manifold of
B2(H). If A is trace class andB is bounded then bothAB andBA are trace class and
Tr (AB) = Tr (BA). If A is non negative (and hence also self-adjoint) trace class
operator then there exists an orthonormal family{φk} ⊂ H and positive numbersλk,
k = 1, 2, . . ., with

∑
k λk <∞ such that

A =
∞∑
k=1

λk|φk〉〈φk| . (13.20)

Here we have used Dirac’s notation|φk〉〈φk| for the projection onto the one dimen-
sional subspace ofH generated byφk.

If A is of the form (13.20) thenTrA =
∑
k λk. If A is a positive trace class operator

then the square rootA1/2 ofA is a Hilbert Schmidt operator andTrA = (A1/2, A1/2).
Positive trace class operatorsρ with Tr ρ = 1 will be calleddensity operators.

Elementary observables (orpropositions) with only two outcomes: 1 or 0 (yesand
no) are represented by projection operators of the Hilbert space of the system. Any
other observable (self-adjoint operator) can be expressed in terms of the propositions
through the spectral theorem. For a given state of quantum system measurement of
a propositionE is not generally a definite outcome. The outcome ‘yes’ will occur
with certain probability (or expectation)p(E). A quantum state is thus specified by
the probabilityp(E) for every projectionE. In other words, a quantum state is given
by the mappingE 7−→ p(E), for all projectionsE. Obviously

(i) 0 ≤ p(E) ≤ 1, for allE
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(ii) p(I) = 1, whereI is the identity operator

(iii) p(0) = 0

(iv) If {Ei} is a countable family of mutually orthogonal projections then they rep-
resent mutually orthogonal propositions and

∑
iEi represents the proposition

whose measurement yields the outcome 1 (or ‘yes’) if and only if the outcome
of measurement of one of the propositionEi is 1. Thus we will require that for
mutually orthogonal propositions holdsp(

∑
iEi) =

∑
i p(Ei).

Condition (iv) implies that ifE1 > E2 thenp(E1) ≥ p(E2).
It has been shown (Gleason 1957, Jost 1976) that every mappingE 7−→ p(E)

from the class of projectionsE satisfying conditions (i)–(iv) corresponds to a density
operatorρ such thatp(E) = Tr (ρE). Quantum states are thus represented by density
operatorsρ. We can obviously write the probability (or expectation) ofE in the state
ρ as

Tr (ρE) =
(
ρ1/2, Eρ1/2

)
.

If A is an observable, i.e. a self-adjoint operator with the spectral resolutionA =∫
λ dEλ then the expectation〈A〉ρ of A in the stateρ is given by

〈A〉ρ =
∫
λ

d
(
ρ1/2, Eλρ

1/2
)

=
(
ρ1/2, Aρ1/2

)
= Tr (Aρ) ,

if Aρ1/2 is defined and H.S..
A density operatorρ is a one dimensional projection operator|φ〉〈φ| (with‖φ‖ = 1)

if and only if ρ2 = ρ. density operatorsρ with ρ2 = ρ thus represent pure statesφ.
More generally, as said before, a densityρ is of the form

ρ =
∞∑
k=1

λk|φk〉〈φk| ,

with λk ≥ 0,
∑
k λk = 1 and{φk} an orthonormal family of vectors. Such a state

ρ is thus amixtureof mutually orthogonal pure statesφk with relative weightsλk.
The expectation of an observableA fro the pure stateρ = |φ〉〈φ| is Tr (Aρ) =
Tr (|Aφ〉〈φ|) = (φ,Aφ) as required.

Regarding time evolution of density operators we start from the time evolution of
pure statesρ = |φ〉〈ρ|. Under time evolutionφ evolves in timet toe−iHtφ. Therefore
ρ evolves to|e−iHtφ〉〈e−iHtφ| = e−iHt (|φ〉〈φ|) eiHt. A more general mixture
ρ =

∑
k λk|φk〉〈φk| will thus evolve to

∑
k |e−iHtφk〉〈e−iHtφk| = e−iHtρeiHt.

The class of density operators is not even a linear space. To take advantage of
operator theory in Hilbert space we shall extend the time evolution to all Hilbert-
Schmidt operatorsB2(H). If A is any H.S. operator we shall define time evolution
of A by

A 7−→ e−iHtAeiHt
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in time t. This extension is consistent with the evolution of density operators. Note
that the evolution of H.S. operator preserves the inner product inB2(H). In fact(

e−iHtAeiHt, e−iHtBeiHt
)

= Tr
[(
e−iHtAeiHt

)∗ (
e−iHtBeiHt

)]
= Tr

(
e−iHtA∗BeiHt

)
= Tr (A∗B)
= (A,B) ,

for anyA,B ∈ B2(H). Therefore the group{Ut} defined by

UtA = e−iHtAeiHt

is an unitary group inB2(H). This is the time evolution group in the Liouville-von
Neumann formulation of quantum mechanics.

Since{Ut} is an unitary group in the Hilbert spaceB2(H) it has a self-adjoint
operatorL ∈ B2(H), called theLiouvillian) as the generator of{Ut}, i.e.Ut = e−iLt.
From the definition ofUt it follows that

LA = [H,A] ,

for all A ∈ B2(H) for which the right hand side is also inB2(H). Obviously
L = H×I−I×and it is not a factorizable operator ofB2(H), but a linear combination
of them.

Unlike the HamiltonianH of H, the spectrum ofL is no longer required to be
bounded from below. In fact, we shall find that ifH has absolutely continuous
spectrum extending over the entire interval[0,∞) then the spectrum ofL is absolutely
continuous and of uniform (in fact infinite) multiplicity extending over the entire real
line. In this situation we can find a time operatorT onB2(H) with respect to{e−iLt}
in the sense of (a), (b) or (c). As said before this time operatorT will satisfy the
canonical commutation relationi[L, T ] = I on a dense domain ofB2(H).

Before discussing the construction of time operatorT in this case let us show
that the canonical commutation relation betweenL andT implies a time-energy
uncertainty relation.

13.6 DERIVATION OF TIME ENERGY UNCERTAINTY RELATION

We shall derive now time energy uncertainty relation from the commutation relation
between the Liouvillian and the time operator. Since expectation value〈A〉ρ of usual
observablesA (i.e. self-adjoint operators inH) in the stateρ is given by

〈A〉ρ = Tr (Aρ) =
(
ρ1/2, Aρ1/2

)
we shall define the expectation value of non factorizable operators such asL andT
by the same formula:

〈L〉ρ =
(
ρ1/2, Lρ1/2

)
and 〈T 〉ρ =

(
ρ1/2, Tρ1/2

)
.
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From the canonical commutation relation betweenL andT we first an uncertainty
relation betweenL andT in the standard manner.

Now, mean square deviations〈∆L〉2ρ, 〈∆T 〉2ρ of L andT respectively in the state
ρ, for whichρ1/2 is in the domain ofL, L2, T andT 2 is given by

〈∆T 〉2ρ =
(
ρ1/2, T 2ρ1/2

)
−
(
ρ1/2, Tρ1/2

)
=
(
ρ1/2, T ′2ρ1/2

)
,

whereT ′2 = T − (ρ1/2, Tρ1/2)I. Similarly

〈∆L〉2ρ =
(
ρ1/2, L2ρ1/2

)
because(ρ1/2, Lρ1/2) = 0, asLρ1/2 = Hρ1/2 − ρ1/2H. SinceT ′ differs fromT
by a multiple of identityi[L, T ′] = i[L, T ] = I.

Now letS = T ′− iλL (λ real). ThenS∗ = T ′ + iL in the appropriate domain as
T ′ andL are. We have (

Sρ1/2, Sρ1/2
)
≥ 0 .

On the other hand(
Sρ1/2, Sρ1/2

)
=
(
ρ1/2, S∗Sρ1/2

)
=
(
ρ1/2, (T ′ + iλL) (T ′ − iλL) ρ1/2

)
=
(
ρ1/2, T ′2ρ1/2

)
+ λ

(
ρ1/2, i[L, T ′]ρ1/2

)
+ λ2

(
ρ1/2, L2ρ1/2

)
.

Sincei[L, T ′] = i[L, T ] = I and(ρ1/2, ρ1/2) = Tr ρ = 1, we get(
Sρ1/2, Sρ1/2

)
= 〈∆T 〉2ρ + λ+ λ2〈∆T 〉2ρ ≥ 0 .

positiveness of this real quadratic form inλ implies

〈∆T 〉2ρ〈∆L〉2ρ ≥
1
4

or

〈∆T 〉ρ〈∆L〉ρ ≥
1
2
.

To derive the time energy uncertainty relation〈∆L〉ρ and〈∆H〉ρ ≡ (Tr (ρH2) −
(Tr ρH)2)1/2.

Recall thatL = H × I − I × H. SinceH × I andI × H commute with each
other and(H × I) · (I ×H) = H ×H,L2 = H2× I − 2H ×H + I ×H2, we have

〈∆L〉2ρ =
(
ρ1/2, [H2 × I − 2H ×H + I ×H2]ρ1/2

)
= Tr

(
H2ρ

)
− 2

(
Hρ1/2,Hρ1/2

)
+ Tr

(
H2ρ

) .

In the above equality we used the fact that bothHρ1/2 andH2ρ1/2 are H.S.. It is
only for such statesρ that〈∆L〉2ρ is finite and uncertainty relation is nontrivial.

Thus

〈∆L〉2ρ = 2
[
Tr (H2ρ)− [Tr (Hρ)]2 + (ρ1/2,Hρ1/2)1/2 − (Hρ1/2,Hρ1/2)

]
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([Tr (Hρ)]2 being equal to(ρ1/2,Hρ1/2)1/2 whenH(ρ1/2 is H.S.). Hence

〈∆L〉2ρ = 2〈∆H〉2ρ +
[
(ρ1/2,Hρ1/2)2 − (Hρ1/2,Hρ1/2)

]
.

From Cauchy-Schwartz inequality

(ρ1/2,Hρ1/2)2 ≤ (Hρ1/2,Hρ1/2)(ρ1/2, ρ1/2) = (Hρ1/2,Hρ1/2) ,

since(ρ1/2, ρ1/2) = Tr ρ = 1. This implies

(ρ1/2,Hρ1/2)2 − (Hρ1/2,Hρ1/2) ≤ 0

and consequently

〈∆L〉2ρ ≤ 2〈∆H〉2ρ or 〈∆L〉ρ ≤
√

2〈∆L〉ρ ,

The uncertainty〈∆L〉ρ〈∆T 〉ρ ≥ 1/2 then yields the time-energy uncertainty relation

〈∆H〉ρ〈∆T 〉ρ ≥
1

2
√

2
.

Note that defining the evolution ofρ byUt = e−iHt×eiHt we have put̄h = 1, hence
the Plank constant̄h does not appear in the time-energy uncertainty relation.

Although it is interesting that root mean square deviation〈∆H〉ρ of the time op-
eratorT in the stateρ and root mean square deviation〈∆H〉ρ of the energy operator
H satisfy an uncertainty relation, the physical interpretation of this uncertainty is not
entirely clear. Usually(ρ1/2, Tρ1/2) is interpreted as the averageageof the state
ρ. Therefore〈∆T 〉ρis the root mean square deviation of the outcomes of measure-
ments of age of the system in the stateρ. But, up to now no operational meaning of
such measurement is given. It would be more satisfactory if〈∆T 〉ρ could be inter-
preted as root mean square deviation of “time of decay” or time of transitions of an
unstable state. To decide if such an interpretation can be given to time operator, it
would be necessary to study the time operator in a model of unstable system, such
as the Friedrichs-Lee model. This, however, has not yet been done. Moreover, the
discussions of “arrival time” (G.R. Allock,Ann. Phys. N.Y.53, 251 (1969)) and
quantum Zeno effect (Misra, Sudarshan) indicate that such an interpretation may not
be immediate. But let us recall that Einstein felt the need for a concept concerning
time instant of decay in the theoretical description (ed. Paul A. Schilpp,Einstein:
Philosopher-Scientist, vol II, pp.665-688). Perhaps, the concept of time operator or
some suitable modification of it will satisfy this need.

13.7 CONSTRUCTION OF SPECTRAL PROJECTIONS OF THE TIME
OPERATOR T

The HamiltonianH acting on the spaceH, the Hilbert space of pure states, has
absolutely continuous spectrum over the entire halfline[0,∞). Let us first suppose
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that the spectrum ofH is of simple spectral multiplicity. Then we can consider the
spectral representation ofH. This is a unitary mapping fromH ontoL2(IR+, dµ)
such that if under this mapping

H 3 ψ 7−→ ψ(·) ∈ L2(IR+, dµ)

thenH is represented by the multiplication operator byµ, i.e.

(Hψ)(µ) = µψ(µ) .

An arbitrary operatorρ ∈ B2(H) goes under this mapping to an integral operator on
in L2(IR+, dµ) represented by the kernelρ(µ, µ′) such that∫

IR+×IR+

|ρ(µ, µ′)|2 dµ dµ′ <∞ .

This correspondence betweenρ ∈ B2(H) and kernelρ(µ, µ′) is a unitary mapping
fromB2(H) ontoL2(IR+ × IR+, dµ dµ

′). Under this mapping

e−iHt × eiHt ≡ e−iLt :7−→ e−i(µ−µ
′)tρ(µ, µ′)

and
L : ρ 7−→ (µ− µ′)ρ(µ, µ′) .

We shall construct the spectral projections of time operatorT with respect to{eiLt}
in a related representation ofB2(H).

Let us consider a change of variables(µ, µ′) 7→ (λ, ν) given byλ = µ − µ′,
ν = 1/2(µ+µ′)−1/2|µ−µ′| and the inverse transformationµ = ν+1/2|λ|+1/2λ,
µ′ = ν+1/2|λ|− 1/2λ. Asµ andµ′ range overIR+, λ ranges over allIR andν over
IR+ independently. since the Jacobian of transformation(µ, µ) 7→ (λ, ν) is unity, it
mapsL2(IR+ × IR+, dµ dµ

′) onto (IR × IR+, dλ dν) unitarily. Under this change
of variablesρ(µ, µ′) 7→ ρ)λ, ν) ≡ ρ(ν + 1/2|λ|+ 1/2λ, ν + 1/2|λ| − 1/2λ). Any
operatorρ ∈ B2(H) is thus represented by a kernelρ(λ, ν) ∈ L2(IR × IR+, dλ dν)
and vice versa.e−iLt is then represented bye−iλtρ(λ, ν) andLρ by λρ(λ, ν).

Let us defineFs, s-real, by

(Fsρ)(λ, ν) =
1
2
ρ(λ, ν) +

1
2πi

P
∫ ∞

−∞

eis(x−λ)

x− λ
ρ(x, ν) dx . (13.21)

In particular

(F0ρ)(λ, ν) =
1
2
ρ(λ, ν) +

1
2πi

P
∫ ∞

−∞

ρ(x, ν)
x− λ

dx

or

F0 =
1
2

(
I − iĤ

)
on the variableλ for each fixedν. HereĤ denotes the Hilbert transform (Titchmarch).
We shall verify that the family{Fs} has the properties of spectral projection and
satisfies the imprimitivity condition with respect to{e−iLt}.
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Indeed, it is known that the operator̂H is unitary andĤ2 = I, so thatĤ∗ = −Ĥ.
Thus

F ∗0 = 1/2(I − iĤ)∗ = 1/2(I + iĤ∗) = 1/2(I − iĤ) = F0

F 2
0 = 1/2(I − iĤ)2 = 1/4(I − 2iĤ + Ĥ2) = 1/2(I − iĤ) = F0 .

F0 is thus a projection. ThatFs is, for any reals, a projection follows from the
imprimitivity condition

e−iLtFse
iLt = Fs+t ,

which is verified below:(
e−iLtFse

iLtρ
)
(λ, ν) = e−iλt

(
Fse

iLtρ
)
(λ, ν)

= e−iλt
[
1
2
(
eiLtρ

)
(λ, ν)

+
1

2πi
P
∫ ∞

−∞

eis(x−λ)

x− λ

(
eiLtρ

)
(x, ν) dx

]

= e−iλt
[
1
2
eiλtρ(λ, ν)+

1
2πi

P
∫ ∞

−∞

ei(s+t)x−iλs

x− λ
ρ(x, ν)dx

]

=
1
2
ρ(λ, ν) +

1
2πi

P
∫ ∞

−∞

ei(t+s)(x−λ)

x− λ
ρ(x, ν) dx

= Fs+t .

We need to verify thatFs ≤ Ft, if s ≤ t. For this it suffices to prove thatF0 ≤ Ft,
for t ≥ 0 or F0Ft = F0.

We have to show that if(F0ρ)(λ, ν) = ρ(λ, ν) then(Ftρ)(λ, ν) = ρ(λ, ν), for
t ≥ 0. For this we need the following result (Titchmarch):

A necessary and sufficient condition for a functionφ ∈ L2 to be the boundary
function of an analytic functioñφ in the upper halfplane

φ(λ) = lim
ε→0+

φ̃(λ+ iε) , for almost all λ ∈ IR ,

such that

sup
ν>0

∫ ∞

−∞
|φ̃(λ+ iν)|2 <∞

is thatφ is of the form

φ(λ) = (I − iĤ)f , for some f ∈ L2(IR) .

The functionφ that satisfies the above property is called a Hardy function,φ ∈ H2
+.
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Now if (F0ρ)(λ, ν) = ρ(λ, ν) thenρ(λ, ν) = 1/2ρ(λ, ν) − i/2(Ĥρ)(λ, ν), for
each fixedν ∈ IR+ (from the definition ofF0). Thusρ(·, ν) satisfies the condition
mentioned above. Henceρ(λ, ν), as a function ofλ, for each fixedν is the limit as
=z → 0 of an analytic functioñρ(z, ν) such that

∫∞
−∞ |ρ̃(λ+ iσ, ν)|2dλ < K <∞,

with σ > 0 (K = K(ν)).
If t > 0 theneλtρ(λ, ν) is also the limit as=z → 0 of the analytic function

eiztρ(z, ν) in the upper halfplane and∫ ∞

−∞

∣∣∣ei(λ+iσ)tρ(λ+ iσ, ν)
∣∣∣2 dλ = e−2σt

∫ ∞

−∞
|ρ(λ+ iσ, ν)|2 dλ ≤ K .

Hence by the above characterization of Hardy functionseiλt is of the form :

eiλtρ(λ, ν) = fν(λ)− i
[
Ĥ(fν)

]
(λ)

with fλ ∈ L2(IR), for eachν ∈ IR+. But this shows thateiλtρ(λ, ν) belongs to the
range ofF0. On the other handeiλtρ(λ, ν) = (eiLtρ)(λ, ν). We have then

F0e
iLtρ = eiLtρ

or
e−iLtF0e

iLtρ = Ftρ = ρ ,

for t ≥ 0. This proves that ifF0ρ = ρ thenFtρ = ρ, for t ≥ 0. This means

FtF0 = F0 , for t ≥ 0 .

It remains to verify that

lim
s→∞

Fs ≡ F−∞ = 0 and lim
s→∞

Fs ≡ F∞ = I . (13.22)

In order to do this let us rewrite equation (13.21) as

(Fsρ)(λ, µ) =
1
2
ρ(λ, µ) +

sgn(s)
2π

∫ ∞

−∞

sin(|s|x)
x

ρ(x+ λ, ν) dx

+
1

2πi
P
∫ ∞

−∞

cos(sx)
x

ρ(x+ λ, ν) dx .

(13.23)

If for each fixedν the functionρ(·, ν) is continuous and satisfies the conditions

(i)
ρ

1 + |λ|
is integrable

(ii) λ 7−→ ρ(λ, ν) is of bounded variation

then by ([Titchmarch] Th. 12, or [Zygmund] Ch. XVI)

lim
s→±∞

sgn(s)
2π

∫ ∞

−∞

sin(|s|x)
x

ρ(x+ λ, ν) dx = ±1
2
ρ(λ, ν) .
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To evaluate the second integral in (13.23) assume that

(iii) the derivative ∂
∂λρ(λ, ν) is continuous for eachν

and letδ > 0. Then

P
∫ ∞

−∞

cos(sx)
x

ρ(x+ λ, ν) dx =

(∫ −δ

−∞
+
∫ ∞

δ

)
cos(sx)
x

ρ(x+ λ, ν) dx

+ lim
δ→0

∫ δ

−δ

cos(sx)
x

[ρ(x+ λ, ν)− ρ(λ− x, ν)] dx .

(13.24)
The integrals over the intervals(−∞,−δ) and(δ,∞) vanish by the Riemann-Lebesgue
Lemma.

Since ∣∣∣∣ρ(x+ λ, ν)− ρ(λ− x, ν)
x

∣∣∣∣ ≤ 2
∣∣∣∣ ∂∂λρ(λ, x)

∣∣∣∣ <∞ ,

the third integral in (13.24) is bounded by4δ
∣∣ ∂
∂λρ(λ, x)

∣∣, which can be made arbi-
trarily small. Thus the third integral vanishes. Therefore

lim
s→±∞

(Fsρ)(λ, µ) =
1
2
ρ(λ, x)± 1

2
ρ(λ, x) =

{
ρ(λ, x) , s→∞
0 , s→ −∞,

for eachρ that satisfies conditions (i) – (iii).
The class of functionsρ(λ, ν) that satisfy conditions (i) – (iii) is dense inL2(IR×

IR, dλdν) (note that each function from the Schwartz space of rapidly decreasing
functions, which is dense inL2(IR× IR, dλdν), satisfies conditions (i) – (iii)).

It follows from the above considerations that (13.22) is satisfied on a dense subset
of L2(IR× IR, dλdν). Since the operatorsF−∞ andF∞ are bounded, (13.22) holds
on the whole Hilbert spaceL2(IR × IR, dλdν). This also concludes the proof that
{Fs} is a spectral family satisfying imprimitivity conditions with respect toe−iLt.
Thus

T =
∫ ∞

−∞
λ dEλ

is a time operator in any of the equivalent sense (a), (b) or (c) and hence also satisfies
the canonical commutation relation withL.

If the HamiltonianH is not simple (as is usually the case) we can always choose
a setA1, A2, . . . of observables which together withH form a mutually independent
complete set of commuting observables and consider simultaneous spectral represen-
tation of the complete set{H,A1, A2, . . .}. Any ρ ∈ H will again be represented
by a kernelρ(µ, σ1, σ2, . . . , µ

′, σ′1, σ
′
2, . . .), whereσk belong to the spectrum ofAk.

The previous argument can be carried through without any change except for the
appearance of degenerating indicesσk.

The most important problem from the point of view of application of time operator
techniques is to construct explicitly time operator associated with perturbed Hamil-
tonianH = H0 + V when the spectral representation is known. One of the simplest
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physical Hamiltonians provides the Fridrichs model. Since spectral representation in
the Fridrichs model (for a givenV ) can be explicitly constructed it is, in principle,
possible to construct the spectral familyFs} of T as indicated above. But this attempt
meets technical difficulty and has not yet been done.





14
Intertwining dynamical
systems with stochastic

processes
14.1 MISRA-PRIGOGINE-COURBAGE THEORY OF IRREVERSIBILITY

The problem of irreversibility in statistical physics lies in understanding the rela-
tion between reversible dynamical laws and the observed irreversible evolutions that
require probabilistic description.

The laws of classical mechanics are deterministic and symmetric with respect to
inversion of time. Irreversibility of a physical process is, on the other hand, expressed
by the second law of thermodynamics. The quantitative measure of irreversible
evolutions in isolated systems is theentropydefined as a functional

Ω(ρ) = −
∫
X
ρlnρ dµ (14.1)

acting on probability densities. Irreversible time evolutiont → ρt of densities in an
isolated system is expressed by the increase ofΩ(ρt) with time until it reaches its
maximum at equilibrium. For classical dynamical systems the postulate of increasing
entropy is, however, in contradiction with the laws of classical mechanics because
the entropyΩ(ρt) is conserved as the result of the measure preserving character of
dynamical evolution. Recall here that a reversible dynamical system is described by
a quadruple(X ,Σ, µ; {St}), where{St} is a group of measure preserving transfor-
mations of the phase spaceX . An equivalent description of time reversible dynamics
is through the group of evolution operators{Ut} acting on the phase space functions.
On the Hilbert spaceL2

X the group{Ut} is unitary.
The prototypes of irreversible evolutions of phase space functions are Markov

semigroups. Particularly these semigroups that “tend to equilibrium" as time tends

143
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to∞. Such Markov semigroups may arise from Markov processes such as kinetic or
diffusive process. They may also be dynamical semigroups of irreversible dynamical
system with strong ergodic properties like exactness. The puzzling thing is that for
some dynamical systems, which are reversible, the observed evolution can be more
adequately described by Markov semigroups. This suggest the existence of a strong
link between deterministic dynamical evolutions and probabilistic Markov processes.

Until the late 1970s it had been a general belief that stochastic processes can
arise from deterministic dynamics only as a result of some form of “coarse-graining"
or approximations. A new approach to the problem of irreversibility was proposed
by Misra, Prigogine and Courbage [MPC,...]. According to this theory, which will
be calledMPC theory of irreversibility, there is an “equivalence" between highly
unstable deterministic and stochastic evolution. The unitary group of evolution of a
highly unstable system can be linked with a Markov semigroup through a non-unitary
similarity transformation. In contrast with the coarse-graining approach there is no
loss of information involved in such transition.

The similarity transformation linking two kind of dynamical semigroups, tradi-
tionally denoted byΛ, was establish for K-systems as a function of the time operator.
In this section we shall present in detail the MPC-theory of irreversibility, i.e. the con-
struction ofΛ-transformation its properties, as well as, the properties of the resulting
Markov semigroups.

Before addressing the Misra-Prigogine-Courbage theory of irreversibility let us
first recall some basic facts. Consider an abstract dynamical flow given by the quadru-
ple(X ,Σ, µ, {St}) , where{St} is a group of one-to-oneµ invariant transformations
of X and eithert ∈ ZZ or t ∈ IR. The invariance of the measureµ implies that the
transformationsUt

Ut ρ(x) = ρ(S−tx), ρ ∈ L2

are unitary operators onL2. Generally,Ut is an isometry on the spaceLp,1 ≤ p ≤ ∞.
The MPC-theory of irreversibility proposes to relate the group{Ut}, considered

on the Hilbert spaceL2
X , with the irreversible semigroup

Wt
df=ΛUtΛ−1 , t ≥ 0 , (14.2)

through a nonunitary operatorΛ with the properties:

(a) Λρ ≥ 0 if ρ ≥ 0,

(b)
∫
X Λρ dµ =

∫
X ρ dµ , for ρ ≥ 0,

(c) Λ1 = 1,

(d) Λ has a densely defined inverseΛ−1.

Moreover, it is also assumed that{Wt}t≥0 satisfies conditions (a)–(c) and

(e) lim
t→∞

‖Wtρ− 1‖L2 = 0,

for each square integrable densityρ.
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Any operator that satisfies properties (a)–(c) is a positivity preserving contraction
onLp, p ≥ 1 (see ???), thus{Wt} is a Markov semigroup. Property (e) is interpreted
as irreversible approach to equilibrium. Another interpretation of (14.2) is that group
{Ut} and semigroup{Wt} are connected through a nonunitary, intertwining operator
Λ:

WtΛ = ΛUt , t ≥ 0 .

A dynamical system for which such a construction is possible is calledintrinsically
randomand the conversion of the reversible group{Ut} into the irreversible semi-
group{Wt} through a nonunitary transformationΛ is called achange of representa-
tion.

So far all known constructions of the operatorΛ have been done for dynamical
systems which are K-flows. If the considered dynamical system is a K-flow then (see

Section ???) there exists a generating sub-σ-algebraΣ0 of Σ such thatΣt
df=St(Σ0),

t ≥ 0, have the properties (i)–(iii)listed in Section ???.
The construction ofΛ is the following. With any K-flow we associate the family of

conditional expectations{Et} with respect to theσ-algebras{Σt}, which projectors
on the Hilbert spaceL2

X . These projectors form a resolution of identity onL2
X , thus

determine the time operatorT :

T =
∫ +∞

−∞
tdEt , (14.3)

which is defined on a dense subspace ofL2
X (see Section 3).

We shall show now that the intertwining operatorΛ can be defined, up to constants,
as a function of the operatorT , i.e.

Λ = f(T ) + E−∞ , (14.4)

whereE−∞ is the expectation (the projection on constants).
We have shown in Section 3 that for any Borel measurable functionf the operator

functionf(T )

f(T ) =
∫ ∞

−∞
f(t) dEt

is correctly defined on a dense domainD(f(T )) ⊂ L2
X . If f is positive and nonde-

creasing then we can be more specific concerning the domain off(T ). Namely, we
have

Proposition 14.1 If f is a nondecreasing and nonnegative function then the domain
D(f(T )) contains all simple functions measurable with respect to theσ-algebra⋃
t Σt

Proof. Recall that a necessary and sufficient condition forρ to be in the domain
D(f(T )) is (see Section 3):∫ ∞

−∞
f2(t) d〈Etρ, ρ〉 <∞ .
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Letρbe a simple function measurable with respect to
⋃
t Σt. Sincef is nondecreasing,

there existst0 such thatρ isAt0-measurable. Letn0 be such a number that

(−∞, t0] ⊂ {s ∈ IR : f(s) ≤ n0} .

By the orthogonality of increments of{Et} (or using the fact thatEtρ is a martingale
with respect to{Σt}) we have

(Et − Et0)ρ = 0, , for each t ≥ t0 .

Hence the functiont 7→ 〈Etρ, ρ〉 is constant on the interval(t0,∞), and consequently∫ ∞

−∞
f2(s) d〈Etρ, ρ〉 =

∫ t0

−∞
f2(s) d〈Etρ, ρ〉

≤ n2
0

∫ ∞

−∞
d〈Etρ, ρ〉

= n2
0

∫
X
|ρ|2 dµ <∞ .

We are now ready to construct the operatorΛ in MPC theory of irreversibility.

Theorem 14.1 Assume, thatf is a non increasing function onIR such thatf(t) > 0
for eacht, andf(−∞) = 1, f(+∞) = 0. Then the operator

Λρ =
∫ ∞

−∞
f(s) dEsρ+ E−∞ρ (14.5)

has the following properties:

(i) Λ is a bounded linear operator,

(ii) Λ is positively defined, i.e.Λρ ≥ 0 if ρ ≥ 0,

(iii) Λ1 = 1,

(iv) Λ is one-to-one with a densely defined inverseΛ−1.

The functionf is called thescaling function. The operatorE−∞ is the projection
on constants, i.e.E−∞ρ =

∫
X ρ dµ.

In order to prove Theorem 14.1 it will be convenient to use another interpretation
of the integral

∫
f(s) dEs. Suppose thatf is a function of bounded variation onIR.

Then we can consider a mean-square integral
∫∞
−∞Esρ df(s), i.e., a Stieltjes integral

of the vector valued functions 7→ Esρ from IR into L2
X . Since the family{Et}

(martingale{Et}ρ) is right mean-square continuous, this integral is well defined and
we have the following “integration by parts formula”

Lemma 14.1 If f is a function of bounded variation onIR then∫ ∞

−∞
f(s) dEsρ = −

∫ ∞

−∞
Es df(s) + f(+∞)ρ− f(−∞)E−∞ρ ,
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for eachρ ∈ L2
X

Proof of Theorem 14.1.Property (i) is a consequence of Proposition 2 in Section 3,
(ii) follows from Lemma, because we can write

Λρ = −
∫ ∞

−∞
Esρ df(s) , (14.6)

andEs are positivity preserving as conditional expectations. Also (ii) is obvious,
because

Λ1 =
∫ ∞

−∞
Es1 + E−∞ = E∞1− E−∞1 + E−∞1 = 1 .

We shall prove now that operatorΛ is injective. Indeed, assume thatΛρ = 0.
ThenEtρΛ = 0, for eacht. Since

EtΛρ = Et

∫ t

−∞
f(s) dEsρ+Et

∫ ∞

t

f(s) dEsρ+E−∞ =
∫ t

−∞
f(s) dEsρ+E−∞ ,

then

0 = Et2Λρ− Et1Λρ =
∫ t2

t1

f(s) dEsρ ,

for eacht1 < t2. Hence∫ t2

t1

f2(s) d〈Esρ, ρ〉 =
∫
X

(∫ t2

t1

f(s) dEsρ
)2

dµ = 0 .

Sincef > 0 the functions 7→ 〈Esρ, ρ〉 must be constant on the interval(t1, t2],
as it is nondecreasing. This implies thatEt2ρ = Et1ρ. If t1 → ∞, then the
last equality implies thatEtρ = E−∞ρ=const, for eacht ∈ IR. Consequently,∫∞
−∞ f(s) dEsρ = 0 and (14.5) implies thatE−∞ = 0. ThereforeEtρ = 0, for each
t, soρ = E∞ρ = 0.

Finally, put

Λ−1ρ =
∫ ∞

−∞

1
f(s)

dEsρ+ E−∞ρ .

From Proposition 1 follows thatΛ−1 is well defined on the set of all simple functions
that are

∑
tAt measurable. Using Proposition ??? from Section 3 we obtain that

ΛΛ−1ρ = ρ on a dense subspace ofL2
X . We have alsoΛ−1Λρ = ρ, becauseΛρ is in

the domain ofΛ−1, for eachρ ∈ L2
X .

Theorem 14.2 Let f be as defined in Theorem 14.1, and assume additionally, that
for eacht ≥ 0 f(s)/f(s − t) is a bounded and non increasing function ofs. Then
the family of operators

Wt = ΛUtΛ−1 , t ≥ 0 ,
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is a Markov semigroup onL2
X and‖Wtρ− 1‖ → 0, ast→∞, for each probability

densityρ.

Proof. First observe that the Markov operatorsWt are of the form

Wt =
(∫ ∞

−∞

f(s)
f(s− t)

dEs + E−∞

)
Ut .

Indeed, applying Proposition 3 and ??? from Section 3 we have

Wt = ΛUtΛ−1

=
(∫ ∞

−∞
f(s) dEs + E−∞

)
Ut

(∫ ∞

−∞

1
f(s)

dEs + E−∞

)

=
(∫ ∞

−∞
f(s) dEs + E−∞

)(∫ ∞

−∞

1
f(s− t)

dEs + E−∞

)
Ut

=
(∫ ∞

−∞

f(s)
f(s− t)

dEs +
∫ ∞

−∞
f(s) dEsE−∞

+
∫ ∞

−∞

1
f(s)

dE−∞Es + E−∞

)
Ut .

But the second and third term are equal to 0 because the integratorsEsE−∞ and
E−∞Es are constant.

It is now obvious that for eacht Wt is positivity preserving. Moreover, applying
Corollary 3.1 to the integral

∫
f(s)/f(s − t) dEs we obtain thatWt is bounded on

L2
X .
No we show thatWt, t > 0, are contractions. Ifg is a bounded measurable

function, say|g| ≤ 1, andρ ∈ L2
X , then∥∥∥∥∫ ∞

−∞
g(s) dEsρ

∥∥∥∥2

L2

=
∫ ∞

−∞
g2(s) d〈Esρ, ρ〉 −

(∫ ∞

−∞
g(s) d〈Esρ, ρ〉

)2

.

Hence

‖Wtρ‖2L2 =
∥∥∥∥∫ ∞

−∞

f(s)
f(s− t)

dEs(Utρ) + E−∞(Utρ)
∥∥∥∥2

L2

=
∥∥∥∥∫ ∞

−∞

f(s)
f(s− t)

dEs(Utρ)
∥∥∥∥2

L2

+ ‖E−∞Utρ‖2L2

≤
∫
X

(Utρ)2 dµ−
(∫

X
Utρ dµ

)2

+
(∫

X
Utρ dµ

)2

= ‖ρ‖2X ,
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for t > 0. In consequence{Wt}t>0 is a contraction semigroup onL2
X .

Finally, because

‖Wtρ− 1‖2L2 =
∥∥∥∥∫ ∞

−∞

f(s)
f(s− t)

dEs(Utρ)
∥∥∥∥2

L2

=
∥∥∥∥Ut ∫ ∞

−∞

f(s+ t)
f(s)

dEs(Utρ)
∥∥∥∥2

L2

≤ ‖Ut‖ ·
∥∥∥∥∫ ∞

−∞

f(s+ t)
f(s)

dEs(Utρ)
∥∥∥∥2

L2

andf(s+ t) tends monotonically to 0, ast→ +∞, we get that‖Wtρ− 1‖ → 0, as
t→∞.
Remark. The assumptions of the above theorem are satisfied if the functionf , which
is called thescaling function, is assumed to be positive, non increasing,f(−∞) = 1,
f(+∞) = 0 and such thatlnf is concave onIR. This means thatf has the form

f(t) = e−φ(t) , (14.7)

whereφ(t) is a positive convex function which increases to+∞ ast→ +∞. Indeed,
we have the following

Lemma 14.2 If the functionf is logarithmically concave then
f(s)

f(s− t) is a bounded

decreasing function ofs for everyt > 0.

Proof. We can assume thatf is of the form (14.7. Therefore it is enough to show that
the functions|→ φ(s−t)−φ(s) is decreasing. Lets1 < s2, then0 < t/(s2+t−s1) <
1. Since the functionφ is convex, we have

φ(s1 − t) + φ(s2) =
t

s2 + t− s1
φ(s1 − t) +

s2 − s1
s2 + t− s1

φ(s2)

+
s2 − s1

s2 + t− s1
φ(s1 − t) +

t

s2 + t− s1
φ(s2)

≥ φ
( t(s1 − t) + (s2 − s1)s2

s2 + t− s1

)
+ φ

( (s2 − s1)(s1 − t) + ts2
s2 + t− s1

)
= φ(s2 − t) + φ(s1) ,

which implies the desired result

φ(s1 − t)− φ(s1) ≥ φ(s2 − t)− φ(s2) .

TheL2-construction of the operatorΛ and the Markov semigroup can be general-
ized in several directions. One possibility is that the family of projectors{Et} can be
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replaced by an operator valued martingale{Mt}. Namely consider the family{Mt}
of bounded linear operators onL2 with properties:

(a){Mt} has orthogonal increments:

(Ms2 −Ms1)(Mt2 −Mt1) = 0, for s1 < s2 ≤ t1 < t2

(b) {Mtρ} is a right continuous martingale for eachρ ∈ L2. For such martingales
it is possible to obtain a straightforward generalization of the MPC construction (see
[SWRS,SW]).

Another direction in which the MPC-construction can be generalized is the en-
largement of the space of admissible densities. The choice ofL2 as the space on
which the unitary group of evolution, and consequently the MPC theory, is consid-
ered was purely technical. More natural, however, is to consider the evolution of any
probability densityρ under the action of Frobenius-Perron operators defined onL1.
This is equivalent to consider the evolution of all probability measures on(X ,Σ)
that are absolutely continuous with respect toµ. We can go even further, considering
the evolution ofany probability measure under the action of the Frobenius-Perron
operator. Indeed, ifν is an arbitrary measure then the time evolutiont 7→ Utν can
be defined provided then exist a dense subspaceG of L1

X , which is invariant with
respect to the Koopman operator, i.e.VtG ⊂ G, for eacht and such that eachρ ∈ G
is ν-integrable. Then we put

〈Utν, ρ〉 =
∫
X
Vtρ dν , for each ρ ∈ G .

The question now is: Does the MPC theory of irreversibility remain valid on
“larger" spaces? The answer is: Yes but not on the wholeL1-space. There is a class
D of admissible densities (or, more generally, admissible measures), on which the
Markov semigroup{Wt}, associated with{Ut}, converges to the equilibrium state.
ClassD contains all square integrable densities, but not allL1-densities are inD.

We shall focus our attention onL1 extensions of MPC theory irreversibility. Such
extension does not require an additional effort of defining the evolution operators
but, on the other hand, reveals some interesting features concerning the choice of
admissible densities.

In section 3 we have already developed the tools, which are necessary forL1-
extension. One of them is the stochastic integral with respect toL1-martingales.
This allows to define the integral of the form

∫∞
−∞ f(s) dEsρ wheref is a Borel

measurable functionf : IR → IR andρ ∈ L1
X .

Denote byDf the set of allρ ∈ L1
X for which

∫∞
−∞ f(t) dEtρ exists. In other

words,ρ ∈ Df if and only if there exists a sequence{fn} of simple Borel measurable
functions onIR such that

1◦ fn → f a.s

2◦
∞∫
−∞

f (s) dEsρ converges inL1
X .
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It follows from Proposition ???, in Section 3, that a sufficient condition forρ being
in Df , wheref is bounded, is that

‖ sup
s
|Esρ|‖L1 <∞ . (14.8)

What matters in the above condition is the behavior of the martingale in+∞ (its
uniform integrability). We know, by the backward martingale convergence theorem
that the martingale{Esρ} is convergent and uniformly integrable, ass → −∞.
The space of all martingales{mt} with respect to the filtration{Σt} and satisfying
(14.8) is denoted byH1 (sometimes called theHardy space of martingales[DeMe]).
Identifying each uniformly integrable martingale with its limit of infinity we have
H1 ⊂ L1. The condition thatρ is an element ofH1 guarantees that the stochastic
integral

∫
f(s) dEsρ with respect to the martingale{Esρ} can be defined for any

bounded functionf . As we shall see below this condition is in some circumstances
also necessary. For this reason we may confine our further consideration concerning
L1-dynamics toH1 spaces.

Now, we can reformulate Theorem 14.1 and 14.2 as follows.

Theorem 14.3 For any decreasing and positive functionf onIR with the properties:
f(−∞) = 1, f(+∞) = 0 the linear operatorΛ onL1

X defined by the formula

Λρ =
∫ ∞

−∞
f(s) dEsρ+ E−∞ρ

satisfies:
(i) Λ is positively preserving, i.e.Λρ ≥ 0 if ρ ≥ 0
(ii) Λ1 = 1
(iii) Λ restricted toH1 is bounded with densely defined inverseΛ−1.

Proof. Sincef is bounded the integral
∫
f(s) dEsρexists for eachρ ∈ H1. Moreover

approximatingf by step functions it is easy to check that Lemma 1 remains valid,
i.e.

Λρ = −
∞∫

−∞

Esρ df (s) .

This shows thatΛ is positivity preserving. The rest of the proof also follows the same
lines as the proof of Theorem 14.1. Only the boundeness ofΛ is a result of stochastic
integral inequalities that can be found in [Bi] (Th.7.2).

Now we can use the above defined operatorΛ as a similarity transformation con-
verting{Ut} into a Markov semigroup. Putting

Wt = ΛUtΛ−1

we obtain a family of linear operators densely defined onL1
X .

Theorem 14.4 Let f andWt be as in Theorem 14.2. Then the semigroup{Wt}t≥0

restricted toH1 form a Markov semigroup such that
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(i) Wt1 = 1, for t ≥ 0
(ii) ‖Wtρ− 1‖L1 → 0, ast→∞, for each probability densityρ ∈ H1.

Proof. The proof is the same as Theorem 14.2, because the commutation relation

Ut

 ∞∫
−∞

f (s) dEsρ

 =

 ∞∫
−∞

f (s− t) dEs

Ut

remains true for uniformly integrable martingales{Etρ}. The convergence of the
semigroup{Wt} is a direct consequence of the integrability of the bounded functions

s 7→ f(s)
f(s− t)

and their monotonical convergence ast→∞.

The next theorem shows that the evolution of densities under the action of the
Markov semigroup{Wt} has strictly increasing entropy.

Theorem 14.5 If the measureµ is non-degenerated then for every probability density
ρ with Ω(ρ) < ∞, the Markov evolutioñρt = Wtρ, t ≥ 0, has strictly increasing
entropy.

Proof. Since the functionρ ln ρ is integrable, the martingale{Etρ} belongs toH1

(cf. [DeMe], p. 261). Hencẽρt = Wtρ ∈ L1
X by Theorem 14.2. Denote

ϕ(x) = x lnx , x > 0 .

First we show the inequality∫
X

ϕ (Wtρ) dµ ≤
∫
X

ϕ (ρ) dµ . (14.9)

Indeed, letρ be a simple function,ρ =
∑n

1 ai1lAi
such that

⋃n
1 Ai = X andAi ∈⋃

t Σt. ThenWtρ ∈ L1
X and

ϕ (Wtρ) = ϕ

(
n∑
1

aiWt1lAi

)
≤

n∑
1

ϕ (ai)Wt1lAi = Wtϕ (ρ)

becauseϕ is convex. Hence∫
X

ϕ (Wtρ) dµ ≤
∫
X

Wtϕ (ρ) dµ =
∫
X

ϕ (ρ) dµ .

For a non-simpleρ it is enough to choose a sequenceρn → ρ in L1
X and such that

ϕ(ρn) → ϕ(ρ) in L1
X and apply Theorem 14.2. Now puttingWt2−t1 instead ofWt

andWt1ρ instead ofρ in (14.9) we have fort1 < t2

Ω (ρ̃t1) ≤ Ω (ρ̃t2) .
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Sinceµ is non-degenerate andϕ is strictly convex the above inequality is strict.

It is possible to obtain another generalization of the intertwining relation between
the unitary dynamics{Ut} and the Markov semigroup if we drop the assumption of
reversibility of the transformationΛ. Namely, let{Ut} be the group of operators on
L1 associated with a K-flow(X ,Σ, µ, {St}) and letf be a non increasing function
on the interval[a, b] (can bea = −∞ or b = +∞) such thatf(a) = 1 andf(b) = 0.
Then the linear operatorΛ onL1 defined by the formula

Λ =

b∫
a

f (s) dEs + Ea (14.10)

satisfies the properties (i)–(iii) of Theorem 14.1 (or 14.2).
Moreover, assume additionally that0 < f(t) < 1, for a < t < b, and that
f(s)

f(s− t)
) is a non increasing function ofs in (a, b). Define:

Wt =

(∫ b

a

f (s)
f (s− t)

dEs + Ea

)
Ut . (14.11)

Then the semigroup{Wt}, t ≥ 0, is contractive onL1
X and tends monotonically to

the equilibrium state on the setD0 of all densitiesρ which satisfy the property∫
X

sup
a≤t≤b

|Etρ|dµ <∞ . (14.12)

Of course, assuming additionally thata = −∞ andb = +∞ we obtain the original
intertwining relation.

The above extended meaning of the transformationΛ contains, in particular, the
"coarse graining" procedure. Indeed, takingf equal to 1 on the interval(−∞, a] and
0 on (a,∞) the condition (14.12) will be satisfied on the spaceD0 = L1

X , and we
haveΛ = Ea andWt = UtEa−t.

14.2 NONLOCALITY OF THE MISRA-PRIGOGINE-COURBAGE
SEMIGROUP

In the Misra-Prigogine-Courbage theory of irreversibility the evolution operators that
arise from point transformations of a phase space have been modified and leads
to new evolution semigroups that need not to be related with the underlying point
dynamics. The natural question is: Are these operators associated with other point
transformations? In other words, we ask if, for example, modifications made on
the level of evolution operators correspond to some modifications on the level of
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trajectories in the phase space. In a more general setting, we ask which linear operators
on Lp spaces are implementable by point transformations? A related question is:
Which time evolutions of states of physical systems that are described in terms of
a semigroup{Wt} of maps on anLp-space can be induced by Hamiltonian flows?
There are some partial answers to the above questions that will be presented below.

Consider the case of discrete timet = 1, 2, . . .when the evolution semigroup{Vt}
is determined by a single transformationS

Vn = V n and V f(x) = f(Sx) .

The relation of the point dynamics with the Koopman operators is clarified by
asking the question: What types of isometries onLp spaces are implementable by
point transformations? ForLp spaces withp 6= 2, all isometries induce underlying
point transformations. Such theorems on the implementability of isometries onLp

spaces,p 6= 2, are known as Banach-Lamperti theorems [Ban,Lam]. The converse to
Koopman’s lemma in the casep = 2, which holds under the additional assumption that
the isometry onL2 is positivity preserving, can be found in [GGM]. The result is that
an isometryV is implementable by a necessarily measure preserving transformation
S

V f(x) = f(Sx) , x ∈ X .

Consider now the group{Ut} determined by a K-flow and the MPC semigroup
{Wt}. Each operatorUt is the Frobenius-Perron operator associated withSt and thus
it is the adjointUt = V ∗t of the Koopman operatorVt acting onL2

X . The operators
Wt preserve the property of double stochasticity characteristic to Frobenius-Perron
operators. Therefore the question is: areWt Frobenius-Perron operators associated
with some measure preserving transformationsS̃t or, equivalently, is the adjointW ∗

t

the Koopman operator

W ∗
t f(x) = f(S̃tx) .

We shall show below that the answer to this question is in general negative. Only the
choice ofΛ as a coarse graining projection gives implementability [AntGu].

Recall that theΛ-transformation is defined on the spaceL2
X as

Λρ =
∫ +∞

−∞
f(s)dEsρ+ E−∞ρ for K− flows , (14.13)

Λρ =
+∞∑
−∞

f(s)
(
Es − Es−1

)
ρ+ E−∞ρ for K− systems , (14.14)

f(s) is any positive function on the reals or integers with the following properties:
(i) Λ is decreasing withf(∞) = 0 andf(s) < f(−∞) ≤ 1, for all t ∈ R. Here

we relax the original assumption of Misra, Prigogine and Courbage thatΛ is strictly
decreasing

(ii) Λ is a logarithmically concave function.
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The transformationΛ leads to the irreversible Markov semigroup on the spaceL2
X

Wt = ΛUtΛ−1 =
∫ +∞

−∞

f(s)
f(s− t)

dEsUt + E−∞Ut , (14.15)

for K-flows, t ≥ 0 ,

Wt = ΛUtΛ−1 =
+∞∑
−∞

f(s)
f(s− t)

(
Es − Es−1

)
Ut + E−∞Ut , (14.16)

for K-systems,t positive integer.
In the sequel we shall need the following property of the semigroup{Wt}:

Lemma 14.3 The operator

Wt =
∫ +∞

−∞
EsUtdg(s) , t ≥ 0 , (14.17)

with

g(s) ≡ − f(s)
f(s− t)

, (14.18)

vanishes or is positivity preserving onL2
X .

Proof. Using integration by parts,Wt can be written as the following Lebesgue-
Stieltjes integral (see Lemma on p 75 [9]):

Wt =
∫ ∞

−∞
EsUtd

(
− f(s)
f(s− t)

)
+ lim
s→+∞

f(s)
f(s− t)

Ut+

− lim
s→−∞

f(s)
f(s− t)

E−∞Ut + E−∞Ut

=
∫ ∞

−∞
EsUtd

(
− f(s)
f(s− t)

)
+ lim
s→+∞

f(s)
f(s− t)

Ut ,

where we have used

lim
s→−∞

f(s)
f(s− t)

= 1 .

Since the function
f(s)

f(s− t) is positive and decreasing the limit

lim
s→∞

f(s)
f(s− t)

also exists and it is non-negative and (14.17) follows immediately.
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Theorem 14.6 The semigroupWt = ΛUtΛ−1, t ≥ 0 is not implementable, i.e., there
does not exist a measurable point transformationS̃t of X such thatS̃t preservesµ
and for which

W ∗
t ρ(x) = ρ(S̃tx) for all t ≥ 0 . (14.19)

Since we deal with the adjoint operatorW ∗
t , it is convenient to use the following

lemma.

Lemma 14.4 LetW be a linear operator onL2 which is implementable (14.19) by
a measure preserving point transformationS̃. Then for each measurable set∆ such
that its imageS̃(∆) underS̃ is also measurable, the following holds:∫

X−S̃(∆)

W1∆ dµ = 0 . (14.20)

Proof of Lemma 14.4.For any measurable set∆ for which S̃∆ is also measurable,
we have∫

X−S̃(∆)

W1∆ dµ =
∫
X

(W1∆) · 1X−S̃(∆) dµ =
(
W1∆

∣∣∣1X−S̃(∆)

)
L2

=
(
1∆

∣∣∣W ∗1X−S̃(∆)

)
L2

=
∫

∆

1X−S̃(∆) ◦ S̃ dµ

=
∫
S̃(∆)

1X−S̃(∆) dµ = 0 .

Proof of the Theorem.Now, supposeWt is implementable by the measure preserving
transformatioñSt onX (14.19). Consider a measurable set∆ such that̃St(∆) is also
measurable and0 < µ(∆) < 1. Thus by Lemma 14.4, we have∫

X−S̃t(∆)

Wt1∆ dµ = 0 . (14.21)

However we shall show that∫
B

Wt1∆ dµ > 0 for each measurable B with µ(B) > 0 , (14.22)

which contradicts Lemma 14.4.
Indeed, using Lemma 14.3 and applying Fubini’s theorem we have∫
B

Wt1∆ dµ ≥
∫
B

(∫ ∞

−∞
EsUt1∆dg(s)

)
dµ =

∫ ∞

−∞

(∫
B

EsUt1∆dµ
)
dg(s) ,

(14.23)
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but Ut1∆ = 1St(∆) andEs1St(∆) → E−∞1St(∆) = µ(St(∆)) = µ(∆) when
s→ −∞. Therefore∫

B

EsUt1∆ dµ→ µ(∆)µ(B) when s→ −∞ . (14.24)

Consequently there is a numbers0 such that fors < s0∫
B

EsUt1∆ dµ >
1
2
µ(∆)µ(B) .

Then using (14.23) and (14.24) we obtain∫
B

Wt1∆ dµ ≥
∫ s0

−∞

(∫
B

EsUt1∆ dµ
)
dg(s)

>
1
2
µ(∆)µ(B)

(
g(s0)− g(−∞)

)
> 0 ,

where the inequalityg(s0)− g(−∞) > 0 follows from the fact thatf(s) < f(−∞).
The proof for K-systems follows if we extend the functionf(s),s = 0,±1,±2, · · ·,

to the whole real line in such a way that, fors < x < s+ 1, the valuef(x) is equal
to the value on the segment joining the points(s, f(s)) and(s+ 1, f(s+ 1)).





15
Spectral and shift

representations

15.1 GENERALIZED SPECTRAL DECOMPOSITIONS OF EVOLUTION
OPERATORS

The idea behind the spectral analysis of the evolution semigroup{Vt} on a Hilbert
spaceH through the time operatorT is to decomposeT in terms of its eigenvectors
ϕn,α, Tϕn,α = nϕn,α

T =
∑
n

n
∑
α

|ϕn,α〉〈ϕn,α|

in such a way that the system{ϕn,α} is complete inH, i.e.
∑
n,α |ϕn,α〉〈ϕn,α| = I,

and the Koopman operatorVt shifts the eigenvectorsϕn,α

Vtϕn,α = ϕn+t,α .

The indexn labels the age andα the multiplicity of the spectrum of the time operator.
As a result the eigenvectorsϕn,α of the time operator provide a shift representation
of the evolution

f =
∑
n,α

an,αϕn,α =⇒ Vtf =
∑
n,α

an,αϕn+t,α =
∑
n,α

an−t,αϕn,α .

The knowledge of the eigenvectors ofT amounts therefore to a probabilistic solution
of the prediction problem for the dynamical system described by the semigroup{Vt}.
The spacesHn spanned by the eigenvectorsϕn,α are called age eigenspaces or spaces
of innovations at timen, as they correspond to the new information or detail brought
at timen.

159
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Another method of spectral analysis is based on generalized decompositions of
evolution operators. Roughly speaking, the idea of this method is to find a generalized
spectral decomposition of the evolution operatorV in the form

V =
∑
k

λk|ϕk〉〈Fk| ,

whereλk are eigenvalues ofV (orU ), called theresonances, |ϕk〉 are the eigenvectors
of U , and〈Fk| the generalized eigenvectors ofV .

The advantage of the general spectral decomposition is that the knowledge of
the consecutive powersλnk of resonances is sufficient to describe the time evolution
n→ V n (or the evolutionn→ Un).

The notion of a generalized spectral decomposition of self-adjoint operators on a
Hilbert space goes back to Dirac [1], who assumed that a given self-adjoint operator
A must be of the form

A =
∫
σ(A)

dλ λ |λ〉〈λ| , (15.1)

whereσ(A) is the spectrum of the operatorA. This formula is a straightforward
generalization of the familiar decomposition of a self-adjoint operator on a finite-
dimensional Hilbert space

A =
∑
i

λi |ei〉〈ei| , (15.2)

whereλi andei are the eigenvalues and eigenvectors ofA, respectively. In infinite
dimensional Hilbert spaces, however, the situation is not so simple. The notion of an
eigenvalue is replaced by the spectrum, but eigenvectors can be associated only with
the discrete part of the spectrum. Nevertheless, a precise meaning can be given to
the decomposition (15.1), if we replace eigenvectors by “generalized eigenvectors”,
which will in general lie outside the given Hilbert space. This is achieved by replacing
the initial Hilbert spaceH by a dual pair(Φ,Φ×), whereΦ is a locally convex space,
which is a dense subspace ofH endowed with a topology, stronger than the Hilbert
space topology. This procedure is referred to as rigging and the triple

Φ ⊂ H ⊂ Φ× (15.3)

is called arigged Hilbert space.
Gelfand [3,4] was the first to give a precise meaning to the generalized eigenvectors,

which was later elaborated by Maurin [5]. Although generalized eigenvectors have
a very natural physical interpretation, generalized spectral decompositions have not
been used in physics for a long time. Only a few papers had appeared by the end
of the 60’s (see, for example [6–8]), followed by a series of papers by Bohm and
Gadella (see [2] and references therein). The latter publications are particularly
significant, because they provide the basis for a rigorous and systematic approach
to the problems of irreversibility and resonances in unstable quantum systems like
the Friedrichs model [9]. The same ideas can be extended to chaotic dynamical
systems, like Kolmogorov systems or exact systems. The observable phase functions
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of dynamical systems evolve according to the Koopman operatorV f(x) = f(Sx),
whereS is an endomorphism or an automorphism of a measure space, andf is a
square-integrable phase function.

The spectrum of the Koopman operator determines the time scales of the approach
to equilibrium very much in analogy with quantum unstable systems, where the
spectra of Hamiltonians determine the decay rates. More precisely, the eigenvalues
of the Koopman operator or that of its adjoint – the Frobenius-Perron operator, are,
according to the terminology introduced by Ruelle and others [12-15] the resonances
of the power spectrum. Eigenvalues and eigenvectors of simple chaotic systems have
been constructed just recently [16–24].

The question of the existence of a generalized spectral decomposition of extensions
of the Koopman operator differs significantly from the original Gelfand-Maurin the-
ory, which was constructed for operators which admit a spectral theorem, like normal
operators, giving a generalized spectrum identical with the Hilbert space spectrum.
The Koopman operator of unstable systems, however, either does not admit a spectral
theorem, as in the case of exact systems, or the generalized spectrum is very different
from the Hilbert space spectrum, as in the case of Kolmogorov systems. This requires
an extension of the Gelfand-Maurin theory.

Summarizing for the reader’s convenience, a dual pair(Φ,Φ×)of linear topological
spaces constitutes a rigged Hilbert space for the linear endomorphismV of the Hilbert
spaceH if the following conditions are satisfied:

1) Φ is a dense subspace ofH

2) Φ is complete and its topology is stronger than the one induced byH

3) Φ is stable with respect to the adjointV † of V , i.e. V †Φ ⊂ Φ.

4) The adjointV † is continuous onΦ

The extensionVext of V to the dualΦ× of Φ is then defined in the standard way
as follows:

(φ|Vextf) = (V †φ|f) ,

for everyφ ∈ Φ.
In the sequel we shall not distinguish betweenV andVext if confusion is unlikely

to arise.
The choice of the test function spaceΦ depends on the specific operatorV and

on the physically relevant questions to be asked about the system. For self-adjoint
operatorsV , for example, the generalized spectral theorem can be justified for nuclear
test function spaces.

Here, we shall discuss the problem of rigging for the generalized spectral decom-
positions of the Koopman operators for a few specific but typical models of chaotic
systems beginning with the Renyi map.

In the case of the Renyi map various riggings exist so our task will be also to
choose a tight rigging. We call a rigging ‘tight’ if the test function space is the (set-
theoretically) largest possible within a chosen family of test function spaces, such
that the physically relevant spectral decomposition is meaningful.
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Theβ-adic Renyi mapS on the interval [0,1) is the multiplication, modulo 1, by
the integerβ ≥ 2

S : [0, 1) → [0, 1) : x 7→ Sx = βx (mod 1) .

The probability densitiesρ(x) evolve according to the Frobenius–Perron operatorU

Uρ(x) ≡
∑

y,S(y)=x

1
|S′(y)|

ρ(y) =
1
β

β−1∑
r=0

ρ
(x+ r

β

)
.

The Frobenius-Perron operator is a partial isometry on the Hilbert spaceL2 of all
square integrable functions over the unit interval; it is, moreover, the dual of the
isometric Koopman operatorV

V ρ(x) = U†ρ(x) = ρ(Sx) .

Using a general algorithmic approach developed in [AT] the following spectral de-
composition of the Koopman operator of the Renyi map can be constructed:

V =
∞∑
n=0

1
βn

|B̃n〉〈Bn| , (15.4)

whereBn(x) is then-degree Bernoulli polynomial defined by the generating function
[29, §9]

zezx

ez − 1
=

∞∑
n=0

Bn(x)
n!

zn

and

|B̃n〉 =


|1) , n = 0

| (−1)(n−1)

n! {δ(n−1)(x− 1)− δ(n−1)(x)}) n = 1, 2, . . .

The bras〈·| and kets |·〉 denote linear and antilinear functionals, respectively. For-
mula (15.4) defines a spectral decomposition for the Koopman and Frobenius-Perron
operators in the following sense

(ρ|V f) = (Uρ|f) =
∞∑
n=0

1
βn

(ρ|B̃n) (Bn|f),

for any density functionρ and observablef in the appropriate pair(Φ,Φ×). Conse-
quently, the Frobenius-Perron operator acts on density functions as

Uρ(x) =
∫ 1

0

dx′ρ(x′) +
∞∑
n=1

ρ(n−1)(1)− ρ(n−1)(0)
n!βn

Bn(x) .
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The orthonormality of the system|B̃n〉and〈Bn| follows immediately, while the com-
pleteness relation is just the Euler–MacLaurin summation formula for the Bernoulli
polynomials [29,§9]

ρ(x) =
∫ 1

0

dx′ρ(x′) +
∞∑
n=1

ρ(n−1)(1)− ρ(n−1)(0)
n!

Bn(x) . (15.5)

The Bernoulli polynomials are the only polynomial eigenfunctions as any polyno-
mial can be uniquely expressed as a linear combination of the Bernoulli polynomials.

The spectral decomposition (15.4) has no meaning in the Hilbert spaceL2, as the
derivativesδ(n)(x) of Dirac’s delta function appear as right eigenvectors ofV . A
natural way to give meaning to formal eigenvectors of operators which do not admit
eigenvectors in Hilbert space is to extend the operator to a suitable rigged Hilbert
space. A suitable test function space is the spaceP of polynomials. The spaceP
fulfills the following conditions:

i) P is dense inL2 (see [30, ch.15]),

ii) P is a nuclearLF -space [30, ch.51] and thus, complete and barreled,

iii) P is stable with respect to the Frobenius-Perron operatorU , and

iv) U is continuous with respect to the topology ofP, becauseU preserves the
degree of polynomials.

It is, therefore, an appropriate rigged Hilbert space, which gives meaning to the
spectral decomposition ofV .

We shall, however, look for a tight rigging. The test functions should at least pro-
vide a domain for the Euler-MacLaurin summation formula (15.5). The requirement
of absolute convergence of the series (15.5) means that

∞∑
n=1

∣∣φ(n−1)(y)
n!

Bn(x)
∣∣ <∞ (y = 0, 1)

This implies [18] that the appropriate test functions are restrictions on [0,1) of entire
functions of exponential typec with 0 < c < 2π. For simplicity we identify the test
functions space with the spaceEc of entire functionsφ(z) of exponential typec > 0
such that

|φ(z)| ≤ Kec|z| , ∀z ∈ Cl , for some K > 0 .

Each member of the whole familyEc , 0 < c < 2π is a suitable test function space,
since properties 1–4 are fulfilled. Indeed, each spaceEc is a Banach space with norm
[30, ch.22]:

‖φ‖c ≡ sup
z∈Cl

∣∣φ(z)
∣∣e−c|z| ,

which is dense in the Hilbert spaceL2, asEc includes the polynomial spaceP. Each
Ec is stable under the Frobenius-Perron operatorU , and it is easily verified thatU is
continuous onEc. Now, observe that the spaces are ordered

Ec ⊂ Ec′ , c < c′,
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and consider the space
Ẽ2π ≡

⋃
c<2π

Ec .

The spacẽE2π , also preserved byU , is the (set-theoretically) largest test function
space in our case. SincẽE2π is a natural generalization of the spaceP of polynomials,
we want to equip it with a topology which is a generalization of the topology ofP.

Recall thatP was given the strict inductive limit topology of the spacesPn of all
polynomials of degree≤ n. A very important property of this topology is that the
strict inductive limit of complete spaces is complete. Moreover, it is exceptionally
simple to describe convergence in this topology. For example, a sequence{wn} of
polynomials converges inP if and only if the degrees of allwn are uniformly bounded
by somen0 and{wn} converges inPn0 .

We cannot, however, define the strict inductive topology onẼ2π, because for
c < c′ the topology onEc induced byEc′ is essentially stronger than the initial
one. Nevertheless, as we shall see in the theorem below, it is possible to define a
topology onẼ2π, which is a natural extension of the topology onP in the following
sense

Theorem 15.1 There is a locally convex topologyT on Ẽ2π for which it is a nuclear,
complete Montel space. Moreover, a sequence{fn} ⊂ Ẽ2π is convergent in theT
topology if and only if there isc0 ∈ (0, 2π) such that

1o fn, n = 1, 2, . . ., are of exponential typec0

2o {fn} converges in‖ · ‖co - norm.

Proof. Denote byf̂ the Fourier transform of a functionf and byf̌ its converse. By
Schwartz’s extension of the Paley-Wiener Theorem [31, vol.II, p.106] a functionf
belongs toEc if and only if f̂ is a distribution with compact support contained in the
interval[−c, c].

Note that, if the functionf ∈ Ẽ2π is integrable or square integrable thenf̂ is a
function. However, for an arbitrary function its Fourier transform is correctly defined
only as a distribution with compact support, i.e. as a continuous linear functional
on the spaceC∞(Ω) of all infinitely differentiable functions on the intervalΩ =
(−2π, 2π), endowed with the topology of uniform convergence on compact subsets
of Ω of functions together with all their derivatives.

The Fourier transform, therefore, establishes an isomorphism betweenẼ2π and
the topological dualC∞(Ω)× of the spaceC∞(Ω). Consequently, the strong dual
topology ofC∞(Ω)× can be transported through the inverse Fourier transform to
the spacẽE2π. The strong dual topology is the topology of uniform convergence on
bounded subsets ofC∞(Ω). ThenC∞(Ω)× is nuclear [30, p.530], complete [31,
vol.I, p.89] and a Montel space [30, prop. 34.4 and 36.10]. In this way we obtain on
Ẽ2π a topology with the same properties.

We shall now prove the second part of the theorem. Let{fn} be convergent to zero
in Ẽ2π. This means that{f̌n} converges inC∞(Ω)×. Therefore{f̌n} is a bounded
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subset ofC∞(Ω)×, which implies [30, th. 34.4, p.359] that the supports of allf̌n are
contained in a compact setK ⊂ Ω.

Takec with c < 2π andK ⊂ (−c, c). Therefore (see [31, vol.I, th.XXVI] and
the remark afterwards which remain true if we replaceIR1 by the open setΩ =
(−2π, 2π)), there is a numberp ≥ 0 and a family of continuous functionsgj,n such
that the supports ofgj,n are contained in the interval(−c, c),

f̌n =
∑
j≤p

Djgj,n

(Dj denotes thej-th derivative, classical or in the sense of distributions) andgj,n(x)
converges uniformly to zero asn→∞.

Using the above representation off̌n we obtain thaťfn converges to zero uniformly
on each setUA

UA ≡ {f ∈ C∞(Ω) : sup
x∈[−c,c]

| d
j

dxj
f(x)| ≤ A, j = 0, 1, . . . , p} ,

whereA > 0. Indeed, for eachj

|〈Djgj,n, f〉| = |(−1)j
∫ c
−c gj,n(x)

dj

dxj
f(x) dx|

≤ A
∫ c
−c |gj,n(x)| dx→ 0 ,

asn→∞.
Let us take anyc0 ∈ (c, 2π). Then for eachz ∈ Cl the function

x 7−→ eizxe−c0|z|, |x| ≤ c , (15.6)

belongs toUA. Indeed∣∣ dj

dxj
(eizxe−c0|z|)

∣∣ ≤ |z|je|z|(|x|−c0) = |z|je|z|(|x|−c)e−(co−c)|z|

≤ |z|je−(co−c)|z| .

The right hand side is bounded, for eachj = 0, 1, ..., p, by some constantAj . Thus
takingA = max0≤j≤pAj we see that the functions (15.6) belong toUA, for each
z ∈ Cl .

From
fn(z) = (f̌n)̂ (z)

and uniform convergence of̌fn onUA we have

sup
z∈Cl

|fn(z)|e−c0|z| = sup
z∈Cl

|〈f̌n, eiz·e−c0|z|〉| −→ 0 ,

asn → ∞ , which means that‖fn‖c0 −→ 0. This proves2o. Condition1o is
also satisfied because we have chosenc0 > c. Thus, the supports of thěfns are



166 SPECTRAL AND SHIFT REPRESENTATIONS

also contained in(−c0, c0) and by the Paley-Wiener-Schwartz theorem thefns are
of exponential typec0.

The converse of the second part of the theorem is now trivial. If{fn} satisfies
1o and 2o then by applying the Paley-Wiener-Schwartz theorem again we obtain
convergence of{f̂n} in C∞(Ω)×.

Remarks

1. Using the above method one can show an analogous criterion of convergence for
bounded nets iñE2π but not for an arbitrary net.
2. Note that it is not always possible to obtain convergence of the type given in the
above theorem. Actually, to prove the second part of the theorem we needed the
following property:

LetF be a Frechet space and let{x′n} be a sequence in its dualF ′ which converges
to zero in the strong dual topology. Then there exists an open subsetU of F such that

|〈x′n, x〉| −→ 0 , uniformly for x ∈ U . (15.7)

As mentioned in [32], some concreteF -spaces have this property although it is
not true in general. It was stated there as an open problem to describe those F-spaces
for which (15.7) is true. This situation motivated us to include the full proof.

Let us review briefly another generalized spectral decompositions

The tent maps

The family of tent maps is defined by:

Tm : [0, 1) −→ [0, 1)

Tm =

m
(
x− 2n

m

)
, for x ∈

[
2n
m ,

2n+1
m

)
m
(

2n+2
m − x

)
, for x ∈

[
2n+1
m , 2n+2

m

)
wherem = 2, 3, · · · , n = 0, 1, · · · ,

[
m−1

2

]
and [y] denotes the integer part of real

numbery. The casem = 2 corresponds to the well known tent map. The absolutely
continuous invariant measure is the Lebesgue measuredx for all mapsTm. The
Frobenius-Perron operator for the tent maps has the form

UT ρ (x) =
1
m


[m−1

2 ]∑
n=0

ρ

(
2n+ x

m

)
+

[m−2
2 ]∑

n=0

ρ

(
2n+ 2− x

m

)
The spectrum consists of the eigenvalues [21]:

zi =
1

mi+1

{[
m− 1

2

]
+ 1 + (−1)i

([
m− 2

2

]
+ 1
)}
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which means that for the even tent maps,m = 2, 4, · · · , the eigenvalues are

zi =
{

1
mi , i even
0, i odd

(2.4)

and for the odd tent maps,m = 3, 5, · · · , the eigenvalues are

zi =
{

1
mi , i even

1
mi+1 , i odd

(2.5)

The eigenvectors of the tent maps can be expressed in terms of the Bernoulli and
Euler polynomials.
For even tent mapsm = 2, 4, · · ·

fi (x) =
{
Bi
(
x
2

)
, i = 0, 2, 4, · · ·

i+1
2mi+1Ei (x) , i = 1, 3, 5, · · ·

For odd tent mapsm = 3, 5, · · · :

fi (x) =

{ 1, i = 0
Ei (x) , i = 1, 3, 5, · · ·
Bi (x) + Ei−1 (x) , i = 2, 4, · · ·

The Bernoulli polynomials are defined by the generating function (2.3). The Euler
polynomials are defined by the generating function

2ext

et + 1
=

∞∑
n=0

En (x)
tn

n!
, |t| < π.

The left eigenvectors are given by the following formulas
For even tent mapsm = 2, 4, · · ·

Fi (x) =

{
miB̃i (x) , i = 0, 2, 4, · · ·
mi+1

(
2
i+1 Ẽi (x) + B̃i+1 (x)

)
, i = 1, 3, 5, · · ·

For odd tent mapsm = 3, 5, · · · :

Fi (x) =


1, i = 0
Ẽi (x) , i = 1, 3, 5, · · ·
B̃i (x) + Ẽi−1 (x) , i = 2, 4, · · ·

The expressions̃Bi (x) , Ẽi (x) are given by the following formulas as in the case of
the Renyi maps

B̃i (x) =
{ 1, i = 0

(−1)i−1

i!

{
δ(i−1) (x− 1)− δ(i−1) (x)

}
, i = 1, 2, · · ·

Ẽi (x) = (−1)i2 (i!)
{
δ(i) (x− 1) + δ(i) (x)

}
, i = 0, 1, · · · .
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From Eqs. (2.4) and (2.5) we observe that the spectrum of the symmetric tent
mapsm = 2, 4, . . ., does not contain the odd powers of1

m . This is a general property
of symmetric maps and is due to the fact that the antisymmetric eigenfunctions are in
the null space of the Frobenius-Perron operator. Summarizing, the spectra of the tent
mapsTm depend uponm but the eigenvectors depend only on the evenness ofm.

The logistic map

The logistic map in the case of fully developed chaos is defined by

S (x) = 4x (1− x) , for x ∈ [0, 1] .

The logistic map is a typical example of exact system. The invariant measure for the
logistic map is [2]dν (x) = 1

π
√
x(1−x)

dx.

The spectral decomposition of the logistic map can be obtained from the spectral
decomposition of the dyadic tent map through the well known topological equivalence
of these transformations [22]. The transformationg : [0, 1) → [0, 1) defined by:

g (x) =
1
π

arcos (1− 2x)

defines a topological equivalence between the logistic map and the dyadic tent map
T : [0, 1) → [0, 1)

T (x) =
{

2x, for x ∈
[
0, 1

2

)
2 (1− x) , for x ∈

[
1
2 , 1
)

expressed through the formula

S = g−1 ◦ T ◦ g.

The transformationg transforms the Lebesgue measure which is the invariant measure
of the tent map to the invariant measure of the logistic map.

The transformationG intertwines the Koopman operatorV of the logistic map
with the Koopman operatorVT of the tent map

V = GVTG
−1.

The intertwining transformationG andG−1 suitably extended, map the eigenvectors
of VT onto the eigenvectors ofV . Therefore

V =
+∞∑
n=0

znG |Φn) (ϕn|G−1

V =
+∞∑
n=0

zn |Fn) (fn| (2.6)
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with

zn =
1

22n
,

Fn (x) = 22nB̃2n

(
1
π

arcos (1− 2x)
)
,

fn (x) = B2n

(
1
2π

arcos (1− 2x)
)
.

In formula (2.6) the bras and kets correspond to the invariant measure of the logistic
map. The meaning of the spectral decomposition (2.10) is inherited from the meaning
of the spectral decomposition of the tent map in terms of the dual pair of polynomials,
i.e. it can be understood in the sense

(ρ|Vf) =
+∞∑
n=0

1
22n

(
ρ

∣∣∣∣22nB̃2n

(
1
π

arcos (1− 2x)
))(

B2n

(
1
2π

arcos (1− 2x)
)∣∣∣∣ f) ,

for any stateρ in the spaceP( 1
π arcos(1−2x)), and any observablef in the anti-dual

space×P( 1
π arcos(1−2x)).

The baker’s transformations

Theβ-adic,β = 2, 3, . . ., baker’s transformationB on the unit square[0, 1)×[0,1)
is a two-step operation: 1) squeeze the 1×1 square to aβ × 1/β rectangle and 2)
cut the rectangle intoβ (1× 1/β)-rectangles and pile them up to form another1× 1
square

(x, y) |−→ B(x, y) = (βx− r,
y + r

β
) (for

r

β
≤ x <

r + 1
β

, r = 0, · · ·β − 1) .

(2.7)
The invariant measure of theβ-adic baker transformation is the Lebesgue measure

on the unit square. The Frobenius-Perron and Koopman operators are unitary on the
Hilbert spaceL2 = L2

x⊗L2
y of square integrable densities over the unit square and has

countably degenerate Lebesgue spectrum on the unit circle plus the simple eigenvalue
1 associated with the equilibrium (as is the case for all Kolmogorov automorphisms).

The Koopman operatorV has a spectral decomposition involving Jordan blocks,
which was obtained [7,23] using a generalized iterative operator method based on the
subdynamics decomposition

V = |F00〉〈f00| +
∞∑
ν=1

{ ν∑
r=0

1
βν

|Fν,r〉〈fν,r| +
ν−1∑
r=0

|Fν,r+1〉〈fν,r|
}
, (2.8)
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The vectors|Fν,r〉 and〈fν,r| form a Jordan basis

〈fν,r| V =


1
βν

{〈fν,r| + 〈fν,r+1| } (r = 0, . . . , ν − 1)

1
βν

〈fν,r| (r = ν)

V |Fν,r〉 =


1
βν

{ |Fν,r〉+ |Fν,r−1〉} (r = 1, . . . , ν)

1
βν

|Fν,r〉 (r = 0)

〈fν,r| Fν′,r′〉 = δνν′δrr′ ,
∞∑
ν=0

ν∑
r=0

|Fν,r〉〈fν,r| = I .

While the Koopman operatorV is unitary in the Hilbert spaceL2 and thus has
spectrum on the unit circle|z| = 1 in the complex plane, the spectral decomposition
(2.8) includes the numbers1/βν < 1 which are not in the Hilbert space spectrum.
The spectral decomposition (2.8) also shows that the Frobenius–Perron operator has
Jordan-block parts despite the fact that it is diagonalizable in the Hilbert space. As
the left and right principal vectors contain generalized functions, the spectral decom-
position (2.8) has no meaning in the Hilbert spaceL2.

That the principal vectorsfν,j andFν,j are linear functionals over the spaces
L2
x ⊗ Py andPx ⊗ L2

y, respectively [7].

15.2 RELATION BETWEEN SPECTRAL AND SHIFT
REPRESENTATIONS

First, let us remind some spectral properties of unilateral shift operators. It is well
known that the spectrum of any unilateral shiftV and the spectrum of the adjoint shift
V ∗ coincide with their essential spectrum which is the closed unit diskD = {z ∈
Cl | |z| ≤ 1}. The unit circle∂D is the continuous spectrum of bothV andV †. The
open unit diskD = {z ∈ Cl | |z| < 1} is the point spectrum ofV † with multiplicity
equal to the multiplicity of the shiftV . The diskD coincides also with the residual
spectrum ofV .

The following theorem gives an explicit representation of eigenvectors ofV † in
terms of the generating basis.

Theorem 15.2 LetV be a unilateral shift of multiplicitym on a Hilbert spaceH and
{gna |n = 0, 1, 2, . . . , 1 ≤ a < m + 1} be a generating basis forV . Then for any
z ∈ Cl with |z| < 1 the corresponding eigenspace of the adjoint shiftV † is:

{f ∈ H |V †f = zf} =

 ∑
1≤a<m+1

∞∑
n=0

caz
ngna

∣∣∣ ∑
1≤a<m+1

|ca|2 <∞

 .
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Proof. First, letz ∈ D and

f =
∑

1≤a<m+1

∞∑
n=0

caz
ngna ,

where
∑

1≤a<m+1

|ca|2 < ∞. The series
∑

1≤a<m+1

∞∑
n=0

caz
ngna converges uncondi-

tionally in H becausegna is an orthonormal basis and
∑

1≤a<m+1

∞∑
n=0

|cazn|2 < ∞.

Thereforef is a well-defined element ofH and

V †f =
∑

1≤a<m+1

∞∑
n=0

caz
nV †gna =

=
∑

1≤a<m+1

∞∑
n=1

caz
nV †gn−1

a = z
∑

1≤a<m+1

∞∑
n=0

caz
ngna = zf.

Thus the inclusion ∑
1≤a<m+1

∞∑
n=0

caz
ngna

∣∣∣ ∑
1≤a<m+1

|ca|2 <∞

 ⊆ {f |V †f = zf}

is proved. Now letf ∈ H, z ∈ D, V †f = zf , and(f, gna ) = fna . Thenf =∑
1≤a<m+1

∞∑
n=0

fna g
n
a . Therefore

V †f =
∑

1≤a<m+1

∞∑
n=1

fna g
n−1
a =

∑
1≤a<m+1

∞∑
n=0

fn+1
a gna .

By the equalityV †f = zf we havefn+1
a = zfna for all a. Hence,fna = znf0

a .
Denoting f0

a by ca we obtainfna = znca. Prom Parseval’s equality‖f‖2 =∑
1≤a<m+1

∞∑
n=0

|fna |2 we get that
∑

1≤a<m+1

|ca|2 <∞. So,f =
∑

1≤a<m+1

∞∑
n=0

caz
ngna ,

where
∑

1≤a<m+1

|ca|2 <∞. The opposite inclusion is also proved.

Remark When the multiplicity ofV is finite the condition
∑

1≤a<m+1

|ca|2 < ∞ is

always satisfied.

Theorem 15.3 LetV be a unilateral shift on a Hilbert spaceHwith multiplicitym. If
the vectors{fa : 1 ≤ a < m+1} ⊂ Hare eigenvectors ofV †, associated toza, where
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za ∈ Cl and |za| < 1: V †fa = zafa. Thenha = fa − zaV fa ∈ N0 = NullV †.
Moreover ifha are linearly independent and their linear hull is dense inNullV †

then the set of vectors

ga =
a∑
l=1

clahl,

obtained by applying the Gramm–Schmidt orthonormalization algorithm toha is
orthonormal basis inNullV † and

{gna = V nga : n = 0, 1, 2, . . . , 1 ≤ a < m+ 1}

is a generating basis forV .

Proof SinceV †fa = zafa we have thatV †ha = V †(fa − zaV fa) = V †fa − zafa.
Thereforeha ∈ NullV † = N0. If ha are linearly independent then the Gramm–
Schmidt orthonormalization algorithm can be applied toha. Let

ga =
a∑
l=1

clahl

be the result of this algorithm. If the linear hull ofha is dense inNullV † then the
linear hull of the orthonormal systemga is dense inH. Thus{ga | 1 ≤ a < m+ 1}
is the orthonormal basis inN0. It remains to apply Proposition 6.1.

In Section 7 we have constructed a time operator of the Renyi map using the Walsh
basis as a generating basis for the semigroup{V n : n = 0, 1, 2, . . .}, whereV is
the Koopman operator. We shall obtain now another generating basis starting from
Bernoulli polynomials and using Theorem 15.3. TheBernoulli polynomialsBn(x),
n = 0, 1, . . ., are defined by the generating expansion

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
, |t| < 2π ,

for all values ofx. It lows from themultiplication theorem(Olver 1974):

Bn(mx) = mn−1
m−1∑
k=0

Bn

(
x+

k

m

)
, m = 0, 1, . . . .

thatBn are eigenfunctions of the Frobenius-Perron operator of the Renyi map:

UBn = 2−nBn .

It is easy to see that the functionhn = Bn − 2−nV Bn for n = 1, 2, . . . has the form

hn =
{
Pn−1(x), for x ∈ (0, 1/2),
−Pn−1(x− 1/2), for x ∈ (1/2, 1),
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wherePn is a polynomial of degreen. Then applying Gramm–Schmidt algorithm to
hn we arrive at the functions

ga =
{
Ln−1(2x), for x ∈ (0, 1/2),
−Ln−1(2x− 1), for x ∈ (1/2, 1),

whereLn, n = 1, 2, . . . is a sequence of polynomials (degLn = n) orthonormal in
L2

[0,1]. ThereforeLn are the normalized Legendre polynomials:

Ln(x) =

√
2n+ 1
n

1
2nn!

dk

dxk
(
(x2 − 1)k

)
.

By Theorem 15.3,{gn} is an orthonormal basis inN ≡ NullV ∗. It follows from
Theorem 6.1 that the set

{gkn : gkn = V kgn , n ∈ IINN , k = 0, 1, 2, . . .} (15.8)

is a generating basis forV onL2
[0,1] 	 [1].

The generalized Fourier transform, relating the spectral representation furnished
by the Bernoulli polynomialsBa with the shift representation furnished by the age
eigenfunctionsgna (15.8) is obtained by Theorem 15.2:

Ba =
∞∑
k=0

a∑
m=1

cma 2−akV kga , (15.9)

wherecma = 2

1/2∫
0

(Ba(x)− 2−aBa(2x))La−1(2x) dx.

NOTES

1. Problems related to generalized spectral decompositions:

(i) A general approach to the problem of riggingthat would allow to derive a
generalized spectral decomposition of an arbitrary Frobenius-Perron (Gelfand-
Maurin approach can not be applied here because the operators are non-self-
adjoint). This problem has been partially resolved in [AT].

(ii) Appropriate choice of the spaceΦ. The dualΦ× should not be too big since
otherwise the extended operatorV can have eigenvalues not belonging to the
Hilbert space spectrum of the operator. In particular, the existence of the
tightest rigging. However, the choice ofΦ is strictly model-dependent. The
raised above problem of tightest rigging has been resolved in the case of the
Renyi map.

(ii) Uniqueness of generalized spectral decompositions.Spectral decompositions
are not unique. For example, in the case of the Renyi map the spectral decom-
position with eigenvalues2−n is associated with analytic observables. The



174 SPECTRAL AND SHIFT REPRESENTATIONS

choice of Cantor type observables allows to obtain the spectral decomposition
with eigenvalues3−n.

2. The functionsgna (15.8) are another age eigenstates for the uniform time operator
of the Renyi map, which do not correspond to the natural projection of the Baker’s
age eigenstates found in [Pr].

3. Formula (15.9) allows to obtain spectral representation from shift representation.
Both strategies are available for the probabilistic prediction of chaotic dynamical
systems.

4. (Cusp map). Although the spectral representation is formally equivalent to the
shift representation, in the case of the cusp map, the spectral analysis seems to be
quite involved and not possible for analytic functions [AnShYa]. However the shift
representation (8.8) is quite simple and explicit, allowing for probabilistic predictions.



Appendix A
Probability

A.1 PRELIMINARIES - PROBABILITY

A probability space(Ω,F , P ) consists of a spaceΩ with pointsω (elementary events),
σ-algebraF of sets inΩ (events) and a probability measureP onF (probability). Let
(X ,Σ) be a measurable space, whereX is a set andΣ aσ-algebra of its subsets. An
X -valued random variableX = X(ω) is a(F ,Σ) measurable functionX : Ω → X ,
i.e. such function for which the counter-imageX−1(A) of every setA ∈ Σ belongs
to F . If X is the set of real numbers andΣ its Borelσ-algebra, i.e. the smallest
σ-algebra containing all intervals, then theX -valued random variableX is called
simply therandom variable. If X = IRn thenX is called therandom vector. If
X = Cl - the set of complex numbers thenX is called thecomplex random variable.

If X is anX valued random variable then the family of all sets:X−1(A), A ∈ Σ,
forms also aσ-algebra, which will be denoted byσ(X). Thusσ(X) ⊂ F andσ(X)
is the smallestσ-algebra of subsets ofX with respect to which the functionX is
measurable. If{Xi}i∈I is an arbitrary family ofX -valued random variables then
σ{Xi : i ∈ I} will denote the smallestσ-algebra containing all theσ(Xi), i ∈ I.

If X is a random variable, then the function

F (x) = P{ω : X(ω) ≤ x}

175
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is non-decreasing and continuous to the right, which tends to0 asx→ −∞ and to1
asx→∞. The functionF is called the distribution function of the random variable
X. The knowledge ofF (x) for all x determines the probabilityP (X ∈ A), for each
Borel setA ⊂ IR, which in turn determines the Borel measureµ = µx on IR:

µ(A) = P (X ∈ A)

called thedistributionof X. The measureµ can be, as every Borel measure, decom-
posed into three parts

µ = µd + µsc + µac

that consists of a discrete, singular continuous and absolutely continuous measure.
The random variable for which the distribution consists of only one component will
be called discrete, singular continuous and absolutely continuous respectively. If the
random variableX is discrete then its distribution function is a step function with a
finite or denumerable number of steps. IfX is absolutely continuous then there exists
a nonnegative functionf(x) called theprobability densityof X such that

F (x) =
∫ x

−∞
f(y) dy .

Theexpectationor mean valueof the random variableX is defined as the Lebesgue,
or the Lebesgue-Stieltjes, integrals

EX =
∫

Ω

X(ω)P (dω) =
∫ ∞

−∞
x dF (x) .

provided the integral exists.
If h is a Borel measurable function onIR then the expectation of the functionh(X)

of X is defined as

Eh(X) =
∫ ∞

−∞
h(x)dF (x) .

the mean valueEXn, n ∈ IINN, is called then-th momentof X. The mean value of
E(X − EX)2 is called thevarianceof X and is denoted byVarX.

If X1, . . . , Xn are random variables defined on the spaceΩ, they jointly induce
the distribution function

F (x1, . . . , xn) = P (X1 ≤ x1, . . . , Xn ≤ xn)

in n-dimensional Euclidean spaceIRn. Similarly, as in one-dimensional case, the
distribution functionF determines the probabilityP ((X1, . . . , Xn) ∈ A), for each
Borel setA ⊂ IRn. Consequently,F determines the Borel measureµ onIRn that can
be interpreted as the distribution of therandom vector(X1, . . . , Xn) : Ω → IRn.

Let X1, . . . , Xn be random variables with the distributionsF1(x1), . . . , Fn(xn)
and letF (x1, . . . , xn) be the joint distribution of the random vector(X1, . . . , Xn).
If

F (x1, . . . , xn) = F (x1) . . . F (xn) , for every x1, . . . , xn ∈ IR ,
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then the random variablesX1, . . . , Xn are called to beindependent.
If h is a Borel measurable function onIRn then the functionh(X1, . . . , Xn) is a

random variable and its expectation is defined as

Eh(X1, . . . , Xn) =
∫

IRn

h(X1, . . . , Xn) dF (X1, . . . , Xn) .

In particular ifX andY are random variables andh(x, y) = (x − EX)(y − EY )
then the expectation ofh(X,Y )

Eh(X,Y ) = E(X − EX)(Y − EY ) =
∫ ∞

−∞

∫ ∞

−∞
(x− EX)(y − EY ) dF (x, y)

is called thecovarianceof X andY and denoted by Cov(X,Y ).

The value
Cov(x, y)√
VarXVarY

is called thecorrelation coefficient.

If X andY are random variables thenX+iY defines thecomplex random variable
on IR. The distribution ofX + iY is identified with the joint(X,Y )-distribution.

The characteristic functionϕ = ϕx of a random variableX is defined as the mean
value of the functioneitX :

ϕ(t) = EeitX =
∫ ∞

−∞
eitX dF (x) .

The characteristic function is uniformly continuous on the real line and such that
ϕ(0) = 1 and |ϕ(t)| ≤ 1 for every t. The distribution functionF is uniquely
determined by the corresponding characteristic function. In particular, we have

F (x2)− F (x1) =
1

2πi
lim
τ→∞

∫ τ

−τ

e−itx1 − e−itx2

t
ϕ(t) dt ,

for all the pointsx1, x2 ∈ IR in whichF is continuous.
Among the most important properties of characteristic functions are those that

concerns sums of independent random variables, moments and convergence of dis-
tributions.

LetX1, . . . , Xn be independent random variables with distribution functionsF1,
. . ., Fn and the characteristic functionsϕ1, . . . , ϕn. Then the characteristic function
ϕ of the sumX1 + . . .+Xn is:

ϕ(t) = ϕ1(t) . . . ϕn(t) .

Note that the distribution functionF of the sumX1 + . . .+Xn is the convolution of
F1, . . . , Fn.

F (x) = F1 ∗ . . . ∗ Fn(x)

Recall that the convolution of two distribution functionsF andG is F ∗ G(x) =∫∞
−∞ F (x− y) dG(y).
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If the random variableX has finiten-th moment,n ∈ IINN, then its characteristic
functionϕ is of the form

ϕ(t) =
n∑
k=1

mk
(it)k

k!
+ 0(tn) ,

wheremk = EXk and 0(tn)
tn → 0 ast→ 0.

Let X1, X2, . . . be random variables with the distribution functionsF1, F2, . . ..
The sequence{Xn} of random variables (or equivalently the sequence{Fn} of dis-
tribution) is said to be convergentin distributionsif there is a distribution functionF
such that

lim
n→∞

Fn(x) = F (x)

for every point of continuityx ofF . A necessary and sufficient condition that{Fn} is
convergent in distributions is that the corresponding sequence{ϕn} of characteristic
functions is pointwise convergent to a functionϕ which is continuous at the point 0.
If this holds thenϕ is the characteristic function of the limiting distribution function
F .

The concept of characteristic function has a straightforward generalization on
random vectors, which is called thecharacteristic functional. The characteristic
functionalϕ of the random vector(X1, . . . , Xn) is defined as the expected value

ϕ(t1, . . . , tn) =
∫

IRn

ei(t1x1+...+tnxn) dF (x1, . . . , xn) ,

is a function ofn-variables(t1, . . . , tn) ∈ IRn. The properties of characteristic
functionals are similar as characteristic functions.

One of the most important distribution in probability theory, which will be also
encountered in the sequel, is the normal (or Gauss) distribution. Thenormal distribu-
tion with parameters(m,σ2) on the real line is an absolutely continuous distribution
with the density function

f(x) =
1√
2πσ

e
−(x−m)2

σ2 .

All the moments of the normal distribution are finite. Its mean value ism and the
variance isσ2. The probability density of the normal distribution with the parameters
m = 0 andσ2 = 1 will be denoted byφ, i.e.

φ(x) =
1√
2π
e
−x2

2

and the corresponding distribution function byΦ(x), Φ(x) =
∫∞
−∞ φ(y) dy. If

X1, . . . , Xn are independent random variables having normal distributions with pa-
rameters(m1, σ

2
1), . . . , (mn, σ

2
2) respectively, then the sumX1+. . .+Xn has normal
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distribution with the parameters(m1 + . . . +mn, σ
2
1 + . . . + σ2

n). The importance
of the normal distribution stems from the fact that it is a limit distribution of sums of
independent random variables.

For example, ifXi, i = 1, . . . , n are arbitrary but independent random variables
with mean valuesmi and variancesσ2

i , i = 1, . . . , n, then the sequence{Yn} of
random variables

Yn =
X1 + . . .+Xn − (m1 + . . .+mn)√

σ2
1 + . . .+ σ2

n

converges in distribution to the normal distribution with parameters (0,1). This result
is known as theLindenberg-Ĺevy theorem.

The characteristic functionϕ on the normal distribution with the parameters
(m,σ2) is

ϕ(t) = emit−
σ2t2

2 , t ∈ IR .

As it was already noted characteristic functions determine uniquely the probability
distributions. Using this property it is convenient to define the normal distribution of
a random vector. Namely, assume thatA = [aij ], aij ∈ IR, is am × n-matrices,
which is symmetric and positive. The function

ϕ(t1, . . . , tn) = exp

−i n∑
k=1

mktk −
1
2

n∑
k,l=1

akltktl

 , (t1, . . . , tn) ∈ IRn ,

is a joint distribution of some random variablesX1, . . . , Xn and is called thecharac-
teristic function of n-dimensional normal (Gaussian) distribution. Then the numbers
mn are expectations andakl are the covariances ofXk:

mk = EXk , akl = E(Xk −mn)(Xl −ml) , k, l = 1, . . . , n .

In the particular case when the matrixA has the rankn the probability density of the
joint Gaussian distribution has the form

f(x1, . . . , xn) =
1√

(2π)n|A|
exp

− 1
2|A|

n∑
k,l=1

akl(xk −mk)(xl −ml)

 .

Stable distributions
We introduce now another important class of distributions, which, like the Gaussian

distribution, are limit distributions of sums of independent random variables.
LetX be a nondegenerate random variable, i.e.X is not a constant almost every-

where. Let the random variablesX1 andX2 be independent copies ofX. We say that
X (or the distribution ofX) is stableif for each paira andb of positive numbers there
is a positive numberc and a numberd such that the distribution of the random variable
aX1 + bX2 coincides with the distribution ofcX + d. An equivalent definition of
stable distribution is that for each numberX1, . . . , Xn of independent copies ofX
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there exists numberscn > 0 anddn such that the distribution of the sumX1, . . . , Xn

coincides with the distribution ofcnX+dn. If dn = 0 thenX is called strictly stable.
It can be proved that (see [Feller], vol.II) that only the norming constantscn = n

1
α ,

where0 < α ≤ 2, are possible. The numberα is called thecharacteristic exponent
of the stable distribution and the termα-stable distributionis often used.

One of the versions of the central limit theorem says that ifX1, X2, . . . are inde-
pendent identically distributed random variables with mean 0 and variance 1, then the
distribution of the sumX1+...+Xn√

n
converges to the normal distribution with mean 0

and variance 1. If the distribution ofXi does not have the second moment then it still
may happen that there exist constantsan > 0 andbn such that the distribution of

X1 + . . .+Xn

an
+ bn

converge to some distributionR. If this holds then it is said that the distribution of
Xi belongs to thedomain of attractionof R. It can be proved that a distributionR
possesses a nonempty domain of attraction if and only ifR is stable. In particular
each stable distribution belongs to its own domain of attraction. Stable distributions
are absolutely continuous but the explicit form of the density function is known only
in a few particular cases. It is known however the characteristic functionϕ of each
stable distribution. Namely

ϕ(t) = exp
{
iµt− σα|t|α (1− iβ(sgnt) tan

πα

2

}
,

if α 6= 1, 0 < α ≤ 2, and

ϕ(t) = exp
{
iµt− σ|t|(1 + iβ

2
π

(sgnt) ln |t|)
}

if α = 1, where−1 ≤ β ≤ 1, σ > 0 andµ ∈ IR.
The stable distribution is thus characterized by four parametersα, β, σ andµ,

whereα is thecharacteristic exponent, β is theskewenessparameter,σ is thescale
parameter andµ is thelocationparameter.

Puttingα = 2 we obtain the characteristic function of the Gaussian distribution.
If α = 1 andβ = 0 thenϕ(t) is the characteristic function of the Cauchy distribution,
which has the density

f(x) =
1
π

a

a2 + (x− b)2
,

for some numbersa, b.
Particularly important is the class ofα-stable distributions with the parameters

β = µ = 0. In this case the stable random variable is symmetric about 0 and the
characteristic function takes the form

ϕ(t) = e−σ
α|t|α

for everyα ∈ [0, 2]. A characteristic feature of anα-stable random variable with
0 < α < 2 is that it does not have finite second moment. It can be only proved that

E|X|p <∞



STOCHASTIC PROCESSES 181

for 0 < p < α. In particular, ifα ≤ 1 then the expectation ofX does not exists. In
fact theα-stable distribution ofX has forα < 2 “heavy tails", i.e. the density ofX
behaves asymptotically, whenx→∞, as the function 1

xα+1 .

Conditional expectation
One of the basic tools used in this book in the study of both stochastic and de-

terministic system is the conditional expectation. LetX be random variable on the
probability space(Ω,F , P ) such thatE|X| <∞ and letG be a sub-σ-algebra ofF .
The random variableY is called theconditional expectationofX with respect to the
σ-algebraG if it satisfies the following conditions:

1) Y isG-measurable, i.e.Y is random variable on the probability space(Ω,G, P )

2)
∫
A
X dP =

∫
A
Y dP , for everyA ∈ G.

The conditional expectation ofX with respect toG will be denoted byE(X|G).
The existence of the conditional expectation follows from the Radon-Nikodym the-
orem. The functionE(X|G) is defined up to sets with probability 1. Conditional
expectation has the following properties that are valid P-a.e. onΩ.

1)E(·|G) is a linear operator, i.e. ifX are random variables with finite expectation
anda, b are real numbers thenE(aX + bY |G) = aE(X|G) + bE(Y |G).

2) If X1(ω) ≤ X2(ω) for almost allω ∈ Ω thenE(X1|G) ≤ E(X2|G).
3) |E(X|G)| ≤ E(|X||G).
4) If h is a convex function onIR such thatEh(X) exists thenh(E(X|G)) ≤

E(h(X)|G).
5) If X is G measurable function andY an arbitrary random variable such that

E|XY | <∞ thenE(XY |G) = XE(Y |G).
6) In particular, ifX is G measurable thenE(X|G) = X.
7) If X is independent with respect to theσ-algebraG, i.e. if P (X−1(B)∩A) =

P (X−1(B))P (A), for eachB ∈ BIR andA ∈ G, then

E(X|G) = EX

8) If {Xn} is a sequence of random variables such that|Xn| ≤ Y , n = 1, 2, . . .,
EY <∞, andXn(ω) → X(ω) for almost allω ∈ IR then

E(Xn|G) → E(X|G)

P -almost everywhere.
The last property is an analog of the Lebesgue majorized convergence theorem.

A.2 STOCHASTIC PROCESSES

Let (Ω,F , P ) be a probability space,(X ,Σ) a measurable space andI an index
set. AnX -valued stochastic process on(Ω,F , P ) is a family {Xt}t∈I of (F ,Σ)
measurable functions

Xt : Ω → X , t ∈ I .
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The index set is assumed to be a subset of real numbers and the setX an Euclidean
space. IfX = IR orX = Cl , then{Xt} is simply called astochastic process. In the
caseX = IRn orX = Cl n we speak about avector valued stochastic process. For a
fixedω ∈ Ω the function:

I 3 t 7−→ Xt(ω) ∈ X

is called arealisationor atrajectoryof the process{Xt}.
A finite dimensional distributionof theX -valued stochastic process{Xt}t∈I is

defined for a given set{t1, . . . , tn} ∈ I, t1 < . . . < tn, as the probability measure
µt1,...,tn , on the product space measure space(Xn,Σn)

µt1,...,tn(B) = P{ω : (Xt1(ω), . . . , Xtn , (ω)) ∈ B} (A.1)

for all B ∈ Σn.
Each stochastic process{Xt}t∈I determines the family of finite dimensional distri-

butions of the form (A.1). Conversely, suppose that it is given a family of probability
measures{µt1,...,tn}t1,...,tn∈I , t1 < . . . < tn, n ∈ IINN, defined on the product spaces
(Xn,Σn), which satisfies the following consistency conditions. For each two time
ordered sets of indices{s1, . . . , sk} and{t1, . . . , tn} such that

{s1, . . . , sk} ⊂ {t1, . . . , tn}

the measureµs1,...,sn
is the projection of the measureµt1,...,tn . The last statement

means thatµs1,...,sk
coincides withµt1,...,tn on the sets of the formB = Bt1 × . . .×

Btn provided we replace the correspondingBtk by X . Such family of measures
determines a probability measureP on the measure space(Ω,F), whereΩ = X I(=∏
t∈I Xt, Xt = X ), andF is theσ-algebra generated by the cylinder subsets of

X , such that each projection ofP onto the product spaceXt1 × Xtn coincides with
µt1,...,tn . This allows, in turn, to determine anX -valued stochastic process{Xt}t∈I
on(Ω,F , P ) such that the measures{µt1,...,tn}are its finite dimensional distributions.
Indeed, since each elementω ∈ Ω is anX valued function onI the process{Xt}t∈I
can be defined by putting

Xt(ω) df=ω(t) .

This result, known as theKolmogorov extension theorem, can be found in textbooks
on measure theory or stochastic processes, (e.g. Neveu 1965 or Loevé 1977-78).

Each stochastic process determines itsnatural filtration {Ft}t∈I that can be ob-
tained by putting

Ft = σ(Xs)s≤t . (A.2)

ThusFt is the smallestσ-algebra generated by all random variablesXs, for s ≤ t.
In general, let{Ft}t∈I be a family of sub-σ-algebras ofF . We say that the process
{Xt} is {Ft} adaptedif every random variableXt, t ∈ I, is Ft measurable, i.e.
everyXt is measurable as a function from(Ω,Ft) into (X,Σ). Family {Ft}t∈I is
called afiltration of process{Xt}t∈I if:

(1) Fs ⊂ Ft, for eachs < t
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(2) {Xt} is {Ft} adapted.

A filtration {Ft}t∈I is calledright continuousif for eacht ∈ I we have

Ft =
⋂
ε>0

Ft+ε . (A.3)

It is a common assumption that the filtration{Ft} associated with a stochastic process
{Xt} is right continuous. Such an assumption is justified because it is always possible
to augment theσ-algebrasFt in such a way that condition (A.3) is satisfied and, in
addition, allFt are complete (Dellacherie and Meyer 1978, p.115).

A stochastic process{Xt}t∈I is called theLp-stochastic process, p > 0, if all ran-
dom variablesXt, t ∈ I arep-integrable. AnLp-process{Xt}t∈I can be interpreted
as a trajectory

t 7−→ Xt

in the Fŕechet spaceLp of all X -valuedp-integrable random variables endowed with
the norm

‖X‖Lp = (E|X|p)1∧
1
p <∞

(Lp is a Banach space ifp ≥ 1 and a Hilbert space ifp = 2).
If p = 1 (or, more generally, ifp ≥ 1) then anLp-process is called anintegrable

processes. If a process{Xt} is integrable and{Ft} is its filtration, then we can
associate with{Xt} the family of conditional expectation{Et}

Et
df=E( · |Ft) , t ∈ I

If p = 2 thenEt are orthogonal projectors on the Hilbert spaceL2.
In order to deal with continuous time processes it is often necessary to impose

some additional assumptions. We introduce below a few of the most important of
them.

A stochastic process{Xt}t∈I is calledseparableif there exist a countable dense
setI0 ⊂ I and a setΩ0 ∈ F , P (Ω0) = 0, such that ifω ∈ Ω \ Ω0 andt ∈ I, then
there is a sequence{tn} ⊂ I0, tn → t, such thatXtn(ω) → Xt(ω).

Proposition A.1 For each stochastic process{Xt}t∈I there exists a separable pro-
cess{X̃t}t∈I defined on the same probability space such that

P{X̃t = Xt} = 1 ,

for eacht ∈ I.

The assumption of separability is usually accompanied with the assumption that
the probability space(Ω,F , P ) is complete, i.e.F contains all subsets of the sets
of P -measure 0. These two assumptions allow to deal with expressions concerning
an uncountable number of random variablesXt. For example, the expressions like
suptXt or inftXt (Xt are real valued) represents then random variables. Both
assumptions are not too restrictive and are usually taken as granted. Indeed, any
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probability space(Ω,F , P ) can be always completed and, by the above theorem, any
stochastic process has a separable version.

Another important assumption on a stochastic process, which is needed when
dealing with integrals of the sample functions, is the measurability. A stochastic
process{Xt}t∈I is calledmeasurableif the function

I × Ω 3 (t, ω) 7−→ Xt(ω) ∈ X

is (B⊗F ,BX )-measurable, whereBX is the Borelσ-algebra of subsets ofX (recall
thatI is an interval inIR andX is eitherIR or Cl ).

Theorem A.1 Assume that the process{Xt}t∈I is continuous in probability, i.e. for
eacht0 ∈ I andε > 0 holds

lim
t→t0

P{|Xt −Xt0 | ≥ ε} = 0 .

Then there exists a separable and measurable process{X̃t}t∈I defined on the same
probability space such that

P{Xt = X̃t} = 1 , for each t ∈ I ,

and such that each countable subset ofI is the set of separability for{X̃t}t∈I .

The process{X̃t}t∈I from the above theorem is called aseparable and measurable
modificationof {Xt}t∈I . The condition of continuity can be easily verified for some
classes of stochastic processes. For example, the Brownian motion is continuous in
probability.

A.3 MARTINGALES

Let (Ω,F , P ) be a probability space and{Ft}t∈I a filtration. An integrable{Ft}
adapted process{Xt}t∈I is called amartingaleif

Xs = E(Xt|Fs) , for all s < t , s, t ∈ I . (A.4)

If (A.4) holds with “=” replaced by≤ (resp. by≥) then the process{Xt} is called
submartingale(resp.supermartingale). If time is discrete, sayI = IINN, then a process
{Xn}n∈IINN is a martingale with respect to{Fn}n∈IINN if

Xn = E(Nn+1|Fn) , for each n . (A.5)

A similar condition to (A.5) but with the equality replaced by an inequality is suffi-
cient for{Xn} to by a submartingale or a supermartingale. Using the definition of
conditional expectation condition (A.5) can be written more explicitly:∫

A

Xn dP =
∫
A

Xn+1 dP , for each A ∈ Fn , n ∈ IINN .
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Examples of martingales:
1) LetX be an integrable random variable and{Ft}t∈I a filtration. Define

Xt
df=E(X|Ft) , for each t ∈ I .

Then{Xt}t∈I is a martingale with respect to{Ft}t∈I . 2) LetXn, n ∈ IINN, be a
sequence of independent integrable random variables on probability space(Ω,F , P )
and put

Fn
df=σ(X1, . . . , Xn) , Sn

df=X1 + . . .+Xn .

If EXn = 0, for eachn ∈ IINN, then{Sn} is a martingale.
If EXn ≥ 0, for eachn ∈ IINN, then{Sn} is a submartingale.
If EXn ≤ 0, for eachn ∈ IINN, then{Sn} is a supermartingale.

3) Let{Xt}t>0 be a Brownian motion starting from 0. Recall that process{Xt}t≥0

has the following properties:P (X0 = 0) = 1, the trajectoriest 7→ Xt(ω) are
continuous,EXt = 0 andE(XsXt) = s∧ t. Moreover this process has independent
increments random variableXt −Xs, 0 ≤ s < t, has normal distribution with mean
0 and variancet − s. Let {Ft}t≥0 be the natural filtration of{Xt}t≥0. There is a
several martingales connected with the Brownian motion{Xt}:

(1) {Xt}t≥0

(2) {X2
t − t}t≥0

(3) {exp(iθXt + 1
2θ

2t)}t≥0.

The fact that each of the above three processes is a martingale with respect to filtration
{Ft}t≥0 follows easily from the properties of conditional expectation and Brownian
motion. In fact, sinceXt −Xs is independent ofFs,

(1) follows from:E(Xt −Xs|Fs) = 0

(2) follows from: t− s = E
[
(Xt −Xs)

2 |Fs
]

= E
(
X2
t |Fs

)
−X2

s

(3) follows from:E
[
e(iθ(Xt−Xs)|Fs

]
= Eeiθ(Xt−Xs) = e−

1
2 θ

2(t−s).

It can be also shown that conditions (1) and (2) characterize Brownian motions. In
fact, a continuous process{Xt}t≥0, X(0) = 0, is a Brownian motion if and only if
{Xt}t≥0 and{X2

t − t}t≥0 are martingales.
Exponential martingale (3) can be used to prove the law of the iterated logarithm:

P

(
lim sup
t→∞

Xt√
2t log log t

= 1
)

= 1 .

Let {Xt}t∈I be a martingale with respect to{Ft}t∈I andf a convex function on
IR, then{f(Xt)}t∈I is a submartingale with respect to{Ft}t∈I . Similarly, if f is
concave onIR, then{f(Xt)}t∈I is a supermartingale. This property is an immediate
consequence of a generalized version of Jensen’s inequality (Neveu 1965). It follows
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from this property that if{f(Xt)} is a martingale, then{|Xt|)}, {X2
t }, or {|Xt|p},

p > 1, is a submartingale.
Particularly important areuniformly integrable martingales (submartingales), i.e.

such martingales (submartingales) for which{Xt} is a family of uniformly integrable
random variables. Recall here thatuniform integrabilityof {Xt} means that

lim
c→∞

sup
t∈I

∫
{|Xt|>c}

|Xt| dP = 0 , for each c > 0 .

It can be shown easily that the martingale{Xt}t∈I from Example 1 is uniformly
integrable. This particular martingale is generated from a single random variable. As
we shall see below each uniformly integrable martingale is in fact of such form. First,
however, let us introduce a very useful criterion of uniform integrability.

If {Xt} is a uniformly integrable family of functions then it is bounded inL1, i.e.
suptE|Xt| <∞. The converse is not true we have however the following:

Proposition A.2 A family{Xt} of random variables is uniformly integrable if and
only if there exists a nonnegative, nondecreasing and convex functionφ : IR+ → IR+

which satisfies:

(i) lim
x→∞

φ(x)
x

= ∞

(ii) sup
t∈I

Eφ(|Xt|) <∞.

Observe that the functionφ(x) = xp which is positive, increasing and convex onIR+

satisfies, forp > 1, condition (i) of the above proposition. Therefore it follows from
Proposition A.2 that each family{Xt}t∈I which satisfies the condition

sup
t∈I

E|Xt|p <∞

is uniformly integrable.

Proposition A.3 Let{Xt}t∈I be a martingale with respect to{Ft}t∈I .

(a) If {Xt} is uniformly integrable (therefore bounded inL1) andt↗ t0, t0 ≤ ∞,
thenlimt→t0 Xt = Xt0 exists a.e., and inL1, and

Xt = E(Xt0 |Ft) , for each t < t0 .

(b) If {Xt} is bounded inLp, p > 1, thenXt −→ Xt0 in Lp.

An analog of proposition A.3 (a) remains true for submartingales provided{X+
t }t∈I

is uniformly integrable. Then we have

Xt ≤ E(Xt0 |Ft) , for each t < t0 .

We also have the following
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Proposition A.4 (Backward Martingale Convergence Theorem)Let {Xt}t∈I be a
martingale with respect to{Ft}t∈I and letFs0 =

⋂
t>s0

, s0 ≥ −∞. If ↘ s0 then
the limit limt→s0 = Xs0 exists a.e., and inL1.

If {Xn}n≤0 is discrete time martingale andF−∞ =
⋂
n≤0 Fn, then the family

{Xn}n≤0 is also uniformly integrable, and the limit random variableX−∞ from
Proposition A.4 can be obtained by putting

X−∞ = E(Xk|F−∞) ,

wherek is an arbitrary parameter. IfF−∞ is a trivialσ-algebra then

lim
n→∞

Xn = EXk .

A.4 STOCHASTIC MEASURES INTEGRALS

Stochastic integral ∫
I

f(t) dXt ,

wheref is a deterministic function and{Xt} is a stochastic process plays a crucial
role in the construction of time operators. If the random eventω is fixed, then
the trajectoryt 7−→ Xt(ω) is a real or complex valued function and the stochastic
integral resembles the Riemann-Stieltjes (or Lebesgue-Stieltjes) integral. However,
in spite of this similarity, there is a fundamental difference between these two kinds
of integrals. Trajectories of a stochastic process are usually functions of unbounded
variation, which means that the expression

∫
I
f(t) dXt(ω) becomes meaningless in

the classical sense.
We shall present below the idea behind the construction of the stochastic inte-

gral and show its properties. For the clarity of presentation we confine ourself to
the simplest possible case, which nevertheless covers the main needs of this book.
Namely, to the integral with respect toL2-processes with orthogonal increments. For
the purpose of the construction of stochastic integral we also introduce the concept
of stochastic measure. Although the use of stochastic measures is not necessary, it
helps to construct the stochastic integral in a very transparent way and also indicates
possible generalizations.

Let (Ω,F , P ) be a probability space,L2 = L2(Ω,F , P ), and let{Xt}t∈I be an
L2-process with orthogonal increments. We initially assume that the index set is a
finite interval,I = [a, b]. LetB[a,b] denotes the Borelσ-algebra of subsets of[a, b].
Given{Xt}t∈[a,b] we define

M((s, t]) = Xt −Xs , for a ≤ s < t ≤ b .

M as a function of intervals has the following properties:

1) M(∅) = 0
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2) M (
⋃∞
n=1 ∆n) =

∑∞
n=1M(∆n) , if ∆i∩∆j = ∅ for i 6= j, where the series

on the right hand side is convergent inL2

3) EM(∆1)M(∆2) = 0 , for ∆1 ∩∆2 = ∅.

It can be shown that the set functionM extends on the whole Borelσ-algebraB[a,b]

preserving properties 1), 2) and 3). Condition 2) is called thecountable additivityand
condition 3), which follows from the assumption that{Xt}has orthogonal increments,
is called theorthogonal scattering. The measureM is called thestochastic measure.

Given a stochastic measureM one can also define an associated set functionm
onB[a,b] by putting

m(∆) = E|M(∆)|2 .

It follows from properties 1)–3)m thatm is a countable additive nonnegative measure
onB[a,b]. It is called thecontrol measureof M (or of the stochastic process{Xt}).

One of the basic properties of a control measure is thatm(∆) = 0 if and only if
M(∆) = 0. A control measure of a stochastic process plays an important role in the
description of the class of stochastically integrable functions.

Example. If {Xt} is a Brownian motion thenE|Xt −Xs|2 = t− s, which implies
that on intervals we have

m((s, t]) = t− s .

Therefore the control measure determined by the Brownian motion is the Lebesgue
measure.

Denote beL2 the Hilbert spaceL2([a, b],B[a,b],m) and byL2
0 the space of all

simple functions inL2. Forf ∈ L2
0,

f(t) =
n∑
k=1

ak1l∆k
(t) , ∆k ∈ B[a,b] ,

we define the stochastic integral with respect toM by putting∫ b

a

f(t)M(dt) =
n∑
k=1

akM(∆k) .

We shall write shortly
∫
f dM . The integral just defined has the following properties:

1)
∫

(af + bg) dM = a
∫
f dM + b

∫
g dM

2) E
(∫

f dM
∫
g dM

)
=
∫
f(t)g(t)m(dt).

Property 1) means that the transformation

L2
0 3 f 7−→

∫
f dM ∈ L2 (A.6)
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is a linear operator. By Property 2) this transformation is also an isometry∥∥∥∥∫ f dM

∥∥∥∥
L2

= ‖f‖L2

from a dense subspace of the Hilbert spaceL2 into L2. Therefore transformation
(A.6) extends to an isometry on the wholeL2. Thus we can add one more property:

3) fn 7−→ f in L2 ⇔
∫
fn dM 7−→

∫
fn dM in L2 .

A.5 PREDICTION, FILTERING AND SMOOTHING

Let us begin from the following problem: Find the best estimationX̂ of the values
of the random variableX observing some stochastic process{Zt}t∈I . This means,
we have to find a functionf({Zt}t∈I) of the set of random variables{Zt} for which

X ≈ X̂ = f({Zt}t∈I)

with the smallest possible error.
We distinguish here the following problems:

I) Prediction– estimate the value of the stochastic process in momentt∗, knowing
its values for timest < t∗.

II) Filtering – in the momentst ∈ T ′ ⊂ T we observe the process

Zt = Xt + ηt

(“signal” + “noise”). The task is to separate signal from the noise, i.e. for given
t∗ ∈ T find the best approximation

X(t∗) ≈ X̂ = f({Zt}t∈T ′) .

III) Smoothing– the information aboutXt neednot become available att and
measurements derived later thant can be used for estimation ofXt.

The term filtering means also the recovery at timet of some information about the
signalXt using measurements until timet, i.e. Zs , s ≤ t not later.

An illustrative example of smoothing is the way how the human brain tackles
the problem of reading hastily written handwriting - words are tackled sequentially;
reaching a word difficult to interpret we go several words after (and before) to deduce
it.

The meaning of the “best approximation” is the following: We shall look for a
functionf for which theerror

δ
df=(E | X − f({Zt}t∈I) |2)
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is minimal.
The meaning off({Zt}t∈I) is the following: If I is a finite setf({Zt}t∈I) is

a Borel measurable function of the argumentsZt , t ∈ I. If I is infinite then this
symbol denotes a random variable measurable with respect to theσ- algebra.

F df=σ{Zt , t ∈ I} .

We shall assume in the sequel thatf has finite second moment.

Proposition A.5 The best approximation of a random variableX with the finite
second order by usingF = σ(Zt , t ∈ I) is given by

X̂ = E(X | F)

Proof. PutY = E(X | F). Then

δ2 = E(X −X)2 = E(X − Y )2 + 2E(X − Y )(Y − X̂) + E(Y − X̂)2 .

SinceY − X̂ isF-measurable,

E(X − Y )(Y − X̂) = E(E{(X − Y )(Y − X̂)} | F)
= E((Y − X̂)E{(X − Y ) | F})
= E((Y − X̂)E{XE(X | F)}) .

ButE(X−E(X | F)) = E(X | F)−E(X | F) = 0. ThusE(X−Y )(Y −X̂) = 0.
Thereforeδ2 = E(X−Y )2 +E(Y −X̂)2 andδ2 is minimal whenX̂ = Y = E(X |
F).

Remark The above proposition is not very useful from the practical point of view. It
is sometimes easier to solve the problem of minimum if we restrict ourself to a smaller
class of admissible solutions than all measurable functions. One of such possibilities
is the following:

LetL2{Zt}t∈I be the closure inL2 of the linear space spanned byZt , t ∈ I, and
constant functions. The best linear approximationX̃ ofX is this element ofL2{Zt}
for which

δ2 = E | X̃ −X |2≤ E | X ′ −X |2 , for all X ′ ∈ L2{Zt}.

SuchX̃ always exists.X̃ is the orthogonal projection ofX ontoL2{Zt}. It is also
unique. A practical way to find̃X is to solve the system of equations

(X − X̃,X ′) = 0, X ′ ∈ L2{Zt} .

Linear estimations arenotalways acceptable, however for gaussian random variable
we have:

Proposition A.6 If the family{X,Zt , t ∈ I} is gaussian withEX = EZt = 0
then the best approximation̂X of X with respect toσ{Zt} coincides with the best
linear approximationX̃.
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Proof
(X − X̃, Zt) = 0 ⇐⇒ E(X − X̃)Z̄t = 0 ⇒ X − X̃

andZt are uncorrelated and since both are gaussian, they are independent.
Note thatX̃ ∈ L2{Zt}which implies thatX̃ is gaussian and, consequently,X−X̃

is also gaussian. ThereforeX − X̂ andσ{Zt} are independent and

X̃ = E(X | F) = E(X − X̃+ | F)
= E(X − X̃ | F) + E(X̃ | F)
= E(X − X̃) + X̃ = X̃ .

An easily solvable example concern the prediction on an interval[a, b] of mean
square continuous stochastic processes (in particular stationary stochastic processes).
Such processes can be represented asZ(t) =

∑∞
n=1

√
λnϕn(t)Zn, whereλk, ϕk(t)

are respectively eigenvalues and eigenvectors of the correlation function

R(s, t) = E(Zs −m)(Zt −m) (where m = EXt),

i.e.

λkϕk(t) =
∫ b

a

R(s, t)ϕk(s)ds .

In such casẽX =
∑∞
n=1 cnZn, wherecn can be expressed through the correlation

functionR.
A straight forward generalization of above examples leads to the problem of pre-

diction of stochastic processes given in the form of stochastic integral∫
f(u, t) dZu .

A.6 KARHUNAN-LOEVE EXPANSION

Let {Xt}t∈[a,b] be a mean-square continuous stochastic process with the covariance

functionR(s, t) = E(Xt − EXt)(Xs − EXs). ThenXt can be expanded into the
series

X(ω, t) =
∞∑
n=1

√
λnϕn(t)Yn(ω)

which is convergent inL2
Ω for eacht ∈ [a, b]. HereYn is an orthonormal (inL2

Ω)
sequence of random variables,λn are eigenvalues andϕn(t) are eigenfunction of the
covariance function, i.e.∫ b

a

R(s, t)ϕn(s) ds = λnϕn(t) , a ≤ t ≤ b .

Remark The above theorem is a consequence of the following fact:
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1◦ {Xt}t∈[a,b] is mean-square continuous=⇒ R(s, t) is a continuous function on
the square[a, b]2.
2◦ R(s, t) is a kernel of the following integral operator

L2
[a,b] 3 ϕ(t) 7−→

∫ b

a

R(s, t)ϕ(s) ds

3◦ According to the Mercer theoremR(s, t) has the expansion

R(s, t) =
∞∑
n=1

λnϕn(s)ϕn(t) ,

where the series converges uniformly on[a, b] × [a, b], andλn, ϕn(t) are the eigen-
functions of above kernel operator
4◦

Yn
df=
∫ b

a

X(t)ϕn(t) dt

this is a Riemann-kind integral of anL2-valued continuous function defined on[a, b].

Example (of the Karhunan-Loeve expansion)
LetX(t) be a Brownian motion on[0, 1] (herer(s, t) = s ∧ t) then

X(t) = tY0 +
√

2
∞∑
n=1

Yn
sinπnt
nπ

,

whereY0, Y1, ... i.i.d. random variablesN(0, 1). This series converges also with
probability 1.

Return to the problem of estimation (prediction) of a mean-square continuous
stochastic process. We have

Z(t) =
∞∑
n=1

√
λnϕn(t)Zn

Obviously{Zn}n=1,2,... form an ON basis inL2({Zt}t∈[a,b]). Therefore the best
linear approximation must be of the form

X̃ =
∞∑
n=1

cnZn .

We want to computecn. Recall first thatX̃ realized the minimum

‖ X − X̃ ‖= min ‖ X −X ′ ‖

whenX̃ is the projection ofX ontoL2{Z(t)}. This is equivalent to

∀t : (X − X̃, Z(t)) = 0
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which is in turn equivalent to

∀t : (X,Z(t)) = (X̃, Z(t)) .

We have

cn =

( ∞∑
n=1

cnZn, Zn

)
= (X̃, Zn) .

On the other hand, the orthonormality of the family{ϕn(t)} implies

√
λnZn =

∫ b

a

( ∞∑
n=1

λnϕn(t)Zn

)
ϕn(t) dt =

∫ b

a

Z(t)ϕn(t) dt .

Therefore

cn = (X̃, Zn) =
1√
λn

(
X̃,

∫ b

a

Z(t)ϕn(t) dt

)
=

1√
λn
EX̃

∫ b

a

Z(t)ϕ(t) dt

=
1√
λn

∫ b

a

(EX̃Z(t))ϕn(t) dt

=
1√
λn

∫ b

a

RXZ(t)ϕn(t) dt = cn ,

whereRXZ(t) = (X,Z(t)).





Appendix B
Operators on Hilbert and

Banach spaces.

LetH be a vector space over the field of real or complex numbers. Ascalar product
onH is a mapping from the Cartesian productH×H into the field of scalars such that
it assigns to each pair(ψ,ϕ) ∈ H×H a number〈ψ|ϕ〉with the following properties:

(i) If ψ,ϕ, φ ∈ H, andα, β ∈ Cl then:

〈ψ|αϕ+ β φ〉 = α 〈ψ|ϕ〉+ β 〈ψ|φ〉

(ii) For anyψ,ϕ ∈ H,

〈ψ|ϕ〉 = 〈ϕ|ψ〉 ,

where the bar denotes complex conjugation.

(iv) For anyψ ∈ H,

〈ψ|ψ〉 ≥ 0

and

〈ψ|ψ〉 = 0 ⇒ ψ = 0 .

Let us introduce some notions associated with the concept of scalar product.

195
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We say that two vectorsψ,ϕ ∈ H areorthogonalif

〈ψ|ϕ〉 = 0 .

Let ψ ∈ H, whereH is an arbitrary vector space. Anorm onH is a mapping
fromH into the set of non negative real numbers assigning to everyψ ∈ H a positive
number‖ψ‖ fulfilling the following conditions:

1. ‖ψ‖ = 0 if and only ifψ = 0.

2. For anyψ ∈ H andλ ∈ Cl , ‖λψ‖ = |λ| ‖ψ‖.
3. For anyψ,ϕ ∈ H thetriangle inequalityis satisfied, i.e.,

‖ψ + ϕ‖ ≤ ‖ψ‖+ ‖ϕ‖

A vector spaceH with a norm is called thenormed space.

A norm determines onH a distance onH defined as

d(ψ,ϕ) =
√
‖ψ − ϕ‖

LetH be a normed space. We say that the sequence{ψn}of vectors inH converges
toψ ∈ H if for any positive numberε > 0, there exists a natural numberN such that
if n > N then

‖ψn − ψ‖ < ε

A Cauchy sequencein H is a sequence of vectors inH, {ψn}, such that for any
positive numberε > 0, there exists a natural numberN with the property that if
n,m > N then

‖ψn − ψm‖ < ε

Any convergent sequence is a Cauchy sequence, but the converse is not true in
general. If a normed spaceH has the property that each of its Cauchy sequences has
a limit onH, the space is calledcomplete. A complete normed space is called the
Banach space.

A vector space with a scalar product is a normed space. Its norm is defined as:

‖ψ‖ =
√
〈ψ|ψ〉 (B.1)

A property of a particular interest is theCauchy-Schwarz inequality. Letψ,ϕ ∈ H,
wereH is a vector space with scalar product then

|〈ψ|ϕ〉| ≤ ‖ψ‖ ‖ϕ‖

A Hilbert spaceis a vector space with a scalar product that is complete under the
norm (??).

Examples of Hilbert spaces:
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1. Let H = Cl n, the n dimensional vector space of sequences ofn complex
numbers, with the addition and multiplication by complex numbers defined as:

(α1, α2, . . . , αn) + (β1, β2, . . . , βn) = (α1 + β1, α2 + β2, . . . , αn + βn)

λ (α1, α2, . . . , αn) = (λα1, λ α2, . . . , λ αn) (B.2)

whereλ, αi, βi (i = 1, 2, . . . , n) are complex numbers. Forψ ≡ (α1, α2, . . . , αn)
andϕ ≡ (β1, β2, . . . , βn) we define the scalar product of these two vectors as:

〈ψ|ϕ〉 =
n∑
i=1

αi βi

This scalar product produces the following norm:

‖ψ‖ =

√√√√ n∑
i=1

|αi|2

Then,Cl n is finite dimensional normed space. Since all finite dimensional normed
spaces are complete, we conclude thatCl n is a Hilbert space.

2. Let us consider the set of all Lebesgue measurable functions fromIRn to Cl in
which we identify those functions that differ on a set of zeroLebesgue measureonly.
Consider the classL2

IRn of all functions that are square integrable in the Lebesgue
sense ∫

IRn

|f(x)|2 dnx <∞

in the Lebesgue sense. If f and g are square integrable then it follows from the
Schwartz inequality{∫

IRn

|f(x) + g(x)|2 dnx
}1/2

≤
{∫

IRn

|f(x)|2 dnx
}1/2

+
{∫ ∞

IRn

|g(x)|2 dnx
}1/2

that the set of square integrable functions form a vector space.
Forf, g ∈ L2

IRn let us define the scalar product:

〈f |g〉 =
∫

IRn

f(x) g(x) dnx ,

which is well defined by the Ḧolder inequality:∣∣∣∣∫
IRn

f(x) g(x) dnx
∣∣∣∣ ≤ {∫

IRn

|f(x)|2 dnx
}1/2

·
{∫

IRn

|g(x)|2 dnx
}1/2

.

The norm determined by this scalar product is:

‖f‖ =

√∫
IRn

|f(x)|2 dnx
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With this scalar product and normL2
IRn is a Hilbert space. Ifn = 1, we haveL2

IR as
a particular case

Analogously, we can consider the set of square integrable functions from a Borel
subsetI of IRn into Cl , also identifying these functions which differ on a subset ofI
of zero Lebesgue measure. The definition of the spaceL2

I , its scalar product and its
norm goes in complete analogy withL2

IRn . L2
I is a Hilbert space.

3. A straightforward generalization ofL2
IRn is the space of square integrable

functions over an arbitrary measure space(X ,Σ, µ), whereX is a nonempty set,Σ a
σ-algebra of subsets ofX andµ a measure onΣ. We identify those functions which
differ on a set of zeroµ-measure only. This space is denoted byL2(X ,Σ, dµ). As
in the previous caseL2(X ,Σ, dµ) is a Hilbert space.

4. Let us consider the set of all countably infinite sequences of complex numbers
α1, α2, . . . , αn, . . . (in short{αn}) such that

∞∑
n=1

|αn|2 <∞

This set is denoted byl2. Let {αn} and {βn} be two elements ofl2. With the
following definition for the addition and multiplication by complex numbers

{αn}+ {βn} = {αn + βn} ; λ{αn} = {λan}

l2 is a vector space, in which a scalar product is defined as:

〈{αn}|{βn}〉 =
∞∑
n=1

αn βn

Because of (??) this sum converges, so that the scalar product is well defined. It
produces the following norm:

‖{αn}‖ =
∞∑
n=1

√
|αn|2 (B.3)

The spacel2 is complete under this norm and therefore, it is a Hilbert space.

Let S be a subset ofH. We say thatS is anorthonormal systemif

1. ‖ψ‖ = 1, ∀ψ ∈ S.

2. 〈ψ|φ〉 = 0, ∀ψ, φ ∈ S.

A Hilbert spaceH is separableif there exists a countable subsetS ⊂ H such that
for anyε > 0 and anyψ ∈ H, it exists aϕ ∈ S such thatd(ψ,ϕ) = ‖ψ − ϕ‖ < ε.

Proposition B.1 (Bessel inequalities). LetS be an orthonormal system inH, {ψ1,
ψ2, . . .} a sequence (finite or infinite) of vectors inS andϕ, φ two arbitrary vectors
ofH. Then
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N∑
n=0

|〈ϕ|ψn〉|2 ≤ ‖ϕ‖2 (B.4)

N∑
n=0

|〈ϕ|ψn〉〈ψn|φ〉| ≤ ‖ϕ‖ ‖φ‖ (B.5)

whereN stands for the number of vectors in the sequence. If the sequence is infinite
N = ∞.

Let S be an orthonormal system onH. S is called thecomplete orthonormal
systemif there is no another orthonormal systemB ⊂ H such thatA ⊂ B and
A 6= B Equivalently,S is a complete orthonormal system if and only any vectorψ
orthogonal to all the vectors ofS is necessarily the zero vector.

The concept complete orthonormal system in Hilbert spaces generalizes the idea
of basis for finite dimensional spaces, in the sense that every vector of the Hilbert
space can be written in terms of vectors on a complete orthonormal system. Namely,
if H is a Hilbert space, then:

1. There exist a complete orthonormal system inH
2. Any orthonormal systemS can be completed adding additional vectors toS in

such a way that the extended system§̃ is a complete and orthonormal.

3. A Hilbert spaceH is separable if and only if every complete orthonormal system
in H is countable.

In practically all applications of Hilbert spaces in Physics, only separable Hilbert
spaces are used. Therefore, unless stated otherwise, the word Hilbert space will mean
separable Hilbert space

Proposition B.2 Letψ1, ψ2, . . . , ψn . . . be an orthonormal system, either complete
or not, in the Hilbert spaceH. Let α1, αn, . . . , αn, . . . be a sequence of scalars.
Then, the series

N∑
n=0

αn ψn

converges if and only if
∞∑
n=0

|αn|2 <∞.

This proposition has the following consequence:

Corollary B.1 LetH be a Hilbert space either finite or infinite dimensional and let
ψ1, ψ2, . . . , ψn . . . be a complete orthonormal system. Ifψ ∈ H then

ψ =
N∑
n=0

αn ψn
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whereαn = 〈ψn|ψ〉. In addition,

‖ψ‖2 =
N∑
n=0

|αn|2 =
N∑
n=0

|〈ψn|ψ〉|2

whereN is either finite or∞.

The last identity in the above proposition is called theParseval identity. Note that
the expansion for a vector inH in terms of a complete orthonormal system is unique
and depends only on the vector and the complete orthonormal system.

Examples of complete orthonormal systems.

i) Let H = Cl n, the space of sequences ofn complex numbers. SinceCl n is
a finite dimensional Hilbert space, any orthonormal basis inCl n is also a complete
orthonormal system. The simplest one is the canonical basis.

(1, 0, 0, . . . , 0); (0, 1, 0, . . . , 0); . . . (0, 0, 0, . . . , 1)

ii) TakeH ≡ l2 and define the following sequence of vectors inl2:

ψ1 = (1, 0, 0, . . . , 0, . . .)

ψ2 = (0, 1, 0, . . . , 0, . . .)

· · · · · · · · · · · ·

ψn = (0, 0, 0, . . . , 1, 0, . . .) (B.6)

· · · · · · · · · · · ·

If ξ = (ξ1, ξ2, . . . , ξk, . . .) ∈ l2, then we can write:

ξ =
∞∑
k=1

ξk ψk

iii) Take L2[−π, π], the Hilbert space of square integrable complex functions on
the real interval[−π, π]. A complete orthonormal system inL2[−π, π] is given by:

ψn(t) =
1√
2π

eint , n = . . . ,−1, 0, 1, . . . , t ∈ [−π, π] .

iv) Take nowL2[0, 2π]. In this case

ψ0(t) =
1√
2π
, ψ1(t) =

cos t√
π
, ψ2(t) =

sin t√
π
, ψ4(t) =

cos 2t√
π
, . . .
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is a complete orthonormal system.

v) The Hermite functions are the following

ϕn(x) := AnHn(x) e−x
2/2

whereHn(x) are the polynomials ofn order defined as:

Hn(x) := ex
2/2

[
1

2n n!π1/2

]1/2{
x− d

dx

}n
e−x

2/2

andAn are normalization constants, so that∫ ∞

−∞
|ϕn(x)|2 dx = 1

The Hermite functions form a complete orthonormal system inL2
IR.

Two normed spacesX andY are calledisometricif there is a linear mapF from
X to Y such that

‖ψ‖X = ‖F (ψ)‖Y , ∀ψ ∈ X ,

where‖ · ‖X and‖ · ‖Y denote the norm ofX andY respectively.X andY are called
isometrically isomorphicif the mapF is in additionontoandone-to-one.

If two normed spaces are isometrically isomorphic then they have the same prop-
erties from both algebraic and topological point of view. In particular, ifH andG
are two finite dimensional Hilbert spaces of the same dimensionN thenH andG are
isometrically isomorphic. We also have

Proposition B.3 Any infinite dimensional separable Hilbert space is isometrically
isomorphic tol2.

LetH be a Hilbert space andF a continuous linear mapping fromH into the field
of scalars. We callF the linear functional.This means that if{ψn} is a convergent
sequence inH andψ ∈ H is its limit then

F (ψn) 7−→ F (ψ) .

Equivalently, a linear linear functional is a mappingF from the Hilbert spaceH into
the field of scalars, which is bounded, i.e. if there exists a positive numberK > 0
such that

|F (ψ)| ≤ K ‖ψ‖ ,

for all ψ ∈ H.

An important example of a linear functional onH is the following. Letψ be a
fixed vector inH and define

Fψ(ϕ) := 〈ψ|ϕ〉 , ∀ϕ ∈ H .
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Obviously,Fψ is a linear mapping fromH to Cl . To see that it is also continuous we
use the Schwarz inequality:

|Fψ(ϕ)| ≤ |〈ψ|ϕ〉| ≤ ‖ψ‖ ‖ϕ‖ , ∀ϕ ∈ H .

Let us denote byH× the set of functionals onH. We endowH× with a vector space
structure defining the sum and multiplication with scalars as follows. IfF,G ∈ H×

andα, β ∈ Cl ,

(αF + β G) (ψ) := αF (ψ) + β G(ψ) , ∀ψ ∈ H .

Furthermore, we can define onH× a norm as follows. IfF ∈ H×,

‖F‖ := inf{K : |F (ψ)| ≤ K ‖ψ‖ , ∀ψ ∈ H}

The norm on can be equivalently expressed as follows

‖F‖ = sup
‖ψ‖≤1

|F (ψ)|

We have endowedH× with the structure of normed space. This is a general
property of normed spaces, i.e., the dualX× of a normed spaceX is also a normed
space. Furthermore,X× is always complete. But the dual of a Hilbert space is also
a Hilbert space. This is the result of the following:

Theorem B.1 (Riesz). LetH be a Hilbert space andF an arbitrary functional on
H. Then, there exists a unique vectorψ ∈ H such that

F (ϕ) = 〈ψ|ϕ〉 , ∀ϕ ∈ H .

The Riesz theorem has the following consequence: The dualH× of a Hilbert space
H is a Hilbert space which is isometrically isomorphic toH. In particular, ifH has
finite dimensionn, so hasH× andH is infinite dimensional, so isH×.

Operators are linear mappings on vector spaces. In this section we restrict ourself to
Hilbert spaces. Two kind of operators will be considered – bounded and unbounded
operators. The class of bounded operators contains, in particular, projections and
evolution operators. Among examples of unbounded operators are Hamiltonias or
the generators of groups of evolutions. Many of the properties of bounded operators
are is straightforward generalization a generalization of the properties of matrices on
the Euclidean space. Unbounded operators present new and important features that
distinguish them from bounded operators. We present the relevant properties of both
classes below begin with the study of bounded operators.

LetH be a Hilbert space. Abounded operatoronH is a linear mappingA from
H intoH such that for all vectorsψ ∈ H, there exists a positive constantK > 0 with

‖Aψ‖ ≤ K ‖ψ‖ .
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Similarly to linear functionals bounded operators are continuous and conversely.
Recall that an operatorA onH is continuous if and only if is is continuous at the
origin. This means that ifψn 7−→ 0, then,Aψn 7−→ 0.

Assume now thatA is a continuous linear mapping from a dense subspaceD of the
Hilbert spaceH toH. Then, there exists a unique bounded operator onH such that
it coincides withA onD. This operator, also denoted byA, is called the extension
of A toH.

Denote byL(H) the class of all bounded operators onH. The sum of operators
and the multiplication by scalars is defined in the usual way:

(αA+ β B) (ψ) := αAψ + β Bψ , ψ ∈ H , α, β ∈ Cl

ThusL(H) is a linear space: ifA,B ∈ L(H), αA + β B ∈ L(H). Moreover
defining the product of two operatorsA andB as their compositionAB we see that
L(H) is an algebra.

Thenormof a bounded operatorA ∈ L(X) is defined as

‖A‖ = inf{K : ‖Aψ‖ ≤ K ‖ψ‖, ∀ψ ∈ H} . (B.7)

An equivalent definition of the operator norm is

‖A‖ = sup
‖ψ‖≤1

‖A(ψ)‖ . (B.8)

As an immediate consequence of (B.8) we obtain

‖Aψ‖ ≤ ‖A‖ ‖ψ‖ , ∀ψ ∈ H

so that‖A‖ is one of the positive numbersK that fulfill (B.7).

Proposition B.4 The spaceL(H) with the norm (B.7) is a complete normed space,
i.e. a Banach space (or a Banach algebra, if the multiplication is taken into account).

SinceL(H) is a Banach space, we have a notion of convergence inL(H). For
many applications this sense of convergence is not sufficient and we need also a
weaker sense of convergence of bounded operators. Below, we list the three most
important notions of convergence onL(H):

A sequence{An} ⊂ L(H) convergesuniformlytoA ∈ L(H) if {An} converges
toA in the operator norm ofL(H), i.e. if limn→∞ ‖An −A‖ < ε.

A sequence{An} ⊂ L(H) converges in thestrong sensetoA ∈ L(H) if for each
ψ ∈ H,Anψ 7−→ Aψ inH. Strong convergence is a convergence in the norm of the
Hilbert spaceH.

A sequence{An} ⊂ L(H) converges in theweak sensetoA ∈ L(H) if for each
pairψ,ϕ ∈ H, 〈ϕ|Anψ〉 7−→ 〈ϕ|Aψ〉.
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The three notions of convergence of sequences of operators have the following
relations:

uniform convergence ⇒ strong convergence ⇒ weak convergence

but the converses is false. The weak convergence does not imply either strong or
uniform convergence and strong convergence does not imply uniform convergence.

Since the spaceL(H) is a Banach space, when we consider it as a normed space,
any Cauchy sequence (with respect to the norm inL(H)) of operators converges to
an operator inL(H). Such Cauchy sequence is called theuniform Cauchy sequence.
A sequence{An} of bounded operators onH is called thestrong Cauchy sequence
if for eachψ ∈ H, the sequence{Anψ} is a Cauchy sequence inH. An important
result, which is known as the Banach-Steinhaus theorem, says that any strong Cauchy
sequence of bounded in the operator norm.

LetH be a Hilbert space, andA a bounded operator onH, i.e.,A ∈ L(H). For
any fixedψ ∈ H, let us define the following functional onH:

f(ϕ) = 〈ψ|Aϕ〉 , ∀ϕ ∈ H

By the properties of scalar product,f is a linear mapping fromH into Cl . Then, the
Cauchy-Schwartz inequality implies thatf is bounded:

|f(ϕ)| = |〈ψ|Aϕ〉| = K ‖ϕ‖ , ∀ϕ ∈ H ,

with the boundK = ‖A‖ ‖ψ‖. The Riesz theorem shows that there exists a unique
vectorϕ ∈ H such that

〈φ|ϕ〉 = 〈ψ|Aϕ〉 , ∀ϕ ∈ H.

and this holds for allψ ∈ H. Thus the mapping:

A∗ψ 7−→ φ ,

is well defined and linear onH, so it is an operator onH. It has the property that, for
any pair of vectorsψ,ϕ ∈ H

〈ψ|Aϕ〉 = 〈A∗ψ|ϕ〉 (B.9)

Furthermore, it follows easily from (??) and the Cauchy-Schwartz inequality thatA∗

is bounded and its norm satisfies

‖A∗‖ ≤ ‖A‖ (B.10)

The operatorA∗ is called theadjointof A.
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The mappingA 7−→ A∗ is fromL(H) intoL(H). Moreover, since it satisfies the
properties

(A+B)∗ = A∗ +B∗

(λA)∗ = λ̄A∗

(AB)∗ = B∗A∗ (B.11)

whereA,B ∈ L(H), λ ∈ Cl , it is a bounded operator on the Banach algebraL(H).
In fact † is an isometry onL(H) because we also have

‖A‖ = ‖A∗‖ .

An operatorA ∈ L(H) is self-adjointif A = A∗, i.e. if it is equal to its adjoint.
A is isometricif ‖Aψ‖ = ‖ψ‖, ∀ψ ∈ H. If A is isometric and ontoH it is called
unitary.

Proposition B.5 LetA ∈ L(H) thenA is unitary if and only if there exists its inverse
A−1 andA−1 = A∗ or, equivalently,A is unitary if and only ifAA∗ = A∗A = I,
whereI is the identity operator onH.

A is self-adjoint if and only if

〈ψ|Aψ〉 = 〈Aψ|ψ〉 , ∀ψ ∈ H

Bounded operators of great importance are the orthogonal projections also called
projectors, since they are the key objects in the theory ofspectral decompositionsof
self-adjoint operators. Let us recall their main properties.

An orthogonal projectionor aprojectoron a Hilbert spaceH is a bounded operator
onH with the following properties:

i) Idempotency:P 2 = P .

ii) Self adjointness:P = P ∗.

There are two trivial examples of projectors: the identity operatorI, which trans-
forms any vector inH into itself and the zero operatorO that transforms every vector in
H into the zero vector. Simple projectors transform (project) allH onto the subspace
spanned by an arbitrary nonzero vectorψ.

Let ψ ∈ H, ‖ψ‖ = 1, be an arbitrary nonzero vector in the Hilbert spaceH.
Define

Pϕ = 〈ψ|ϕ〉ψ , ∀ϕ ∈ H.

It is easy to see thatP is a projector. The image ofH by P is the one dimensional
subspace spanned byψ, which is closed because it is finite dimensional. Similarly
taking a countable family{ψn} of orthonormal vectors and putting

Pϕ =
∑
n

〈ψn|ϕ〉ψn , ∀ϕ ∈ H, ,



206 OPERATORS ON HILBERT AND BANACH SPACES.

we define the orthogonal projector fromH onto the (closed) subspace spanned by
{ψn}.

In general we have one-to-one correspondence between closed subspaces of a
Hilbert space and the projector. Namely, ifP is a projector onH then the space
M = P (H) is a closed. Conversely, letM be a closed subspace ofH. Then we
have the following direct sum decomposition

H = M⊕M⊥ ,

whereM⊥ is theorthogonal complementof M

M⊥ := {ψ ∈ H : 〈ψ|ϕ〉 = 0 , ∀ϕ ∈M} .

This means that eachϕ ∈ H has a unique decomposition

ϕ = ψ1 + ψ2 ,

whereψ1 ∈M, ψ2 ∈M⊥ and〈ψ1|ψ2〉 = 0. Thus the mappingP :

Pϕ = ψ1

defines the orthogonal projection fromH ontoM.
In particular we have

Pψ = ψ , for each ψ ∈M and Pψ = 0 if ϕ ∈M⊥ .

Observe also that ifP ∈ L(H) is a projector different from the zero operator then
‖P‖ = 1.

Let P1 andP2 be two distinct projections different from the zero operator on the
Hilbert spaceH. They aremutually orthogonalif and only if P1P2 = O, whereO
is the zero operator. If the projectorsP1 andP2 are mutually orthogonal, then they
commute, i.e.P1P2 = P2P1.

Proposition B.6 LetP1 andP2 be two mutually orthogonal projectors and letM1

andM2 be their respective associate subspaces. Then,M1 ∩M2 = {0}. Further-
more,M1 ⊂ M⊥

2 andM2 ⊂ M⊥
1 . Conversely, ifM1 ⊂ M⊥

2 , then,M2 ⊂ M⊥
1 ,

M1 ∩M2 = {0} andP1P2 = O.

Unbounded operators.

Assume till the end of this section thatH is an infinite dimensional Hilbert space.
An unbounded operatorA acts on the vectors of a dense subspace ofH called the
domainof A. This domain is denoted asD(A). Thus,A is a linear mapping from
D(A) onto itsrangeor the image spaceR(A). The range ofA is always a subspace
ofH becauseA is a linear mapping. In generalR(A) is not a subspace ofD(A) and
we have to take this in account if we want to define the powers ofA. Furthermore,
the intersection of two dense subspaces ofH is not, in general, dense and can even
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be as small as to contain the zero vector only. This should be considered if we want
to define the sum or the product of two unbounded operators.

LetA be an operator onH with the domainD(A). A is closedif and only if for
any sequence{ψn} of vectors inD(A) such that

ψn 7−→ ψ and Aψn 7−→ ϕ,

i.e., both sequences converge, we have:

ψ ∈ D(A) and Aψ = ϕ .

Observe that, ifA is continuous, it is closed. The converse is not true, because
for an unbounded operator, there exists convergent sequencesψn 7−→ ψ such that
the sequence of their images,{Aψn}, does not converge (otherwiseA would be
continuous).

LetA be an operator onH with the domainD(A). Thegraph, G(A), of A is the
subset ofH×H of elements of the form(ψ,Aψ), ∀ψ ∈ D(A).

Proposition B.7 LetA be an operator with the domainD(A) and the graphG(A).
A is closed if and only ifG(A) is closed.

Note thatG(A) is closed if for any sequence{ψn} such that

ψn 7−→ ψ and Aψn 7−→ ϕ ,

whereψ,ϕ ∈ D(A) we haveϕ = Aψ. Hence,(ψn, Aψn) 7−→ (ψ,Aψ) andG(A).

Theorem B.2 (Closed Graph Theorem)LetA be a closed operator with the domain
D(A) ≡ H. Then,A is bounded.

The above theorem shows that an unbounded operator can not act on the whole
Hilbert space. Its domain has to be always taken into account. In consequence some
concepts concerning bounded operators do not have a straightforward generalization
on unbounded operators. Below we define the adjoint of an unbounded operator and
introduce the important notion of self-adjointness.

LetA be an unbounded operator with the domainD(A). Consider the following
subspace ofH

D(A∗) := {ψ ∈ H : ∃ϕ ∈ H ; 〈ψ|Aφ〉 = 〈ϕ|φ〉 , ∀φ ∈ H} (B.12)

and the transformation:

A∗ψ = ϕ , ∀ψ ∈ D(A∗) (B.13)

A∗ is called theadjointof A andD(A∗) is thedomainof A∗.
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It is easy to see thatD(A∗) is a subspace ofH. Moreover, ifD(A) (the domain
of A) is dense inH thenA∗ is well defined linear operator onD(A∗). We want to
stress the fact that the denseness ofD(A) inH plays the crucial role in the definition
of the adjoint. Without the denseness ofD(A) we cannot guarantee the uniqueness
of the image ofψ byA∗.

We see that the adjointA∗ ofA is a linear mapping fromD(A∗) intoH and hence
an operator onH. However, its domainD(A∗) is not necessarily dense inH. In such
case, the adjointA∗∗ of A∗, does not exists.

Let us point out some simple properties of the adjoints of unbounded operators.

1. If A is bounded, thenD(A) = H. Consequently,D(A∗) = H.

2.-A∗ is always a closed operator. This property is even independent on whether
D(A∗) is dense inH or not. At this point, it is necessary to remark that for the most
general definition of closed and closable operator the denseness of its domain is not
needed.

3. If α ∈ Cl , then(αA)∗ = ᾱ A∗.

4. LetA andB be two operators onH with the respective domainsD(A) and
D(B). We say thatB extendsA if

D(A) ⊂ D(B) and Aψ = Bψ , ∀ψ ∈ D(A) .

ThusB extendsA if and only if the domain ofA is contained in the domain ofB and
A andB coincide on their common domain which isD(A). We denote this as:

A ≺ B .

If B extendsA then the adjoint ofA extends the adjoint ofB:

A ≺ B ⇒ B∗ ≺ A∗ .

5. We defined previously the sum and the product of bounded operators simply as
we do it in elementary algebra. This could be done because bounded operators are
defined on the entire Hilbert space. Since this is not the case for unbounded operators,
we have to be more careful in this case. For the sum of two operatorsA andB, it
seems natural to defineD(A + B) = D(A) ∩ D(B). We have mentioned that the
intersection of the domains of two bounded operators may not be dense, so thatA+B
will not have an adjoint in general. On the other hand, ifD(A + B) is dense inH
then(A+B)∗ exists and has the following property:

A∗ +B∗ ≺ (A+B)∗ .

6. Similarly, in order to define the productAB, we define first the domain ofAB:

D(AB) = {ψ ∈ H : ψ ∈ D(B) and Bψ ∈ D(A)}

If D(AB) is dense the adjoint ofAB exists and

B∗A∗ ≺ (AB)∗
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7. If α ∈ Cl , then,(A+ α I)∗ = A∗ + ᾱ I.

8. If D(A∗) is dense inH, thenA∗∗ exists andA ≺ A∗∗.

We have seen that, in the case of bounded operators,A is self-adjoint if and only if
〈Aψ|ϕ〉 = 〈ψ|Aϕ〉 for any pair of vectorsψ,ϕ ∈ H. This condition is however not
sufficient for an unbounded operatorA when only replacing the conditionψ,ϕ ∈ H
byψ,ϕ ∈ D(A). It follows from the definition of the domain ofA∗ that the identity
〈Aψ|ϕ〉 = 〈ψ|Aϕ〉, ∀ψ,ϕ ∈ D(A) implies thatD(A) ⊂ D(A∗) and nothing else.
To haveA = A∗, we must haveD(A) = D(A∗). An operatorA with the domain
D(A) dense inH is calledsymmetricif for anyψ,ϕ ∈ H, we have:

〈Aψ|ϕ〉 = 〈ψ|Aϕ〉

In other words,A is symmetric if and only ifD(A) ⊂ D(A∗).
An operatorA on the Hilbert spaceH is self-adjoint if and only if A = A∗.

EquivalentlyA is self-adjoint if and only ifD(A) = D(A∗) andAψ = A∗ψ, for any
ψ ∈ D(A∗).

We would like to end this section giving two important examples of unbounded
self-adjoint operators. Consider the Hilbert spaceH = L2(IR) and the subspace

D(Q) := {ϕ(x) ∈ L2(IR) / xϕ(x) ∈ L2(IR)}

This subspace is dense inL2(IR) because it contains the Hermite functions which
form a complete orthonormal system onL2(IR). Let us define the operatorQ :
D(Q) 7−→ L2(IR) as

Qϕ(x) := xϕ(x) , ∀ϕ(x) ∈ D(Q)

This operator is self-adjoint onL2(IR) and is called the one dimensionalposition
operator.

Now, letD(P ) be the vector space of all square integrable functions that admit
a derivative almost elsewhere with respect to the Lebesgue measure on the real line
and such that this derivative is also square integrable. Define

P ϕ(x) = −iϕ′(x) , ∀ϕ(x) ∈ D(P ) .

P is also self-adjoint operator onL2(IR). It is called the one dimensionalmomentum
operator.

The position and momentum operators can be easily generalized ton dimensions.
In this case

D(Q) := {ϕ ∈ L2(IRn) : xi ϕ(x) ∈ L2(IR3) i = 1, . . . , n} ,

wherex = (x1, . . . , xn). Then, we define thei-th component of the position operator
as

Qi ϕ(x) := xi ϕ(x) , ∀ϕ ∈ L2(IRn)
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The operatorsQ1, . . . , Qn are self-adjoint on their respective domainsD(Qi).
Similarly thei-th component of the momentum operator onL2(IRn) is given by

Pi = −i∂/∂xi.
Let us also note that neither position nor momentum operators are self-adjoint

when defined onL2
[a,b], where at least one of the ends of the interval is finite.

A self-adjoint operator, either bounded or unbounded does not have residual spec-
trum. The spectrum, which is a closed subspace of the real line and eventually may
coincide with the whole real line, is divided only into two categories: eigenvalues
and continuous spectrum.

LetH be a Hilbert space andP the class of projectors onH. A spectral measure,
E(·), on IR is a mapping from the set,B, of all Borel sets inIR:

E(·) : B 7−→ P (B.14)

associating toC ∈ B a projectorE(C) onH, such that:

i) E(IR) = I.

ii) If {C1, C2, . . .} is a sequence (finite or countably infinite) of Borel sets that are
pairwise disjoint, i.e.,:

Ci ∩ Cj = ∅ , i 6= j

then,

E(
N⋃
n=1

Cn) =
N∑
n=1

E(Cn) (B.15)

Here,N is the number (finite or infinite) of non-empty Borel sets in the sequence
{C1, C2, . . .} and the series converges in the strong operator sense.

Observe that (B.15) says that, if the Borel sets{C1, C2, . . .} are pairwise disjoint,
the strong sum

∑N
n=1E(Cn) is a projector. This can only happen if the projectors in

the sequence{E(Cn)} are pairwise orthogonal, which means that

E(Cn)E(Cm) = O , n 6= m

In particular, ifC andD are two disjoint Borel sets, then,E(C)E(D) = O.
There are some other consequences that immediately follow from the definition

of spectral measure, such as:
i) E(∅) = O
ii) If C ∩D are arbitrary Borel sets, we can prove thatE(C ∩D) = E(C)E(D).
Let E(·) be a spectral measure onIR. Thespectral familyof E(·) is the set of

projectors{Eλ}, indexed byλ ∈ IR and defined as:

Eλ := E(−∞, λ] (B.16)

Let E(·) a spectral measure and{Eλ} its corresponding spectral family. Then,
{Eλ} has the following properties:

i) If λ ≤ µ, thenEλ ≺ Eµ.
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ii) A spectral family is strongly continuous from the right, i.e.

Eλ = lim
µ 7→ λ
µ ≥ λ

Eµ (B.17)

and the limit is taken in the strong sense.

iii) The following limits hold:

E−∞ = lim
λ7→−∞

Eλ = O and E∞ = lim
λ7→∞

Eλ = I (B.18)

Conversely, if there is a mapping fromIR intoP, λ 7−→ Eλ, satisfying the above
properties, there is a unique spectral measureE(·) such that its spectral family coin-
cides with{Eλ}.

We will show now that spectral families determine self-adjoint and unitary opera-
tors.

Proposition S.37.- Let {Eλ} be a spectral family andψ ∈ H. Then,µ(dλ) :=
d〈ψ|Eλψ〉 is a measure onIR with µ(IR) = ||ψ||2.

The next result is one of the most important results on the theory of self-adjoint
operators:

Theorem B.3 (Spectral Decomposition Theorem for Self Adjoint Operators)Let
A be a self-adjoint operator onH. Then, there exists a spectral family{Eλ} such
that for anyψ ∈ D(A), we have that

〈ψ|Aψ〉 =
∫

IR

λ d〈ψ|Eλψ〉 (B.19)

Conversely, for any spectral family{Eλ}, there exists a unique self-adjoint operator
A such that (B.19) holds.

Formula (B.19) is often written as:

A =
∫

IR

λ dEλ (B.20)

For allψ ∈ D(A), the measuredµ(λ) := d〈ψ|Eλψ〉 vanishes outside the spectrum
σ(A) of A. For this reason, formula (B.19) can be written as

〈ψ|Aψ〉 =
∫
σ(A)

λ d〈ψ|Eλψ〉 (B.21)

or shortly

A =
∫
σ(A)

λ dEλ (B.22)



212 OPERATORS ON HILBERT AND BANACH SPACES.

The Stone theorem establishes that ifU(t), t ∈ IR is a one parameter group of
unitary operators such that for allt0 ∈ IR, limt7→t0 U(t) = U(t0) in the strong sense,
then, there is a self-adjoint operatorA such thatU(t) = eitA. If A is bounded then
the exponential operator can be defined as

eitA =
∞∑
n=0

(it)nAn

n!
, (B.23)

because the series on the right hand side converges uniformly. IfA is unbounded the
above definition is in general meaningless. However, we can give a meaning toeitA

by the means of functional calculus. Its main result is the following:

Theorem S.39.- Let f(λ) a bounded measurable complex valued function onIR.
Then, the symbolf(A) defined as:

〈ψ|f(A)ψ〉 =
∫

IR

f(λ) d〈ψ|Eλψ〉 (B.24)

represents a bounded operator onH which is self-adjoint if and only if the function
f(λ) is real.

Note that, sincef(λ) is bounded and the measuredµ(λ) = d〈ψ|Eλψ〉 is finite,
the integral in (B.24) always exists. Iff(λ) is not bounded, the integral in (B.24)
does not converge in general. Iff(λ) is real and the integral converges for any
ψ in a dense subspace ofH, f(A) defines a symmetric operator. This happens
for instance iff(λ) is a polynomial,f(λ) = λn + α1λ

n−1 + . . . + αn. Then,
f(A) = An + α1A

n−1 + . . .+ αn. In particular, iff(λ) = eitλ, we have:

〈ψ|eitAψ〉 =
∫

IR

eitλ d〈ψ|Eλψ〉 (B.25)

or briefly,

eitA =
∫

IR

eitλ dEλ (B.26)

A similar result holds for unitary operators:

Theorem B.4 (Spectral Decomposition Theorem for Unitary Operators) LetU be a
unitary operator. Then, there is a spectral family,{Eλ}, such that for anyψ ∈ H,
we have that

〈ψ|Uψ〉 =
∫

IR

eiλ d〈ψ|Eλψ〉 (B.27)

or briefly,

U =
∫

IR

eiλ dEλ (B.28)

The spectral family{Eλ} determines the unitary operator uniquely.

Summarizing, we see that (B.25) or (B.26) determines a group of unitary operators.
The spectral family{Eλ} determines a unique self-adjoint operatorA and a unique
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unitary operatorU . Therefore, they must be related and the relation is given by (B.26)
with t = 1, i.e.,U = eiA. Thus, for any unitary operatorU always exists a self-
adjoint operatorA with U = eiA and all self-adjoint operator can be exponentiated
(multiplied by imaginary uniti) to give a unitary operator.

This spectral decomposition theorem permits a new classification of the spectrum
of a self-adjoint operator. This is the subject of our next discussion.





Appendix C
Spectral analysis of
dynamical systems

In the previous section we characterized the ergodic properties of dynamical systems
in terms of the asymptotic behavior of evolution operators. On the other hand, it
is known that the full information about some properties of operators is contain in
their spectra. As spectral theory is a powerful tool in studying linear operators on
topological vector spaces it would be desirable to express also the ergodic properties
in terms of spectral theory.

In this section we shall present the basic facts concerning the relations between
ergodic properties of evolution operators and their spectral properties. We focus our
attention mainly on Kolmogorov systems as they play a prominent role throughout
this book. We shall also elaborate on this subjects in the next sections. Especially in
Section 6 which is devoted to exact systems.

If (X ,Σ, µ, {St}) is discrete time dynamical systems then its evolution is described
by a single Koopman operatorV = V 1 or its adjoint - the Frobenius-Perron operator
U = V ∗. Thespectrum of the evolution group{V n} is the spectrum of the operator
V .

If time is continuous and the transformationsSt are invertible then the family{Vt},
t ∈ IR, forms a group. Thespectrum of the evolution group{Vt} is the spectrum of
the self-adjoint generatorL, Vt = eitL. A similar approach can be applied whenSt
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are non-invertible and{Vt} is only a semigroup. While the correspondence between
unitary groups and self-adjoint generators is well known from the course of functional
analysis [Yo] (see also Section 2 and Section 14), the analogues correspondence for
evolution semigroup requires some comments.

If {Vt} is a continuous semigroup of contraction onLp, p ≥ 1, then its generator,
called also theinfinitesimal operatorA, is defined as

Aρ = lim
t→0

Vtρ− ρ

t
. (C.1)

where the limit is considered in the sense ofLp-norm. The domainD(A) of A
consists of thosef ∈ Lp, for which the limit in (C.1) exists. It can be proved that
D(A) is dense inLp and{Vt} is related toA by the relation

Vt = e−tA
df= s. lim

n→∞

(
1 +

t

n
A

)−n
.

In addition the resolvent set ofA contains the negative half-axis(−∞, 0) and

‖(A+ λI)−1‖ ≤ 1
λ
, λ > 0

Conversely ifA in an arbitrary operator densely defined onLp satisfying the above
condition imposed on its resolvent then it is a generator of a semigroup of contractions.
The interested reader can find the proof of the above mentioned fact, and many other
related results, in the monographs [HiPh,Yo]. A valuable information about the
generators of dynamical semigroups can be found in [LM].

Let us concentrate now on the spectral description of ergodic properties of in-
vertible dynamical system. We assume, as usually, that the underlying measure is
normalized and invariant with respect to the group transformations of the phase space.

In this case the evolution operator are unitary and the description of spectra intro-
duced in Section 2 can be applied. The spectrum of an arbitrary group of evolution can
have all three parts point spectrum, singular continuous and absolutely continuous.
However, the ergodic properties imposes additional conditions, which we present
below.

(I) Ergodicity
Ergodicity of a dynamical system amounts to imposing additional condition on the
discrete part of the spectrum. In the case of discrete time ergodicity is equivalent
to the condition that1 is a simple eigenvalue of the Koopman operatorV . Indeed,
ergodicity, in terms of evolution operators, means that the onlyV invariant functions
are constants. Thus forρ constantV ρ = ρ, which implies that1 is an eigenvalue. This
eigenvalue is simple because the dimension of the subspace consisting of constant
functions is1. A dynamical system with continuous time is ergodic if and only if0
is a simple eigenvalue of the infinitesimal generatorL.

It is worth to stress that ergodicity is the weakest ergodic property among that
introduced in Section 2. Observe also that because1 is always an eigenvalue of the
evolution operators, we can decompose the Hilbert spaceL2

X as the orthogonal sum
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L2
X = H⊕ [1], where[1] denoted the linear space spanned by constants. Now we can

ask about the spectral properties of the evolution operators onH. Ergodicity does
not imposes any additional condition but, as we shall see below, stronger ergodic
properties do. In contrast, the spectrum of the evolution operator restricted toH
is, for stronger ergodic properties, at least continuous. This is the reason that the
operator evolution groups and associated time operators are usually considered as
acting on spaceH - the orthogonal complement of constants. Thus the expression
that a dynamical group has, for example, continuous spectrum will always refer to
the spaceH.

(II) Weak mixing
A dynamical system is weakly mixing if and only if the evolution group has continuous
spectrum.

We shall give a sketch of the proof that weakly mixing systems have continuous
spectra. Another, and complete, proof of this implication, as well as, the proof of the
converse implication can be found in [Ha].

Consider a discrete time dynamical system and the Koopman operatorV . Then
consider the sequence

cn(ρ) = (V nρ, ρ) .

Recall that a unitary operator has the representation

V n =
∫ 2π

0

eiλn dEλ, for each n ∈ ZZ

where{Eλ}λ∈[0,2π], is a resolution of identity (see Section 2). Thus

cn(ρ) = 〈V nρ, ρ〉 =
∫ 2π

0

einλ d〈Eλρ, ρ〉

are the Fourier-Stieltjes coefficients of the non-decreasing functionGρ : λ 7−→
〈Eλρ, ρ〉.

If the system is weakly mixing then

lim
n→∞

1
2n+ 1

n∑
k=−n

|cn(ρ)| = lim
n→∞

1
2n+ 1

n∑
k=−n

|(V nρ, ρ)| = 0

for eachρ ∈ H (i.e.
∫
X ρ dµ = 0)

Now by the classical results concerning Fourier-Stieltjes coefficients (see [Zy, III,
9.6]) the functionGp is continuous everywhere on[0, 2π]. If time is continuous then
the unitary group has the spectral representation

Vt =
∫ ∞

−∞
eitλdEλ .
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For a givenρ ∈ H the expression

〈Vtρ, ρ〉 =
∫ ∞

−∞
eitλd〈Eλρ, ρ〉

is nothing but the Fourier-Stieltjes transform of the functionλ 7−→ 〈Eλρ, ρ〉. Now, if
F (x) is a function of bounded variation andφ(s) its Fourier-Stieltjes transform then
the condition

lim
M→∞

1
M

∫ M

−M
|φ(s)| ds <∞

is necessary and sufficient forF (x) to be continuous ([Zy, XVI, 4.19]). This proves
the equivalence between weak mixing and continuous spectrum for continuous time.

The continuity of the distribution functionGp implies that the measureσρ deter-
mined byGρ is continuous. This means that in the Jordan decomposition ofσρ the
discrete component is0.

Measureσρ is called thespectral measureof the “vector"ρ ∈ H.

(III) Mixing
A dynamical system is mixing iflimt→∞(ρ1, Vtρ2) = 0 for eachρ1, ρ2 ∈ H. It is
therefore obvious that mixing system is also weakly mixing. That the converse is not
true has been shown by Kakutani (LNM318). In consequence the dynamical group
{Vt} has continuous spectrum onH.

It is easy to see that a sufficient condition for mixing is that{Vt} has absolutely
continuous spectrum. Indeed if this is the case then the derivatived〈Eλρ,ρ〉

dλ exists for
almost allλ ∈ IR. Thus applying the Riemann-Lebesgue Lemma we obtain

〈ρ, Vtρ〉 =
∫ ∞

−∞
eitλ

d〈Eλρ, ρ〉
dλ

dλ→ 0 as t→ ±∞ .

The condition that{Vt}has absolutely continuous spectrum is, however not necessary.
The complete characterization of the ergodic property of mixing has been obtained in
recent years. For this reason we include it here although it is not directly connected
with time operators.

Consider, an abstract unitary groupVt = eitL acting on a Hilbert spaceH, gener-
ated by the self-adjoint operatorL with spectral family{Eλ}:

L =
∫ ∞

−∞
λ dEλ .

Denote byHp the closed linear hull of all eigenvectors ofL. The continuous subspace
of L is the orthocomplement ofHp: Hc = H 	 Hp. Recall that the singular
continuous subspaceHsc ofHc consists of allf ∈ Hc for which there exists a Borel
setB0 of Lebesgue measure zero such that

∫
B0
dEλf = f . By Hac = Hc 	 Hsc
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we shall denote the absolutely continuous subspace ofHc. Recall also thatHp,Hc,
Hsc andHac are closed linear subspaces ofH which reduce the operatorL and that
H = Hp ⊕Hac ⊕Hsc.

The spectra of the corresponding reductions ofLwill be called respectively point,
continuous, singular continuous and absolutely continuous spectrum ofL, and will be
denoted byσp(L), σc(L), σsc(L) andσac(L) correspondingly [Wa] (for more details
see [Weid,Kato].

Letµ = µh denotes, for a givenh ∈ H, the spectral measure onσ(L) determined
by the nondecreasing function

Fh(λ) = 〈h,Eλh〉 , for λ ∈ IR .

Let h = hp + hac + hsc be the decomposition ofh corresponding to the direct sum
Hp ⊕ Hac ⊕ Hsc. Puttingµp = µhp , µac = µhac andµsc = µhsc we obtain the
Jordan decomposition ofµ

µ = µp + µsc + µac (C.2)

onto the point, singular continuous and absolutely continuous component.
It turns out that it is possible to obtain further refinement of the spectral decompo-

sition ofL or, equivalently, the group{Vt}. Let us call thedecaying elementsthose
elementsh ∈ H which satisfy

(h, Vth) −→ 0 , as t→∞ .

and denote byHD
sc the set of all decaying elements in the singular continuous subspace

Hsc. The spaceHD
sc consists of all vectorsh ∈ Hsc such that the corresponding

measureµ = µh is singular with respect to the Lebesgue measure and its Fourier
transform is 0 in infinity. An important result is thatHD

sc is a closed linear subspace
Hsc. MoreoverHsc reducesL, i.e. the action ofL does not lead out of the spaceHD

sc:

L(D(L) ∩HD
sc) ⊂ HD

sc ,

whereD(L) is the domain ofL.
Let us also introduce the spaceHND

sc of all h ∈ Hsc such that any measureν which
is absolutely continuous with respect toµh does not decay. The spaceHND

sc will be
called the space ofnon decaying singular elements. The spaceHND

sc also reducesL.
This leads to the direct sum decompositionHsc = HD

sc⊕HND
sc and, consequently, to

the following direct sum decomposition of the whole spaceH:

H = Hp ⊕Hac ⊕HD
sc ⊕HND

sc . (C.3)

Therefore denoting the corresponding spectra of reduced operators byσp,σac,σD
sc and

σND
sc respectively we obtain a new decomposition of the spectrumσ of any self-adjoint

operator which is the missing necessary fact to describe mixing and decay:

σ = σp ∪ σac ∪ σD
sc ∪ σND

sc .
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We are therefore led to the following definitions:

HD = Hac ⊕HD
sc the space of decaying elements with respect toVt

HND = Hp ⊕HND
sc the space of non-decaying elements with respect toVt

σD = σac ∪ σD
sc the decay spectrum ofL or Vt

σND = σp ∪ σND
sc the non-decay spectrum ofL or Vt

and to the following spectral characterization of mixing:

Theorem C.1 A dynamical system is mixing if and only if its group of evolution
{Vt}t∈IR onH = L2 	 {1} has purely decaying spectrum, i.e.

σ(L) = σD = σac ∪ σD
sc . (C.4)

(IV) Kolmogorov systems
We begin with K-systems, i.e. discrete time Kolmogorov systems. LetS : X → X
be an invertible measure preserving transformation andΣ0 a distinguishσ-algebra.
Then the family ofσ-algebrasΣn = S(Σ0), n ∈ ZZ, satisfies the three conditions
characterizing K-system. Let us denote byL2

X (Σn) the subspace ofL2
X (= L2

X (Σ))
consisting of all functionsf ∈ L2

X which areΣn measurable.
For K-systems it is more convenient to consider the Frobenius-Perron operatorU ,

Uρ(ω) = f(S−1ω), because the increasing order.

U(L2
X (Σ0)) = L2

X (Σ1)

is preserved and because we will be interested in the evolution of densities as time
goes to∞.

Denote byH the orthogonal complement of constants inL2
X and byH0 the space

Ho = L2
X (Σ0)	 L2

X (Σ−1) .

In particular,H0 is also orthogonal to constants. Let

Hn
df=U(H0) ,

then

L2
X = H⊕ [1] =

∞⊕
n=−∞

Hn ⊕ [1] .

Thus the operatorU is a bilateral shift on the spaceH (for more detailed information
about shift operators see Section 5). The spaceH0 is the generating space for this
shift. For any orthonormal basis{φk}k∈K in H the shifts{Unφk}k∈K form an
orthonormal basis inHk. The whole familyUnφn, n ∈ ZZ, k ∈ K, is an orthogonal
basis ofH. We, of course, assume that all considered Hilbert space are separable. In
the case of anL2-space its separability is equivalent to separability of the underlying
measure space.
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The dimension of the orthogonal basis of the spaceH0 is called themultiplicity
of the shiftU . We shall show now that for K-systems the multiplicity of the shift
is always (countably) infinite. First let us note, however, that the measure space
(X ,Σ, µ) is non-atomic. Recall that the setA ∈ Σ is called an atom ofµ if A 6= ∅
and for eachB ⊂ A eitherB = ∅ or B = A. Suppose then thatA is an atom and
consider the setsA ∩ S−n(A), n = 1, 2, . . .. It must be eitherA ∩ S−n(A) = ∅ for
eachn or A ∩ S−n0(A) = A for somen0. The first case must be excluded, since
otherwise we would have

∅ = S−m(∅) = S−m(A ∩ S−n(A)) = S−m(A) ∩ S−(m+n)(A) ,

for eachm = 1, 2, . . .. This would mean that the setsS−k(A), k = 1, 2, . . . are
pointwise disjoint, which would imply

1 = µ(X ) ≥ µ(S−1(A) ∪ S−2(A) ∪ . . .)
= µ(S−1(A)) + µ(S−2(A)) + . . .
= µ(A) + µ(A) + . . .
= ∞ .

The second case means thatS−n0(A) ⊃ A. Thus, by the invariance ofS,

S−n0(A) = A ∪N ,

whereµ(N) = 0. Similarly,S−kn0(A) = A∪Nk, wherek = 2, 3, . . . andµ(Nk) =
0. Since we assume that considered measures are complete,A ∈

⋂
n Σn. As the

latter intersection is the trivialσ-algebra,µ(A) = 1 but that would mean that the
wholeX is an atom and that(X ,Σ, µ) is trivial.

If a measure space is non-atomic then the Hilbert space of all square integrable
functions is infinite dimensional. We can prove now the following:
Lemma. Let (X ,A, µ) be a probability space andB a proper non-atomic sub-σ-
algebra ofA. Then the spaceL2

X (A)	 L2
X (B) is infinite dimensional.

Proof. SinceB is a proper sub-σ-algebra ofA there exists a functionf ∈ L2
X (A)

which is notB-measurable, i.e.E(f |B) 6= f on some setB ∈ B, µ(B) > 0.
Therefore the function

g
df= [f − E(f |B)]1lB

is correctly defined and orthogonal toL2
X (B). Indeed, ifh ∈ L2

X (B) then∫
X
ghdµ =

∫
X
E(gh|B) dµ

=
∫
X
h1lBE(f − E(f |B)) dµ

= 0 .

Consider now the spaceL2
B(B) of all functions defined onB, measurable with respect

to theσ-algebraB restricted toB and square integrable. Because theB is non-atomic
there exists a sequenceCn, n = 1, 2, . . ., of pairwise disjoint andB-measurable
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subsets ofB such thatµ(Cn) > 0, for eachn. Then puttinggn = g1lCn we obtain
infinitely many linearly independent functions in the spaceL2

X (A)	 L2
X (B).

Applying the above Lemma to the family of Hilbert spacesHn = L2
X (Σn) 	

L2
X (Σn−1), we conclude that the multiplicity of the bilateral shiftU is infinite. The

K-system has therefore the following property:

There exists an orthogonal basis ofL2
X formed by the function1 and by the

functionsfk,n, wherek = 1, 2, . . ., n ∈ ZZ such that

Ufk,n = fk,n+1, for every k, n .

In general, it is said that a dynamical system having the above property has the
uniform Lebesgue spectrum with (countably) infinite multiplicity.

A similar spectral characterization can be obtained for K-flows. We have the
following:
TheoremThe unitary group{Ut} on the spaceL2

X (Σ)	 [1] has a uniform countable
Lebesgue spectrum.

The term spectrum of{Ut} in the above theorem refers to eachUt, t 6= 0, sepa-
rately. For the proof of this theorem see [KSF]. Here we would like to comment on
the terminology Lebesgue spectrum.

Let Ut =
∫∞
−∞ eitλdGλ be the spectral resolution of the unitary group{Ut}.

Consider an arbitraryρ ∈ H and the cyclic spaceC(ρ) spanned by allUtρ, t ∈
IR. Vectorρ corresponds to the spectral measureσρ on the Borelσ-algebra onIR
determined by the functionλ 7−→ 〈Gλρ, ρ〉. Any other vectorρ1 ∈ C(ρ) corresponds
to the measureσρ1 , which is absolutely continuous with respect toσρ. LetEs be the
orthogonal projection on the spaceL2

X (Σs)	 [1], s ∈ IR. Then, as it was shown in
Proposition 1, we have the imprimitivity condition:

Es+t = UtEsU−t .

Note that for eacha ∈ IR the translation of the measureσρ by a, i.e. σρ(· + a)
corresponds to the function

λ 7−→ 〈Eλ+aρ, ρ〉 .

But, by the imprimitivity condition

〈Eλ+aρ, ρ〉 = 〈EλU−aρ, U−aρ〉 .

SinceU−aρ ∈ C(ρ), for eacha ∈ IR, all the translationsσρ(· + a) are absolutely
continuous with respect toσρ. This implies thatσρ is equivalent to the Lebesgue
measure. This justifies the use of the term Lebesgue spectrum.
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trajectory dynamics,Proc. Natl. Acad. Sci. USA909393-9397.

173. Petrosky, T., and I. Prigogine (1994), Quantum chaos, complex spectral repre-
sentations and time-symmetry breaking,Chaos Solitons and Fractals4311-359.

174. Petrosky, T., and I. Prigogine (1996), Poincaré resonances and the extension of
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