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Introduction

In recent years there appeared a new powerful tool in spectral analysis and prediction
of dynamical systems — the time operator method. The power of this method can
be compared with Fourier analysis. It the allows spectral analysis of all dynami-
cal systems for which the time evolution can be rigorously formulated in terms of
semigroups of operators on some vector space.

Time operator has been introduced by B. Misra and I. Prigogine [Mi,Pr] as a self-
adjoint operatofl” on a Hilbert spacé{ which is associated with a groudp; }icr
of bounded operators o, called the group of evolution, through the commutation
relation

VTV, =T 4+ t1. (1.1)

One of the reasons why time operators are important is that the knowledge of the
spectral resolution of a time operator, for example the knowledge of the complete
family of its eigenvectors, allows to decompose each state on its age components.
Because of (I.1) the evolution of a statés then nothing but a shift of its age com-
ponents.

Rescaling the age eigenvalues, i.e. the internal time of a dynamical system, we
can get different kinds of evolutions. This idea has been exploited in the Misra-
Prigogine-Courbage theory of irreversibility [MPC] that reconciles the invertible uni-
tary evolution of unstable dynamical systems with observed Markovian evolution and
the approach to equilibrium.

Time operator has been originally associated with a particular class of dynamical
systems called K-systems. The Hilbert space on which it was defined was the space
L? of square integrable functions defined on the phase space of a dynamical system.

Xii



Xiv INTRODUCTION

The condition that a dynamical system is a K-system is sufficient for the existence
of a time operator but not necessary. It is also possible to define time operators for
larger classes of dynamical systems such as exact systems [AStime,ASS].

Although the time operator theory has been developed for the purpose of statistical
physics its applications and connections have gone far beyond this field of physics.
One of such application is a new approach to the spectral analysis of evolution semi-
groups of unstable dynamical systems. Associating time operator with a large class of
stochastic processes we can see the problems of prediction and filtering of stochastic
processes from a new perspective and connect them directly with physical problems.
In this article we shall present an interesting connection of time operator with approx-
imation theory.

The first connection, although indirect, of the time operator with the approximation
theory has been obtained through wavelets [AnGu,AStime]. An arbitrary wavelet
multiresolution analysis can be viewed as a K-system determining a time operator
whose age eigenspaces are the wavelet detail subspaces. Conversely, inthe case of the
time operator for the Renyi map the eigenspaces of the time operator can be expanded
from the unitinterval to the real line giving the multiresolution analysis corresponding
to the Haar wavelet. However, the connections of time operator with wavelets are
much deeper than the above mentioned. As we shall see later time operator is in fact
a straightforward generalization of multiresolution analysis.

In order to connect time operator with approximation it is necessary to go beyond
Hilbert spaces. One of the most important vector spaces from the point of view of
application is the Banach spac€g, ;) of continuous functions on an interval, b].

The space of continuous functions plays also a major role in the study of trajectories
of stochastic processes.

Time operator can be, in principle, defined on a Banach space in the same way
as on a Hilbert space. However its explicit construction is in general a non-trivial
task. Having given a nested family of closed subspaces of a Hilbert space we can
always construct a self-adjoint operator with spectral projectors onto those subspaces.
This is not true in an arbitrary Banach space. The reason is that it is not always
possible to construct an analog of orthogonal projectors on closed subspaces. Even
if a self-adjoint operator with a given family of spectral projectors is defined it can
appear additional problems associated with convergence of such expansion and with
possible rescalings of the time operator.

For some dynamical systems associated with maps the time operator can be ex-
tended from the Hilbert spade® to the Banach spack”. This can be achieved by
replacing the methods of spectral theory [MPC,GMC], by more efficient martingales
methods. For example, for K-flows it is possible to extend the time operator from
L? to L' including to its domain absolutely continuous measures on the the phase
space [SuL1,Su]. Martingales methods can not be, however, applied for the space of
continuous functions.

In this book we discuss connections of time operator with wavelets, especially
those restricted to the inten@l, 1], and the corresponding multiresolutions analysis.
We establish a link between the Shannon sampling theorem and the eigenprojectors
of the time operator associated with the Shannon wavelet. We construct the time
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operator associated with the Faber-Schauder system on the Gpacend study

its properties. Such time operator corresponds to the interpolation of continuous
functions by polygonal lines. We give the explicit form of the eigenprojectors of
this time operator and characterize the functions from its domain in terms of their
modulus of continuity.






Predictability and
innovation

Consider a physical system that can be observed through time varying quantities
wheret stands for time that can be discrete or continuous. Théwsétcan be a
realization of a deterministic system, e.g. a unique solution of a differential equation,
orastochastic process. Inthe later case eatda random variable. We are interested
in the global evolution of the system, not particular realizatiengrom the point of
view of innovation. We call the evolutiannovativeif the dynamics of the system is
such that there is a gain of information about the system when time increases. Our
purpose is to associate the concept of internal time with such systems. The internal
time will reflect about the stage of evolution of the system.

The concept of innovation is relatively easy to explain for stochastic processes.
Consider, for example, the problem of prediction of a stochastic pra€ess{ X, }.
We want to find the best estimation of the valueX; in momentt,, knowing some
of the valuesX for s < ty. If we can always predict the valug,, exactly, i.e. if
X = X,, then we can say that there is no innovation. If, on the other Basél X,
and if, fors; < s,, the predictionX = X(s,) based on the knowledge &f; for
t < s is “better” than the predictiodi’ = X(sl) then we shall call such process
innovative. As an example consider stochastic pro€&sg whereX,, is the number
of heads aften independent tosses a coin. Suppose we know, say, the values of the
first V tosses, i.e.x1,...,zy and want to predict the random variabiey  ,
M > 1. Because of the nature of this proce§X | } has independent increments)
the best predictionX’ will not be exact,X # Xy.,a. Moreover, knowing some
further values of X, }, sayz 1, we can improve the prediction of .

Consider now a deterministic dynamical system in which points of the phase space
evolve according to a specified transformation. It means that the knowledge of the
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positionz,, of some point at the time instatif determines its future positions for

t > to. Inprinciple, there is no place for innovation for such deterministic dynamical
system. Let us however, consider two specific examples. Consider first the dynamics
of pendulum (harmonic oscillator). The knowledge of its initial positigrand the
direction of the movement at= 0 allows to determine all the future positioms.

It is obvious that, in this case, the knowledgewgf for 0 < s < ¢ carries the same
information about the future positian asxy. Thus there is indeed no innovation in

this dynamical system.

As another example consider billiards wheredenote the position of some se-
lected ball at the moment In principle, the same arguments as for pendulum can be
applied. According to laws of classical mechanics the knowledge of the initial posi-
tion and the direction of the ball at= 0 determines its position at any time instant
t > 0 (we neglect the friction). This is, however, not true in practice. Contrary to the
harmonic oscillator the dynamics in billiards is highly sensitive on initial conditions.
Even a very small change of initial conditions may lead very fast to big differences
in the position of the ball. Compare, for example, 10 swings of the pendulum and
10 scattering of the billiards balls and suppose that in both cases it requires the same
amount of timety. In the case of pendulum we can predict with same accuracy the
positionxy, 4+ if 24, is known to any given accuracy, while in the case of billiards
this is impossible in practice because initial accuracy can get amplified due to sensi-
tivity on initial conditions. It is also obvious that the additional knowledge, say the
position of the ball after 5 scattering will improve significantly our prediction.

The above examples show that while there is no innovation in the harmonic oscil-
lator there must be some intrinsic innovation in highly unstable systems like billiards.
Innovation is also connected with the observed direction of time. Indeed, suppose
that knowing the positior:; of an evolving point at the time instantwe want to
recover the position s, for somes < ¢. This is possible for harmonic oscillator but
for billiards, because of sensitive dependence on initial conditions such time reversal
is practically possible only for short time intervals- s.

Our aim is to introduce criteria that will allow to distinguish innovative systems.
Then we shall show that systems with innovations have their internal time that can be
expressed by the existence of time operator. First, however, let usintroduce rigorously
some basic concepts and tools.

1.1 DYNAMICAL SYSTEMS

An abstract dynamical system consists of a phase spaoé pure states: and a
semigroup (or group)S; } <y of transformations oft’ which describes the dynamics.

We assume that’ is equipped with a measure structure, which means that it is given
ac-algebraX of subsets oft and a finite measure on (X, ). The variable € I,

which signifies time, can be either discrete or continuous. We assume that either
I =7ZorI =INU {0}, for discrete time, and = IR or I = [0, o), for continuous

time.
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For a given state € X the function
I>t— SixreX

is the evolution of the point (pure state) in time. We assume ti&atr = x, i.e. Sy
is the identity transformation of’. The semigroup property means that

St1+t2 = St1 o St2 s for all t1,to €1,

whereo denotes the composition of two transformations. The semigroup property
is the reflection of the physical property that the lows governing the behavior of the
system do not change with time. {5;} is a group then all the transformations are
invertible and we haveé; ! = S_,. If this holds then we say that the dynamics on
the phase spacesrisversible(or that the dynamical system is reversible).

Every transformatiors; is supposed to be measurable. If time is discrete,li.e.
is a subset of integers, then we shall consider a single transforntatiory; instead
of the group{S;} because, according to the semigroup property we have

S,=510...08 =8".
————
(n—times)
If time is continuous then we assume additionally that the map
XxI>(z,t)— SizeX

is measurable, where the product space is equipped with the predigebra of:
and the Boreb-algebra of subsets dft

Especially important from the point of view of ergodic theory are the dynamical
systems withmeasure preservingansformations. This means that for each

w(S;A) = pu(A), forevery A€ X,

In particular, for reversible systeffs,} is the group of measure automorphisms. In
the case:(X) = 1 the measurg represents aaquilibrium distribution

Throughout this book it will be usually assumed that the meagugeinvariant
with respect to the semigroufb;} although we do not want to make such general
assumption. However, we shall always assume that eSeiy nonsingular This
means that ifA € X is such thap(A) = 0 then alsqu(S; *A) = 0.

An important class of dynamical system arises from differential equations. For
example, suppose it is given a system of equations:

dz; .
Y By(xy,...,aN),i=1,...,N (1.1)
dt
wherezx, = xzx(t), k = 1,..., N are differentiable real or complex valued function
on[0,00) andF;, i = 1,..., N real or complex valued functions dR". Suppose
that for each(z9,...,z%;) € R there exists a unique solutidm, (¢),...,zy(t))

of the system (1.1) that satisfies the initial condition

(x1(0),...,z5(0) = (29,...,2%).
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Then we can define the semigro{if;} of transformations ofR”" by putting
S(xV, .. 2%) = (21(t), ..., 2N (), fort > 0.

To be more specific, let us consider a physical system consisting pérticles

contained in a finite volume. The state of the system at tican be specified by the

three coordinates of position and the three coordinates of momentum of each particle,

i.e. by a pointinR®". Thus the phase space is a bounded subgeVadimensional

Euclidean space. Simplifying the notation, let the state of the system be described by

a pair of vectorgq, p) whereq = (q1,...,q9n),p = (p1,-...,pn), thus by a pointin

IR?N. Assume further that it is given a Hamiltonian function (shorthyamiltonian)

H(q, p), which does not depend explicitly on time, satisfying the following equations:
8qk OH apk OH

= =—— =1,...,N 1.2
ot 3171@7 ot aqkak ’ ’ ( )

Ifthe initial system state at= 0is (¢, p), then theHamilton equation§l.2) determine

the state; (¢, p) atany time instant Thisis the result of the theorem on the existence
and unigueness of the solutions of first-order ordinary differential equations. In other
words, the Hamiltonian equations determine uniquely the evolution in time on the
phase space.

It follows from the Hamiltonian equations théalti = 0. This implies that the
dynamical system is confined to a surfacdif" that corresponds to some constant
energyE. Such surface is usually a compact manifoldi&". Moreover it follows
from theLiouville theorenmthat the Hamiltonian flow{ S, } preserves the Lebesgue
measure on this surface.

1.2 DYNAMICAL SYSTEMS ASSOCIATED WITH MAPS

There is a large class of dynamical systems associated with maps of intervals. The
dynamics of such a system is determined by a funclipmapping an intervgh, b]

into itself. The phase spac® is the intervalla, b] and the dynamical semigroup
consists of transformatiors,:

Sp(x)=8o0...05(x),n=1,2...,8 =1
—_————
(n—times)
The time is, of course, discrete = 1,2.... If the mapsS is invertible, then the

family {S,, } ez forms a group. The general assumption is that the SapBorel
measurable but in specific examplgsurns out to be at least piecewise continuous.

Some dynamical systems associated with maps can be used as simplified models
of physical phenomena. However one of the reasons for the study of such dynamical
system is their relative simplicity. This allows to obtain analytical solutions of some
problems, in particular, to test new tools of the analysis of dynamical systems. One of
such tools is the time operator method that will be also tested on dynamical systems
associated with maps.
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We begin the presentation of dynamical systems arising from maps with, perhaps
the simplest one, the Renyi map.

Renyi map
TheRenyi mapsS on the interval0, 1] is the multiplication by 2, modulo 1.

Sz =2z (mod 1) .
A slightly more general is thg-adic Renyi map
Sz = fz (mod 1), (1.3)

whereg is an integerg > 2.

The measure space corresponding to the dynamical system determined by the
Renyi map consists of the inten@l= [0, 1], the Borelo-algebra of subsets ¢, 1]
and the Lebesgue measure. It can be easily verified that the Lebesgue measure is
invariant with respect ts'.

Logistic map
TheLogistic maps the quadratic map

Sz =rz(l—2x) (1.4)

on the interval0, 1], wherer is a (control) parametef) < r < 4. Actually (1.4)
defines the whole family of maps which behavior depends on the control parameter
r. This behavior ranges from the stable contractive,fer 1, to fully chaotic, for

r = 4. For athorough study of the logistic map we refer the reader to Schuster (1988).
The logistic map has many practical applications. For example, in biology where it
describes the growth of population in a bounded neighborhood. In this book we shall
only consider the case of fully developed ch&os= 4). The map

Sx=4x(1—z), x € [0,1]
is “onto” and admits an invariant measure with the density function

1

f(x)zﬂim-

Cusp map
Thecusp maps defined as the mag interval[—1, 1]

Sz =1-2/z]. (1.5)

This map is an approximation of the Poingaection of the Lorentz attractor. The
absolutely continuous invariant measure of the cusp map has the density

_l—ac

fla)=——.
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A characteristic feature of the Renyi, logistic and the cusp map is that all these maps
of the interval are noninvertible. Let us present now one of the simplest invertible
chaotic map.

Baker transformation
Let the phase space will be the unit squate= [0, 1] x [0, 1]. Define

(2x,g), for0§x<%,0§y§1

S(‘Tvy) =

1
(21;—1,?;4—2) , forégxgl,ogygl.

The action ofS can be illustrated as follows. In the first st&jgompresses the square

X along they-axis by and stretched’ along thez-axis by 2. Such compressed and
stretched rectangle is then vertically divided on two equal parts and the right-hand
part is placed on the left hand part. The inverse of the baker transformation

(g,Qy), for0§x<l,0§y<%
SNz, y) = .
(§+2,2y—1> L for0<z<l lay<t.
is defined everywhere o’ except the lineg = % andy = 1, i.e. except the set
of the Lebesgue measure 0. Thus taking as a measure space the unitsquitre
the Borelo-algebraX and the planar Lebesgue measprave obtain a reversible
dynamical systendX’, 3, u; {Sn }nez). It can be also shown easily (see LM), what
is obvious from the above illustration, that the baker transformation is invariant with
respect to the Lebesgue measure.
Further examples of dynamical systems will appear successively in this book. Now
we shall introduce the basic tools that will allow to study their behavior and introduce
the ergodic hierarchy.

1.3 THE ERGODIC HIERARCHY

The time evolution of dynamical systems can be classified according to different
ergodic properties that correspond to various degree of irregular behavior. We shall
list below the most significant ergodic properties. A more detailed information can
be found in textbooks on ergodic theory (Halmos 1956, Arnold and Avez 1968, Parry
1981, Cornfeld et al. 1982).

Let us consider a dynamical systé, 3, 11, {S; }+cr), where the measurne is
finite andsS; - invariant, for everyt € I. We shall distinguish the following ergodic
properties:

() Ergodicity
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Ergodicity expresses the existence and uniqueness of an equilibrium measure. This
means that for any there is no nontrivials;-invariant subset of’, i.e. if for some
telandA € ¥ Si(A) = A p-a.e., then eithen(A) = 0 or u(A) = 1. The
ergodicity is equivalent to the condition

tim [ a7 AN B) = p(Au(B), (1.6)
0

T—+00 T

forall A, B € X. If time is discrete then condition (1.6) has to be replaced by:

Tim 137 (575 (4) 0 B) = p(A)u(B). w7
k=0

(1) Weak mixing
Weak mixing is a stronger ergodic property than ergodicity. The summability of
the integral in (1.6) is replaced by absolute summability

i+ [ S (A4) 0 B) — (B =0 (L8)

n—1
lim_ > u(STH(A) N B) = u(A)u(B)| =0, forall A,B€X.  (19)
n=0

Note that condition (1.7) means the Cesaro convergence of the sequgf8cé (A)N
B)}. Similarly, condition (1.9) means the absolute Cesaro convergence of this se-
quence.
It is also interesting to note that condition (1.9) can be equivalently expressed as
follows. Foreachd, B € ¥
lim p(S™"(A)NB) = p(A)u(B), (1.10)

n— oo

n¢J

whereJ is a set of density zero, which may vary for different choideendB. Recall
that a set/ CIN has density zero if

o card(J N{l,...,n})

n— o0 n

=0.

Condition (1.10) has a straightforward generalization that leads to a stronger ergodic
property, which is called mixing.

(1) Mixing
Mixing means that

lim p(S™"(A) N B) = pu(A)u(B), (1.11)

n—oo
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for all A, B € X. For continuous time mixing means that

lim 1u(S;7'(A4) N B) = p(A)u(B).

t—o0o

The above three ergodic properties has been formulated regardless the transforma-
tions of the phase space are invertible or not. We introduce below two more ergodic
properties that are complementary to each other. First property involves only non
invertible transformations the second invertible transformations.

(IV) Exactness
A semigroup{S, };>o of measure preserving transformation is called exact if

()5 () is the trivial o—field, (1.12)

t>0

i.e. consists only of the sets of measure 0 or 1. Itis obvious that condition (1.12) is the
same for both discrete and continuous time. An equivalent condition for exactness
is the following. Suppose that the measures normalized, i.eu(X) = 1, and let
{S:}+>0 be a semigroup of measure preserving transformations such{hét €

for A € . Then the dynamical system is exact if and only if

tlim w(S:(A) =1, forall Ae X, u(4) >0. (1.13)

It can be proved (see Lasota and Mackey 1994) that exactness implies mixing. This
property will also follow from the equivalent characterizations of ergodic properties
that will be presented below.

(V) Kolmogorov systems

The termKolmogorov systemvill mean either a K-flow, when time is continuous, or
a K-system, when time is discrete. An invertible dynamical syseri, .i,{.S: }+an

is called theX-flowif there exist a sulr-algebra>, of ¥ such that forx, A S(Xo)
we have

(i) X € 3y, foralls < t,s,t €R

(i) o(U, %) =

(i) M, 3¢ is the trivial o-algebra denoted by _ ..

A discrete counter part ¢f-flowwill be calledK-systenithe term¥-cascades also
sometimes used).

Each Kolmogorov system is mixing (this fact will also become clear later on).
Thus both exact and Kolmogorov system are the strongest in the ergodic hierarchy.
An example of K-system is the baker map. This will be shown in the next section.

For illustration of differences between ergodic properties of dynamical system we
refer to Halmos (1956).
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1.4 EVOLUTION OPERATORS

The idea of using operator theory for the study of dynamical systems is due to Koop-
man (1931). He replaced the time evolutioh— x; = S;xo of single points from
the phase spack¥ by the evolution of linear operatofd/;} (Koopman operatois

Vif(2) L f(Spw), we X,

acting on square integrable functiofis

Using evolution operators we do notlose any crucial information about the behavior
of the considered dynamical systems because the underlying dynamics can be, as we
shall see below, recovered from the evolution operators. But in operator approach we
gain new methods of analysis of dynamical systems.

Another reason of using operators for the study of dynamical system is that for
unstable dynamical systems it is easier to study the evolution of ensembles of points
than the evolution of single points. Even for relatively simple dynamical system, such
as the system associated with the logistic map, it is practically impossible to trace
a single trajectory for a longer time, due to its erratic behavior and very sensitive
dependence or initial conditions. Roughly speaking, we consider an initial set of
points{z{}4_,, which can be described by a probability density, i.e. by anonnegative
integrable functiorpy such that

for eachA € X.

Under the action of, the set{z0}}" , is transformed intdz} }#_, that can be
described, in the above sense, by another depgityThe transformatior/; that
establishes the correspondence

Pt — Utﬂo

can be defined as a linear operator (Frobenius-Perron operator) on the space of inte-
grable functions.

Rigorously speaking, in the operator approach the phase $paée .; {S;}) is
replaced by the space pfintegrable functiond? = LP (X, %X, ), 1 < p < c0. The
choicep = 2 is the most common sincg? is a Hilbert space, where we have at our
disposal a whole variety of powerful tools. However, when considering the evolution
of probability densities the most natural and unrestrictive is the choied. In the
operator approach we consider instead of the transformatiafithe phase spac¥
the evolution of probability densities under the transformatiodefined onZ! as
follows. If f € L', thenU f denotes such a function from' which satisfies the
equality

[ Ut = [ f@ut). (1.14)
A

S—1A
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Since we consider only non singular transformation, the proof of the existence of
the transformatio/ follows easily from the Radon-Nikodym theorem (Lasota and
Mackey 1994). For discrete time it is, of course, sufficient to consider a single
transformatior/. For continuous time we have a fami{{/; }; of transformation
on L'. The transformatio® has the following properties

(L) U(af +bg) =aUf +bUg, foralla,b € Randf,g € L*

@ f>0=Uf>0,foral feL!

) [ Ufdp= [, fdp, forall f € L.
Thus the transformatiofi is a bounded and positivity preserving linear operator on
L. If the measure: is normalized thef/ has additionally the property:

4) U1 =1« pisS-invariant

U is called theFrobenius-Perron operatorAn arbitrary operatot/ on L' which
satisfies (1)-(4) is called thaoubly stochastic operatoiThe family{U, }:c; forms
a semigroup or group oh' accordingly to the group or semigroup property of the
flow {S;}:cr. The operatot/; is the identity operator.

It follows easily from (1)-(3) thal/ is a contraction or.!, i.e.

IUfllr < [f Nz -

ThereforeU is, in particular, aMarkov operator(see Section 12) anfl/; };c; is a
Markov semigroun eachZ’.

By the Riesz convexity theorem (Brown 1976) every doubly stochastic operator
U on L' also mapsL? into L?, for eachp, 1 < p < oo, with ||U]|z» < 1, and
with [|T'||: = ||T||z~ = 1. The operatol/ defined onL?, wherel < p < oo,
has a well-defined adjoint, i.e. a continuous linear oper@todefined on.? where
%4—%:1 (¢ = oo for p = 1), such that

(Uflg) = (fIU%g) , forall f € L?, g € L?.

Consider now the transformatidnassociated with a non singular transformation
S of the phase spac¥ by the formula

Vf(x) = f(Sz),

wheref is a measurable function ofi. It is easy to check thadt, when considered
as an operator oh?, 1 < ¢ < oo, is the adjoint of the Frobenius-Perron operdfor
defined onL?P, 1 <p < oo, i.e. V =U"*.

The operatol/ is called theKoopmaroperator associated withi If the transfor-
mationS is measure preserving then the Koopman operator is a positivity preserving
contraction onLY. Moreover,V is, as the adjoint of a doubly stochastic operator,
also doubly stochastic (Brown 1976). In the case of flows we shall consider groups
or semigroupgV; }:<; of Koopman operators.

The operatord/ and V' considered on the Hilbert spadé are adjoint to each
other. If the transformatiol is measure preserving thénis a partial isometry.

The Koopman and Frobenius-Perron operators carry a similar information about the
dynamical system. However, from the physical point of view the semigf@aip
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describes the evolution of states whi{l&,} describes the evolution of observables.
This is an analog of Schdinger versus Heisenberg picture of evolution in quantum
mechanics. The advantage of using the Koopman opeVaisrthat given a trans-
formation.S of the phase spac¥ the explicit form ofV is also known. The explicit

form of the Frobenius-Perron operator can be derived in special cases. For example,
if the phase space is an interval, séy= [a, b], then formula (1.14) implies that

d

Uf(x) = @ Jssjam

f(y)dy, for x € [a,b]. (1.15)
In particular, if the transformatiof is differentiable and invertible with the contin-
uous derivative‘% we obtain the following explicit formula fol/

d -1

An analog of equation (1.16) can be derived (Lasota and Mackey 1994) for invertible
transformationS of IR™, only the last factor of (1.16) has to be replaced by the
Jacobian of the inversé—! of S. Particularly simple is the explicit form of the
Frobenius-Perron operator in the case when transformétisrboth invertible and
p-invariant. In this case it follows from (1.14) thé&tf (z) = f(S~'x).

Applying formula (1.15) we obtain easily the explicit form of the Frobenius-Perron
operatorU of each noninvertible map from the above examples:
1. Thepg-adic Renyi magl.3)

B8—1
Uf(w)=;Zf(x;k) (1.17)
k=0

2. The logistic mag1.4) with the control parameter= 4

Uf(x) = f(S7(x)) (1.16)

0= A= () s ()]
3. The cusp magl.5)
U ) = ;(1_ (1;x>2>f<(1;x)2>
(1.19)

1 1—z\? 1—2\>

Z 11 —
4. The baker transformatio$ is invertible and preserves the Lebesgue measure.
Therefore the Frobenius Perron operator is

f(g,Qy), for0<z<1,0<y<i

Uf (z,y) = .1 (1.20)
f(+72y—1> , for0<z<1,i<y<1.
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1.5 ERGODIC PROPERTIES OF DYNAMICAL SYSTEMS — OPERATOR
APPROACH

Now, let us focus our attention on the characterization of ergodic properties of dynam-
ical systems in terms of evolution operators. We begin with the question of existence
of invariant measures.

For a given measure spac¥, 3, 1) and a measurable transformatign X' — X’
the Frobenius-Perron operator is correctly defined regardless the measufe
invariant or not. It follows immediately from (1.14) thatis S-invariant if and only
if U1 = 1. If v is another measure di’, 3) which is absolutely continuous with
respect tqu then by the Radon-Nikodym theorem there is an integrable fungtion
(the Radon-Nikodym derivative) such that

v(A) = /Af,,(:v),u(dx) , foreach A e X. (1.21)

Itis also an east consequence of (1.14) that measisr$§ invariant if and only if the
function f, is a fixed point ofU — the Frobenius-Perron operator with respegi to
Indeed, ifU f, = f,, then[, Uf, du= [, , f, du, and consequently

y(4) = /A f, dy = /S | fedu=v(sT4).

for eachA € X. This means that is S-invariant. Repeating these arguments in the
opposite direction we conclude the proof.

Let us consider now Frobenius-Perron and Koopman operators on the Hilbert space
L2. Note first that if the underlying transformatishis measure preserving then the
Koopman operatoV is an isometry orl':

IVl = 11fllzr- (1.22)

This fact can be proved directly by taking first Ashe indicator of a sel € X. In
such case equality (1.22) reduces to

p(S™IA) = u(A).

Then the isometry property of a simple function can be derived by the linearity of
V, and, for an arbitraryf € L! by the standard arguments of the approximation of
integrable functions by simple functions. From this we can derivelthstalso an
isometry onZ?

WV Alze = Ifllze . fe L2 (1.23)

This follows from the fact thaf.? norm of a functionf is the square root of thg!
norm of f2 and the following obvious property of Koopman operators:

VI =If17
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If the transformatiord is measure preserving and invertible théis an invertible
isometry onL?. ThusV is a unitary operator of?. This implies that

V=U""'.

The description of evolution in terms of Koopman or Frobenius-Perron operators
on LP-spaces does not lead to any loss of information about the underlying dynamics.
Indeed, according to the Banach-Lamperti theorem (Banach 1932, Lamperti 1958)
anyisometryori?; 1 < p < oo, p # 2, can beimplemented by a measure preserving
transformation. In the cage= 2, an isometryy” on L? is implemented by a measure
preserving point transformation if and onlylifis positivity preserving (Goodrich et
al. 1980).

The ergodic properties of measure preserving transformations can be expressed
as properties of the corresponding Koopman operators as followsf, hdie two
arbitrary functions fron’.? then
(I {S:}+>0 is ergodicif and only if ( f|V;g) is Cesaro summable:

T—00 T

lim X / "(fVig) dt = (FI1)(1]g)

(1) {S;} is weak mixingf (f|V;g) is absolutely Cesaro summable:

lim 3/T|<f|vtg>— (1) (1]} dt = 0
0

(ry {S.} is mixingif (f|V;) is convergent:
Jim (f[Vig) = (/]g).

(V") {S;} is exactif
Vi(Z?) = [1].

t>0
(V") The property of K-flow can be described in terms{df, } in a similar way as for
transformationS;. Namely, denote b¥t; the orthogonal complement of 1 (constant)
in the spacd.?(X, X, 1) and byH the orthogonal complement of 1 it? (X, %, p).
ThenH, = V_H, and conditions (i)-(iii) characterizing K-flows take the form
() Hs C Hy, fors <t
(i) lim U, g H: = H (bar denotes the closure)
(ii)) Nyem He = {0}

If time is discrete the integrals in (I') and (II') have to be replaced by sums. Since
the Frobenius-Perron operator is the adjoint of the Koopman operator the ergodic
properties (I)-(1V) can be equivalently formulated in terms of the Frobenius-Perron
operatorg U, }. Exactness can be defined as follows
(V') {U.} is exact if

vis - [ fau

lim‘ =0, foreach f € L?.
t—oo L2
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1.6 INNOVATION AND TIME OPERATOR

We begin with the concept of information and the strictly related concept of entropy
as the measure of disorder. Both these concepts have a long history. The concept
of entropy was introduced in thermodynamics already in 1854 by Clausius and then
Boltzmann found its logarithmic form. The first step towards the definition of infor-
mation were taken by Hartley (1928) and elaborated by Shannon (1948) and Wiener
(1948). Finally Kolmogorov (1958) introduced the concept of entropy to ergodic
theory.

There is several axiomatic characterizations of information and entropy. We shall
introduce information as a function associated with a finite or countable partition and
entropy as its mean value. First, however, we start from some intuitive considerations.

In the dynamical systen\X, %, u, {S:}) the o-algebra¥ of subsets oft’ can
be interpreted as all available information about the system. Similarly, for a given
probability spacé(), F, P), which will be called thesystenfor a while, thes-algebra
F represents all possible events that can occur as the outcomes of an experiment.
By distinguishingo-algebraF we assume tacitly that no other events are possible.
Thus we can say thak carries the whole information about the system. If we now
consider a sul-algebraF, of F then it is natural to expect th&f, carries some
partial information about the system ., 7> are two subs-algebras ofF such that
F1 C F, then we expect thak, carries more (or at least not less) information then
F1. We may assume that the information carried/fyis 0, when 7 is the trivial
o-algebra{(), Q}.

In probability theory suliz-algebras are often generated by random variables or by
families of random variables, e.g. X : 2 — R is arandom variable thefR, may be
defined as the counterimage of the Borallgebra orR. In this case the information
carried by, may be identified with the information associated with the observation
of the random variablé&’. Such association of the information with random variables
leads to one more natural postulate. Consider two random varidhlesd X,. If
X; and X, are independent then it is natural to expect that the information carried
by F1 U F; (the smallest-algebra containing; andF:) is the sum of information
carried byF; andF, separately.

In order to ascribe rigorous meaning to this intuitive concept of information let us
confine our consideration te-algebras generated by finite or countable partitions.
Thus let us consider a partition = {4;, As, ...} of the probability spac& on
pairwise disjoint setsl; € F, whereu(A;) > 0 for eachi. Suppose now we want to
localize a pointuy € 2 but the only available information is that the point is in the
setd;, €.

This allows to locatevy with the accuracy that depends only on the measure of
A;, i.e. onP(4;,). Therefore the available information depends onlyR(;, )
and can be defined as some functiorgf4,, ), say f (P(A;,)).

Using the above postulate about the information carried bydvedgebras cor-
responding to independent random variables we can find the explicit form of the
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function f. Note that the independence expressed in terms of partitipasd 7o
meansP(A N B) = P(A)P(B) for eachA € 7, andB € 5.

The partitionmt generated byr; andn, is in fact generated by the intersections
ANB, A € 7, B € mywith P(ANB) > 0. If m; andr, are independent we should
have

f(P(A)P(B)) = f(P(AN B)) = f(P(A)) + f(P(B))

This restricts our choice of to the logarithmic function (at least in the class of
continuous functions). Therefore tirdormation functiorZ, of the partition7 has

the form
Z 1a(z)log P(A).
A€em

The mean value of the informatidfy, is called theentropy of the partitionr (or
simply theentropy ofr) and will be denoted by{ (). Thus we have

ZP Ylog P(A). (1.24)
Aer

Formula (1.24) is an analog of Shannon’s entropy associated with random vari-
ables. Indeed, iX is a random variable assuming valusgs. . . , z,, with probability
p1, ..., pn respectively, then the Shannon’s entrdpyX) is

n 1
= pilog—. (1.25)
i=1 pi

Using the concept of coding, instead of random variables, Shannon’s formula (1.25)
can be interpreted as follows. If we haleindependent observations &fand code
them with0 — 1 sequences then the average amount of zeros and ones for the coding
of one information can be expressed by (1.25).

Itis therefore the entropy, which is the quantitative measure of information carried
by partitions or, generalizing, by-algebras. It can be proved th&t, as a function
of partitions, satisfies all the above postulates on information. The proof requires,
however, an elaboration of the concept of information function and entropy. Namely
the introduction of the concept of conditional information and entropy. We shall not
pursue this subject further. The interested reader can find the proof and many other
interesting results in Ref. [MartinEngland].

We have shown above how to associatalgebras with the information about a
system. We shall show now how to associate information with the flow of time.

Consider first a stochastic procegX;} on a probability spacé?, 7, P) and
its natural filtration{F;}. Eacho-algebraF; of the filtration { F;} expresses the
information about the “past” until the moment In particular,{ 7;} expresses the
gain of information in time about the proceg’; } when time increases.

Actually the concept of filtration refers not only to an increasing familyref
algebras but can be introduced on an arbitrary measure space. We have just associated
filtrations with stochastic processes that is with sequences or flows of random events
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occurring with time. We have, however, already encountered such increasing families
of events in dynamical systems. For example, eAechystem possesses a natural
filtration. Therefore, in more generals terms, by a filtration on a probability space
(Q, F, P) we shall mean a familyF; } of subo-algebras ofF such that

Fs CF: fors<t.

The o-algebraF; will be interpreted as the set of events observed up to the time
instantt, or, as the information about the system at the moment

Suppose now that eachtalgebra contained in filtratiod.7; } is generated by
a countable partition. This allows to define entraffy.7;) as the entropy of the
generating partition. Since the entropy is a quantitative measure of information carried
by ac-algebra we can say that the filtrationnsovativeif

H(Fs) < H(Ft), foreachs <t.

In this way, by introducing entropy, we give a rigorous meaning to innovation
in each system having countably generated filtration. However, from the practical
point of view entropy, as the criterion of innovations, is not so useful as it seems to
be. This concerns especially stochastic processes. Although each stochastic process
determines a filtration it does not mean thatdhalgebras are generated by countable
partitions. Even if they are the task of finding the partitions and then calculating their
entropy is not feasible. Innovative stochastic processes will be described by other
means in forthcoming sections. For the rest of this section we shall focus our attention
only on dynamical systems where the above introduced ideas can be easier applied.

Let us consider a phase spack, 3, i) with the normalized measure and a
measure preserving transformati6ron X'. In other words we consider the discrete
time dynamics described by the semigrdufi§* },,>¢ (or the group{S™ },cz if S'is
invertible).

Our first task is to distinguish innovative dynamical systems. We know already
that K-systems are good candidates for innovative systems, because they have natural
filtrations. However, it would be desired to have a more general approach applicable
for other dynamical systems. Indeed, it turns out that using the concept of entropy it
is possible to verify whether the dynamics, i.e. the transformafiias sufficiently
unstable to give rise to innovations.

Consider a finite partitiom = {A4,..., A, } of the phase spac&. Denote by
S~lx the partition{ S~ A;,...,S71A4,}. Letr v S~ixrv...v S~#+! denotes,

for eachk = 1,2,. .., the refinement of the partitions S—'x,..., S~*+lz. The
value )
k(r,$) = lim %H(W VSTlnv.. v STELg) (1.26)

is called theentropy of the measure preserving transformattowith respect to the
partition7. The proof that the limit of (1.26) exists can be found in many textbooks
on ergodic theory (see Arnold 1978 or Cornfeld et al. 1982, for example).

The maximal valué:(.S) of h(w, S) over all finite partitions, i.e.

h(S) = Sl71rp h(m,S)
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is called theentropy of the transformation@® theKolmogorov-Sinai entropfshortly

K-S entropy. The intuitive meaning of the valug(S) is a quantitative measure of
disorder resulting from consecutive applications of transformaffionihe innovative
dynamical systems can be characterized as those which have positive K-S entropy. It
can be proved that each K-system has positive K-S entropy. Butthe class of dynamical
system with positive K-S entropy is larger. Exact systems also have positive K-S
entropy (Rokhlin 1967).

The notion of K-S entropy is of great significance in ergodic theory mainly due to
the fact it is an invariant of isomorphisms. If two dynamical systems are isomorphic
then they have the same K-S entropy. One of the crucial facts concerning K-S entropy
is the Kolmogorov-Sinai theorem which says that i a generating patrtition fof,
then

h(S) = h(r,S).

The termgenerating partition for Sneans that the-algebra generated byand all
the iterations.S~*7 coincides with¥. This theorem allows the calculation of K-S
entropy in practice.

It follows from the above considerations that K-S entropy can be, in principle,
applied for verifying whether a dynamical system is innovative. However, we shall
not make a wider use of K-S entropy in this book. The reason is that there is no
satisfactory characterization of dynamical systems with positive K-S entropy. We
shall thus consider separately two particular cases: K-systems and exact systems,
associating with them time operators. Nevertheless, we hope that by relating entropy
with innovations, the later concept has acquired clear intuitive meaning.

Summarizing, recall that in an innovative system we distinguish a filtration, i.e.
an increasing family of-algebras{X;}. Since the variable signifies time, called
the external time eacho-algebraX; represents the information about the system
that is available at the time instahtAnother possible interpretation is that each
represents the stage of development or age. This is because of a constant development
of the system as timeincreases. Each-algebraX; represents thmternal age at
the time instant and the family{%, } represents thmternal timeof the system.

It has been argued in Section 2.4 that a convenient approach to the study of dy-
namical systems is to replace the phase space by the space of integrable functions
and to consider time evolution of Koopman or Frobenius-Perron operators instead of
evolution of single points. We shall show below that the concept of internal time can
also be conveniently expressed in terms of operators.

Note first that sincer-algebraX; represents the (internal) age we can say ac-
cordingly that each functioif, which isX; measurable, has the age at mgst or,
identifyingX; with its labelt, we can say that the age ffor the stage of development
of f is at mostt.

In order to describe the internal time on the spaée p > 1, let us consider
instead of{ 3, } the family of conditional expectationdz; }, where

Eif = E(f %), for feLf.
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Confining our consideration to the Hilbert spade= L2 < [1] we can say that the
flow of internal time is associated with the fami{yZ; } of orthogonal projectors on
H. Now the condition that the age @fis at most amounts to checking th#t, f = f
a.e.

Recall that time ranges either betwegmand co or between—oco and +co. It
follows from the assumption tht:, } is a filtration that

E,E; = Espt , where s At = min{s, t}. (2.27)

Without a loss of generality we may also assume that the projegiosatisfy addi-
tionally:

Ey=0 (or E_oc =0) and Eox =1 (1.28)
If time is continuous we shall also assume the right continuity of the faftily} in
the sense of strong convergence, i.e.

Eivo=E;, foreacht (1.29)

If time is discrete we just extenHl;, on IR in such way that (1.29) is satisfied.
Condition (1.28 amounts to assuming that: The “fikstélgebra in the filtration
is trivial, and the “last” coincides with the whotealgebra>. The condition (1.29)

is equivalent to
m Et/ == Et .

t'>t

If the condition (1.27)-(1.29) are satisfied thgh, } is a resolution of identity in
‘H. Thus the family{ £, } determines the operator

T= / tdE, (1.30)

— 00

called thetime operator associated with the filtratidiz, } (if ¢ ranges fromd to oo
then we putt; = 0 for t < 0).

In order to clarify the concept of time operator let us assume for a while that time
is discrete, say € Z. Denote byP, the orthogonal projection on the space

Hn = L2X(E7,) S LQ/’V(En—l) )

P,=E,—FE, 1, neZ.
In this casel’ has the form -
T = Z npb, .

Consider now a functiop € H such that|p|| = 1. If P,,, p = p, for someny, then
according to the above identification Bf,, with n, we may say that the age pfis
no and we also haveq (P, plp) = nollpl|* = no-
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If P,,p # p, thenp does not have well-defined age since there is also a contri-
bution from another age componetisp, n # ny. The value of this contribution
isn(P,p|p). The numbergP, p|p) are non-negative and,,(P,,p|p) = 1. Thus the
meaning of the expression:

oo

(Tolpy =D n(Puplp)

n= —oo

is theaverage ag®f p.

The valuen € 7 are thuseigenvalueof 7" and{ P, } the eigenprojectors. In
general, sincd E,} is a spectral family, the operat@t (1.30) is self-adjoint. This
fact follows from the general properties of spectral families (see Appendix 1). It will
be useful however to show explicitly a dense subset of the doméir) of 7. If time
ranges fromd to oo then each simple functiofi € H, which isJ,, ¥,, measurable,
belongs taD(T'). Indeed, iff = Zle a;1a,, A; € |, 3¢, then there ig, such that
A; e ¥y, fori=1,..., k. ThusT f is well defined and finite

to
Tf= / tdE.f .
0
If time ranges from-oo to 400 then takingf as above and putting

gs:f_Esfa

wheres < ty, we check easily that

to
Tgs = / tdEtgs

The density of the family g, } in H follows from the propertyE; f — 0ass — —oc.

In this way we have shown that an innovative system endowed with a filtration
determines a self-adjoint operator on the Hilbert space of square integrable functions.
Such operator will be called the internal time operator. In the next sections we shall
elaborate on this concept.






Time operator of
Kolmogorov systems

Let us recall that dynamical system iK-8ow if there exists a sub-algebra>, of
Y such that forz; = S;(3¢) we have

i) X, Xy, fors<t

(i) o(UterX:) =%

(i) N:emX: = ¥_o —the trivialo-algebra, i.e. the algebra of sets of measure 0
orl

whereo (|, ¥¢) stands fow-algebra generated by all;, ¢ € IR.

If time is discrete then we shall use the tekrsysteninstead. Recall that both K-
flows and K-systems are callé&blmogorov systemd<olmogorov systems are time
reversible dynamical systems which exhibit the strongest form of instability among
irreversible systems, according to the ergodic hierarchy introduced in the previous
section. In the previous section we also presented a simple example of a K-system
that results from the baker transformation. Let us, however, add that a great variety
of systems of physical interest, including infinite ideal gas, hard rods system, a hard
sphere gas and geodesic flow on a compact, connected smooth Riemanian manifold
with negative curvature are known to be K-flows.

Geodesic flows have been studied since the beginning of the 20th century, starting
with Hadamard. In the case the manifctdhasdim X = 2, the geodesic flow has
an especially simple interpretation. It describes the notion of a point that moves on
the surfacet in the absence of external forces and without friction. The behavior of
a geodesic flow depends on the properties of the manitolthd most of all on its
curvature. When the curvature afis negative, this behavior is highly chaotic.

21



22 TIME OPERATOR OF KOLMOGOROV SYSTEMS

Kolmogorov systems are natural examples of innovative dynamical system, which
we defined as the systems with positive K-S entropy. The proof of the well known
fact that Kolmogorov systems have positive K-S entropy can be found, for example,
in Cornfeld et al. 1982.

The time evolution in a K-flow can be described by the unitary grdiig on the
Hilbert spacel3,

Uip(z) = p(S—i) (2.1)

The generatoF of this group is called theiouvillian operator
Ut = e_itL .
For Hamiltonian systems generatbis given by the Poisson brackets

Lp=i{H,p}.

With any K-flow we associate the famifyE; } of conditional expectations regarded
as orthogonal projectors on the Hilbert spa¢e= L2 © [1]. Because of K-flow's
properties{ E, } is a spectral family (see Appendix 2) and the operator

T:/ tdE;, (2.2)
which is the time operator of the K-flow. In the case of a K-system, i.e. discrete time,
the time operator assumes the form

oo

T= > n(E,—E,1). (2.3)

n=—oo

We shall now relate the time operafBrof a K-flow with the dynamics described
by the group{U;}. We begin with a simple but important imprimitivity condition.

Proposition 2.1 For eachs, ¢t € IR we have the following relation oh?%..
By Uy = UE (2.4)

Remark. In the proof of the above proposition and in the proofs of other properties
of time operators o3 we shall use rather probabilistic techniques and reasoning
instead of the spectral properties of operators on Hilbert spaces. For example, proper-
ties of conditional expectations or martingale techniques. This will allow to simplify
proofs in some cases, but a more important reason is that this technique will also allow
to extend, without major problems, the results concerning time operator on Banach
spaced.’, 1 < p < .

Proof of Proposition 2.1Recall thatF, is the conditional expectation with respect
to X;, Eyp = E(p|X:). It follows from (2.1) thatU; transformsX:, measurable
functions intoX, , ; measurable. Ip € L%, then bothE,  ;U;p andU, E,p areX,
measurable. Thus in order to prove (2.4) it suffices to show that for daehc,

A A
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Moreover, since theigma-algebrad; , is the same as$,3;, we can assume that
A = Si(B), whereB € X;. Therefore, using the fact th&f is a measure preserving
transformation andv, p is a regular martingale we have

/UtES,o(w),u(dw) z/ESp(S,t w) p(dw)
A A
— [ Bupw) plaw)
=/BEOOP(W)M(dw)
:fUtEoop(w)u(dw)

A

- /A B Upp(w) p(dw)
- / EeyilUsp(w) p(do)
A

which proves (2.4). The next proposition follows directly from the properties of
spectral families presented in Section 2.

Proposition 2.2 Let f : IR — IR be a Borel measurable function and let
DY) ={peth: [ POAEID.
ThenD(f(T)) is a linear dense subspace b, and the operatoif (T):
o= [ swae,

is well defined oD (f(T)).

Corollary 2.1 Letf : IR — IR be a bounded Borel measurable function. THé€R)
is a bounded operator oh%,

Proposition 2.3 Let f : IR — IR be a bounded and Borel measurable function then
we have
U, ( [ s dES> - ( G dEs) v, (2.5)

Proof. Sincef is boundedD(f(T)) = H and alsoD(f(sI — T')) = H, for each
s € IR (I stands for the identity operator). Taking As simple function

k
F=Y aily, ..
i=1

onH.
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we have
k

U, (/0; f(s)dEs> =Y a; (UE.,,, — UE,)

=1
k

= Zai(E8i+1+t - E8i+t)Ut

:Z]Zﬂ&4ma)m

An arbitrary bounded and measurable functjois the limit in any L?-norm of
function

fu(t) = f(O) -nan(t), asM — oo,

In particular, for eacty € H, [*_|fa — fI*d(Eip|p) — 0,asM — oco. On the
other hand the functiorf,; can be approximated ih2-norm by simple functions.
Combining these two facts we see that equality (2.5) is true for any bounded and
Borel measurable function.

The following theorem relates time operator of a K-flow with its unitary dynamics.

Theorem 2.1 Let {U;} be the unitary group of a K-flow an@ the corresponding
time operator. Then we have

U(D(T))  D(T) (2.6)
TU; = U, T + tU, (2.7)

foreacht € RR.

Proof. Using unitarity ofU, and Proposition 2.1 we have

<E5Utp‘Utp> = <E5Utp|EsUtp>
= <UtEsftp|UtEsftp>
= <Es—tp|Es—tp>
= (Es—tplp) ,

for eachp € D(T). Then using the above equality and the elementary inequality:
(s +1)? < 2s% + 2¢? we obtain

/°° s? d(EU;p|Usp) = /oo (s +1)* d(Esplp)

— 00 — 00

g;/swwmm+w/ d(E.plp)

— 00

< 0.

This proves that/;p € D(T') for eacht. Note that we have also shown that for each
t
D(T +tI) = D(T).
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Now, putg(t) =t andgas(t) = t 11— a7 (t). Applying Proposition 2.3 we have

Ut (/_Z g (s) dEs) = (/:: gum(s —1) dEs) Ut.

We also have

lim ‘/ gm(s) dESpf/ sdFEgp =0
M—o0 0o o LQX
and
o0 o0
lim H/ gM(s—t)dEsp—/ (s—t)dEsp =0,
M— oo — oo — oo Lif

for eachp € D(T') (see Appendix 3 ???, about the strong convergence of truncated
operators). Sinc#; preserves the domain éf(T") we have for each € D(T)

U, (/ sdESp> :/ (s —t)dEUsp

UT =TU; — tUy,

or, equivalently,

which gives (2.7).
In order to give the physical meaning to (2.7) let us consider a ptateH, i.e.
llpl| = 1 and its time evolutiop; = U, p by (2.7) we have

(Tpelpe) = (Tplp) +t.

The above equality means that the average age of the evolved state keeps step with
the external clock time.

The above theorem suggests the following generalization of time operatdi Let
be a (separable) Hilbert space afid } a unitary group of evolution. A self-adjoint
operatorl” acting on’ is called the time operator with respect{td, } if it satisfies
the conditions of Theorem 2.1, i.el, D(T) ¢ D(T) andTU; = U,T + tUy,, for
eacht. This generalization of the notion of time operator can go further. The group
{U;} can be replaced by a semigroup, and/or the Hilbert space can be replaced by
a Banach space. We shall elaborate on this in next sections. Until the end of this
section we shall still consider K-flows and discuss a possibility of extensions of time
operators or.? spacesp > 1.

A search forL? extension of time operators is physically motivated by the fact
that operator#/; describe, in particular, the evolution of probability densities, which
are integrable functions on the phase space. There is no reason, except technical,
to restrict our considerations to square integrable densities. The evolution operators
can be, in fact, defined as operators on afiyspace. The canonical commutation
relation (2.7), which actually defines the internal time in dynamical system does not
depend on the nature of the space either.
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In order to define time operators on othgt-spaces thai.? we have to extend
the notion of the integral:

= [ swas,

which has been defined for square integrable functipn¥he convenient spectral
theory technique, which we have exploited so far, is of little use beyond the Hilbert
spacel.?. Butwe cantreat,( f) as an integral with respect to a vector valued measure
or as a stochastic integral with respect to the martingale}. The extension of the
integral presented below is based on both vector measures and stochastic integrals
arguments. Using the theory of integral with respect to vector measures we can
relatively easy obtain a straightforward generalization. But the stochastic integrals
technique is more powerful and allows, in particular, to derive limit theorems needed
for applications.

If p € L? is fixed then the correspondence

M : [s.t) — Esp — Eyp, where s < t,

defines a vector measure on the algeRygenerated by intervals.t) with values in
the Banach spack,, 1 < p < co. This means thad is an LP-valued set function
on B, such that

M(®) =0

and
M(AU B) = M(A) + M(B)

for eachA, B € By, AN B = 0.

The integrall, can be viewed as an integral of real-Borel measurable functions
with respect to the vector measure. However, in order to construct such integral it is
first necessary to exted to ac-additive measure on thealgebra generated 18,

i.e. on thes-algebraB of all Borel subsets olR. The reader is already aware then
such extension is possible in the case 2, because theR; are spectral projectors.

In general, the problem of extension can be formulated in terms of stochastic measures
and corresponding stochastic integrals.

Observe that for a fixed € L%, 1 < p < oo, the family { E;p} is a martingale
with respect to the family ob-algebras{X;} (we assume that the measuyrds
normalized). Thus the problem can be formulated as follows: Supposértiiat}
is a martingale with respect to the filtrati¢®, } such thatn(t) € L%, p > 1, for
eacht. Define the stochastic integral

/ F(t) dm() (2.8)
X

on real valued functions, such that each bounded Borel measurable fuicison
integrable and the following Lebesgue dominated convergence theorem holds:

If a sequencd f,,} of uniformly bounded functions is convergent pointwise to
f then the integralg f,,(¢t)dm(t) converge tof f(t) dm(t) in L%,.
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Indeed, we have

Proposition 2.4 Let{m(¢)} be a right continuous martingale ih}., which satisfies
the property

/ sup |m(t)|dp < oo.
x

Then the integral in(2.8) is correctly defined for each bounded functipnand the
Lebesgue convergence theorendif is satisfied.

The above proposition is a particular case of a more general theory of stochastic
integration with respect to semimartinglales developed by Bichteler (1981). Since
the proof requires the technique that is beyond the scope of this book we refer the
reader to the above quoted article of Bichteler or to the monograph Kivapie
Woyczyhski (1992).

The integrability ofsup, |m(t)|, which is the basic assumption of Proposition
2.4 is satisfied if, for exampleim(t)} is L? bounded martingale, for some >
1. In particular the case of the martingdl&;p}, the integrability of supremum is
guaranteed if

[ olmlold < . (2.9)

Recall here that the expression
)%~ [ pla)npla)utds).

defined for probability densitigse L, is called theentropy functional It is obvious
that condition (2.9) is satisfied forbounded. Thus stochastic integifalf (¢)dE:p
is correctly defined for any from a dense subset d@f},. Summarizing the above
considerations, we see that:

Corollary 2.2 Formula(2.2) defines time operator T as an operator acting bh
The domain of this operator is denselih since it was dense ih? and because the
convergence ir.? implies the convergence iht. For an arbitrary bounded Borel
measurable functiorf the operator functiory (T') is correctly defined on the set of
densities with finite entropyQ(p).






Time operator for the baker
map

In the previous section we have constructed time operators for K-systems. Here
we shall concentrate on the simplest of K-systems — the baker transformation. Of
course all the general results from the previous section can applied here so the baker
map can serve as an explicit illustration. However, thanks to the simple form of this
transformation we can refine significantly the results of the previous section. One of
such the most important refinements is the explicit form the eigenvectors of the time
operator.

Let the phase spac¥ be the unit squar@, 1] x [0,1]. Theo-algebraX is the
Borel o-algebra of subsets ot generated by all possible rectangles of the form
[a,b] X [¢,d]. The measurg is the Borel measure defined on the rectangles as the
area:

plla, 0] x [e,d]) = (b —a)(d =) .

we define the transformatia$ by

(295%) 0<z<l 0<y<i

S(z,y) =
1
(296— 1’y;> ,

The transformatior' is compressing in the direction by% and stretching in the
direction by 2. Due to this property is measure preserving. Moreover it is also

29
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invertible and its inverse is given by

(5:2) 0<a<1,0<y<}

-1 o
)= (“1 2 —1) 0<z<1 l< y<i
2 ) 2Y ’ ST L, 59U

An convenient way to show that the dynamical system determined by the baker trans-
formation is a K-system is to present as a bilateral shift.
Each point(z, y) of the unit square can be represented as follows

o I_p Ooafk
x222k+1’ 92227

k=0 k=1
wherexy, is either 0 or 1,k = 0,+1,+2,.... Therefore the paifz,y) can be
represented by the sequence
(z,y)=(-..,T—2,2_1,%0,%1,Z2,...) (3.1)
—_—
x Yy

of zeros and ones. It is elementary to check that the actighaf the point(z, y)
represented as a doubly infinite sequence is the shift to the right

($,y) ( r—1, Xo, ’El)

S(x,y)

I
;
g
8
-
8
o
~—

Consider now the infinite Cartesian proddict= {0, 1}% that consists of all sequences

{Zn }nem, Wherer isequaltoOor 1. Letl be ther-algebra of subsets 9fgenerated

by the cylindrical set€>;*» that consist of all the sequencgs, },cz such that

Ty, =11,...2n, = i, Whereiq, ..., i is a given finite sequence of zeros and ones.
On theo-algebrad we define the product measure

oo
- @ n

n=—oo

wherev;, are measures off), 1}, such thaw,, ({0}) = v ({1}) = 3. In particular,

we have 1

2k -
In this way we obtain the measure sp&de A, v).

The transformationS on ) that shifts each sequence one step to the right is
measurable and preserves the measureTo see this it is enough to note that
Sm(Citk ) = Cplyk L, for eachm e ZZ. Moreover, S is also a K-
automorphism of Y, A). Indeed, let us choose as a distinguishealgebra4, the
o-algebra generated by those cylindéts: - for whichn, < ... < ny = 0,

T

il,...,ik ) _
V(Cnl,...,nk
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i.e. the numbei, is located on the Oth coordinate. Then thalgebraS™ Ay is the
o-algebragenerated oy, /" | . with i, placed on theith coordinate. Itis now
straightforward to check that all three conditions (i)—(iii) of K-system are satisfied,
i.e. the dynamical systeifd), A, v; S) is a K-system.

The above results can be expressed in terms of the baker transformatio$, i.e.
as a transformation of the unit square. Note that although the representation (3.1) is
not unique, the nonuniqueness concerns only the points of the dyadic division, which
is the set of the Lebesgue measure 0. The map that corresponds to each sequence
{z,} € Ythe pair(z,y), as determined by (3.1), is continuous and data] x [0, 1]
and therefore also measurable. The image through this map of each simple cylinder
C! isthe set of parallel equally distant strips (let us call them black) that are ot
parallel toz-axis and of the width: and, forn < 0 parallel toy-axis and of the
width ﬁ If i = 0 then the first black strip is that adjacent to thaxis, ifn > 1, or
adjacent to thg-axis, ifn < 0. The image of a cylindet;!'% is the intersection
of the above described strips. Therefore the family of cylinders corresponds the finite
unions of rectangles if, 1] x [0, 1]. The latter family generates thealgebra Borel
subsets of the unit square. The same correspondence is between the Lebesgue measure
on|[0,1] x [0, 1] and the measune. Finally let us observe that = {Ag, A1}, where
Ao ={(z,y) € X : z < i} andA; = {(z,y) € X : = > 1} is a generating
partition in the dynamical systefit’, X, u; S) (see Section 2.2).

It follows from the previous section that the K-system which arises from the baker
transformation admits time operatbrof the form

T = i =

n—=—oo

whereP,, n € 7Z, is the eigenprojection df’ corresponding to the eigenvalue
Time operatofl’ is correctly defined ot = L3 & [1] and its eigenprojections satisfy

P, nP m — 5nmP n

and
o0
Z P, =1.

Our task is to find a complete set of eigenvectord of
Consider the above defined partition= { A, A, } of the unit square into the left
and right half. Define

xo =1—2Ix,

and
Xn=U"X0, n==1,£2,...

For any finite ordered set of integers

n={ny,...,ng}, g <...<ng,



32 TIME OPERATOR OF THE BAKER MAP

define the function
Xn = Xni Xng « -+ Xny, - (32)

A complete set of eigenfunctionsdfis obtained by taking all possible finite products
of x,. A product (3.2) is an eigenvector corresponding to the eigenvaluahich
is the maximal index amongy, ..., n;. For examplex_sxi1xox2, X—1Xx1Xx2, and
X2, €tc. are all eigenvectors @f corresponding to eigenvalue 2.

In order to prove thag,,, wheren runs over all ordered sets of integers, together
with the constant function 1 form an orthonormal basi€, . ,; it is sufficient
to show that the restrictions gf, to z-axis andy-axis form an orthonormal basis in
L[Qo,l]. A detailed proof of the later fact will be presented in Section 7 (Lemma 4).

The above constructed eigenvectors of the time operator of the baker map can be
equivalently expressed in terms of Walsh function. Namely
The eigenstates of the Baker map are:

{Wny,. .y © M1 <...<ng, n; €2},

where
w’nl,---,"k (JZ, Z/) = ?'m (.Z‘, y) et ?”k (I7 y)’

P ) = ro(z), if n=1,2,...,
Y= lay), if n=0,-1,-2,....

The functions-, € L, ,, are the Rademacher functions:

1, if z, =0,
ra(z) = { ity =1

wherez,, is then-th sign in the binary representation of the numbeiThe natural
projectionP is the conditional expectation with respect to the partition of the square
into vertical segments, being ttepartition of the Baker transformation:

Pf(z.y) = / Flaat) dt.
0

One can easily verify that

_ W, am x), Z n 217
Pwnh,,,,nk(x;y) = {O lz,f nk1(<)0f 1
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Time operator of exact
systems

5.1 EXACT SYSTEMS

In Section 2 we have classified abstract dynamical systems according to different er-
godic properties. We have distinguished the following ergodic properties: ergodicity,
weak mixing, mixing, exactness and Kolmogorov systems. This classification reflects
the degree of irregular behavior, and the property of being Kolmogorov systems or
exact system are the strongest in this hierarchy.

Recall that a semigroufs, }:>¢ (or the dynamical system) is exact if

lim p(S:(A)) = u(X) foreach A € ¥, u(A) > 0, such that S;(A4) € ¥.

t—o0o

As it was pointed out in Section 2 exactness implies mixing, so both Kolmogorov
systems and exact dynamical systems are subclasses of mixing systems. However
these subclasses are disjoint. For a Kolmogorov systems, thé;geform a group,

while a necessary condition of exactness of a semigfdip is that none of5; can

be invertible. Indeed, if;, had the inversé;l, then using the assumption thgt

are measure preserving, we would have

(St (A)) = (S (S, (A))) = u(A),
for eachA € X, and by induction
1(Snto(A)) = p(A4), forn=1,2,....

But the last equality contradicts exactness.
35
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Exact transformations often appear when study the behavior of solutions of some
differential equations. For example, consider the equation

Ou Ou
ot " os

with the initial condition

= au, where (s,t) € [0,00) x [0,1],

u(0,8) = z(s), forse[0,1].

Assume that for some (r = 0,1, .. .) the functionz(-) is continuous function with
all its derivatives up to the orderon the interval0, 1]. Then this equation generates
the flow {.S; };>¢ that is determined by its solutiaf(s, t):

Sya(s) d:fu(t, 5) = ex(se™t).

Thus the phase spaégéof this flow is
X={zxeC0,1] : z(0)=2'(0) = ... = 2" (0) = 0}

equipped with the topology of uniform convergence with all derivatives of order
Theo algebra is generated by all cylindrical subsetsAfi.e. the sets of the form

{reX:(x(s1),...,2(sn))€B}, n=1,2,..., $1,...,8, €[0,1], B € B~ .

In particular, ifr = 0, thenX is the space of all continuous function on the interval

[0, 1] which vanish at the origin. It can be shown (see [LM]) that, ,dor- 0, the

Wiener measurgy, on(X, X)), i.e. the measure determined by the Brownian motion,

is invariant with respect t9S; }. Moreover, the dynamical systef®’, =, pw; {S: })

is exact. In general, if > 0thenit can be shown (see [MyjRud]) that fer> r there

exists a GaussiafiS; }-invariant measure of¥, ) and that the dynamical system

is also exact. Itis worth to notice that chaotic behavior of the considered flow is only

exhibited wherny > r. Fora < r all the trajectories,x, t > 0, are convergent to 0

in X, ast — co. The above type of equations appears in biology, where it describes

chaotic behavior in cell populations [Bru]. Incidentally, the family of transformations

{S;} corresponding the parameter= 1/2 coincides with the spectral deformation

group used in the Aguilar-Balslev-Combes definition of resonance [AgCo,BaCao].
There is a wide class exact dynamical systems associated with maps of intervals.

In particular exact are Renyi, the logistic and the cusp map introduced in Section 2.
We have already mentioned that Kolmogorov systems and exact systems are two

disjoint subclasses of mixing systems. Kolmogorov systems are reversible exact

systems are irreversible. On the other hand there are, however, strict ties between

these two systems. We shall show in Section 7 that projecting dynamical system

(X, X, u; S) corresponding to the baker transformation thexz-coordinate we ob-

tain the exact system corresponding to the 2-adic Renyi map. Conversely itwas shown

by Rokhlin [Roch] that exact systems can arise as natural projections of Kolmogorov

systems and have the same entropy.
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In other words, exact dynamical systems can be extended (dilated) to Kolmogorov
systems. Let demonstrate briefly this extension assuming for simplicity that time is
discrete. Thus instead of a grofif; }.>¢ let us consider a single measure preserving
transformation on the spa¢&’, X, 1) that satisfies the properfy -, S~"(X) =the
trivial o-algebra.

Note first that sinceS is measure preserving it must be “ontgl’ { a.e.). Hence
for a givenz, from X there isx_; such thatrg = Sz_;. Then there is am_5 such
thatx_, = Sz_o, and so on. Moreover, put, = S"zg,n = 1,2,.. ., and consider
the sequences

(..., @_9,@_1,T0,21,%a,...), forxge X. (5.1)

If S was invertible, each such sequence could be written simply as

-2 -1 2
(,S .I‘Q,S xo,xo,Sxo,S l‘o,...)

and identified with the point,. Therefore, in this case the action$6n the pointz
would be expressed as the left shift in the above sequence. Siisagot invertible,
to a givenz, corresponds a tree of points on the left side:@fn the sequence (5.1).

The collection of all such branches, i.e. the set of all sequences (5.1), where
zo € X, is treated as a new phase spacand the transformatiof on a sequence
I € X is defined as the left shift. The-algebra®: and measurg are then defined in
a similar manner as in product spaces (see also Section 12 for a similar construction)
and it turns out tha$ is one-to-ong: preserving transformation.

Because of the just described relations between exact and Kolmogorov systems itis
natural to expect that the time operator associated with a Kolmogorov system should
also have a counterpart for exact systems. We shall show that this is indeed the case.
Letusassumethé®, A 1) is afinite measure space afid single measure preserving
transformation of the phase spdteAs we know there is several equivalent definition
of exactness. The most useful for us is the definition of exactness expressed in terms
of the Koopman operatdv’, V f(w) = f(Sw) and the Frobenius-Perron operator
U = V1 regarded as linear operators bA = L?(€, A ;). Namely the dynamical
system is exact if and only if

lim ||U"p —1|lz= =0, for each density p € L?, (5.2)
n—oo

or, in terms of the Koopman operator:

o0

ﬂ V™(L?) = lin{1} — the linear space spanned by constants . (5.3)

n=1

For the proof of equivalence of various definition of exactness we refer the reader to
the monograph [LM] and Ref. [Lin].In the sequel we assume condition (5.3) as the
definition of exactness.

Consider now the Koopman operatdr which is determined by an arbitrary mea-
sure preserving transformatigh Observe thal’ is an isometry or.? and consider
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the intersection

Hoo = ﬁ V(L?). (5.4)
n=0

SinceL? D V(L?) D V3(L?) O ..., the intersectiort{., is V-invariant. The
operatorV' is unitary on the orthogonal complemérig of H .,

Ho = JRe) Heo
and we have .
V" (Ho) = {0} (5.5)
n=0

Therefore the spack? can be decomposed on a direct sum
L* = Hy © Hoo (5.6)

in such a way that’ is unitary on the second spacé+t,. The definition (5.3) of
exactness means that the operétas exact if and only if the spac¥,, consist only
of constants. The decomposition (5.6) corresponds to the Wald decomposition from
the theory of stationary processes. Inthe Wald decomposition the analog of the spaces
Ho andH, are calledpurely nondeterministiand deterministicpart respectively.
Thus exact systems correspond to purely nondeterministic stationary processes.
There is another interpretation of the decomposition (5.6) on the ground of operator
theory. Namely, note first that the Koopman operafdras the uniform spectrum on
the spacé. Indeed let{g,, } be a orthonormal basis in the spdég & V (H,) and
denote, for each, by #,, the Hilbert space spanned b¥.,V go, V?ga, - - .}. Then
(VFga,Vigs) = 0,foreachk,l = 0,1,2,...,k # land, similarly, the spacég, are
mutually orthogonal. By (5.5) the systeffi™ g, } is complete irt{,, thus we have the
decomposition of{, on a direct sum oV -invariant subspace$, = @, H.. This
shows thafl” has uniform spectrum oi. In particular, if the Koopman operator
is exact then it has a uniform spectrum on the orthogonal complement of constants:
L?c{1}. Secondly, the definition (5.3) of exactness means in terms of operator theory
thatV is a unilateral shift orl? © {1} with the generating spac€, = Ho © V (Hy)
(see the following section).
The above observations concerning exact systems indicates that the concept of
time operator can be generalized for stationary stochastic processes and for shifts.
Below we will study the time operator associated with unilateral shifts.

5.2 TIME OPERATOR OF UNILATERAL SHIFT

It was shown in the previous section that the Koopman operator of an exact system
is in the case of discrete time a unilateral shift on the space of square integrable
functions. The problem of construction of time operator of exact systems can thus
be considered in a more general framework. Namely, to construct a time operator
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associated with a shift operator acting on an arbitrary Hilbert spac€his means
(see Section 2) that given a shift operatbon H we want to construct an operator
T that satisfies the following conditions:

V(D(T)) C D(T) (5.7)

and
TV, = VT +tV;, (5.8)

whereD(T) is the domain ofl".

We shall show in this section that time operators can be associated with all unilat-
eral shifts. Time operators associated with bilateral shifts on Hilbert spaces will be
considered separately. However, before generalizing the construction of time operator
we give the notation and some basic facts on shifts.

Definition A linear continuous operatdr on a Hilbert spacéf is called ashift iff
there exists a sequenéd/,, |n = 0,1,2,...}, enumerated by the set of all integers
or by the set of all positive integers, of closed linear subspacgssfch that

(i) N, is orthogonal toV,,, if m # n
(i) H =N,
(iiiy V is anisometry fromV,, onto,,, 1, for eachn, .

The operato¥/ is calledunilateral shiftif n = 0, 1, 2, . . . andbilateral shiftif n € ZZ.
We shall call\V = N, thegenerating spacef the shiftV.

The adjointV T of the unilateral shiff” vanishes onV' = Ny, moreover\y =
Nullvt. The operatoV’t mapsisometricallyV;, ontoN,,_1,n = 1,2, .... Therefore
the spacesV,,, n = 1,2,... and the multiplicitym are unique for a given unilateral
shift V.

Any unilateral shiftV is an isometry, the adjoint shi¥t" is a partial isometry and
VTV = 1. Any bilateral shift is a unitary operator. The adjoint to a bilateral shift is
again a bilateral shift of the same multiplicity.

The spacesV,, for a bilateral shiftl” are non unique. Indeed, observe that for
any unitary operatoB commuting withV the spacesV’, = B(N,,) also satisfy all
the conditions of the definition of bilateral shift. The converse is also trug:i#f a
bilateral shift,\V,, and ), are spaces that satisfy all conditions of the definition of
bilateral shift for” then there exists a unitary operat®y commuting withV" such
thatV(\N,) = N).

Finally, let us introduce the concept of generating basis.

Definition. Let V' be a unilateral shift of multiplicityn € IN U {oo} on a Hilbert
spaceH. An orthonormal basi§g? |[n = 0,1,...,1 < a < m+ 1} is called a
generating basigor V iff Vg = g7+ for all n, a (or equivalentlyV Tg" = gn—1 if
n>1andVig? = 0).

The generating basis for a bilateral shift can defined in a similar way
Definition. LetV be a bilateral shift of multiplicityn e INU{oc} on a Hilbert space
H. An orthonormal basi$g” | n € 7, 1 < a < m + 1} is called agenerating basis
for Viff Vg = gt for all n, a (or equivalentlyV g = g»~! for all n, a).
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The following proposition gives a clear procedure for constructing a generating
basis for a given unilateral shift.

Proposition 5.1 LetV be a unilateral shift on a Hilbert spade of multiplicitym and
{9411 < a < m+1} be an orthonormal basis iV, = ker V. Letalsog? = V"¢,
foranyk =0,1,2,...and anya. Then{g? |n =0,1,2,...,1<a<m+1}isa
generating basis fol’.

Proof. The conditionV g” = g**! is obvious. It remains to prove th&y” |n =
0,1,2,...,1 <a < m+ 1} is an orthonormal basis iH. First, from the definition

of the shift, the operator8™ are isometries frorVy onto \,,. Therefore, the set
{g"|1 < a < m+ 1} is an orthonormal basis i,,. By orthogonality of different
N, we get orthonormality of the s€y” |n = 0,1,2,...,1 < a < m+ 1}. The
completeness of this orthonormal system follows from the density of the sivy.of

The following theorem gives the general form of time operators for unilateral

shifts.

Theorem 5.1 Let V be a unilateral shift on a Hilbert spac& Then for any self-
adjointtime operatofl’ for the semigroug V" |n = 0,1, 2, ...} there exists a unique
self-adjoint operatord on N\ such that the operatdf has the form:

T = i V(A +n)(VH"K,, (5.9)

n=0

where K,, = Vnti(V1)»+l — y»(VT)" are the orthoprojections onto the spaces
N, from the definition of unilateral shift.

Conversely any operator of the forfh.9), whereA is a self-adjoint operator on
Ny, is a time operator for the semigroy " |n = 0,1,2,...}.

Proof. LetT be a self-adjoint time operator for the semigrdtf* |n =0, 1,2, ...}.

First, we shall prove thaf has the form (5.9) when the spectruifil”) is a subset
of the setZZ/l = {m/l|m € 7L} for some positive integel. In this case by the
spectral theorerfi is the orthogonal direct sum of the spaéés (r € Z /1), where
H, = Null(T — 7). Becausé’ preserves the domain @fwe havelV’ (H,) C H,1
for all 7 € ZZ/1. Therefore for any- € [0,1) N ZZ/1, V" (H._,) is the decreasing
sequence of closed linear subspaces(pf(heren = 0, 1,2, ...) with zero intersec-
tion. Choosing orthonormal bases in each spatéH.._,,) © V" 1(H,_,,_1) and
taking the union of these bases we obtain an orthonormal Bagis - such that for
anyn =0,1,2,..., B, N V"*(H,._,) is an orthonormal basis " (H._, ). Then
foranyr € Z/l, 7 <0

B, = (VHI By nVII(H,)

is an orthonormal basis i, (here[r] and{r} are the integer and fractional parts of
the number respectively). For € 7/, with 7 > 1 we shall construct orthonormal
basisB. in H, by induction. The first step of the inductio( for 7 < 1) is
already established. Assume that 7Z, ; > 2 and the baseB, for r € 7Z/I,
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7 < j — 1 are already constructed. We shall construct the h8sifor 7 € Z/I,
j—1 <7 < j. Choose an arbitrary orthonormal basisin H, & V(H._1). The
setB, = B. NV (B,_1) is obviously an orthonormal basis i, . Let

B= U B,.

TEZ/]

ThenB is an orthonormal basis i andV f € B for any f € B (this follows from
the construction of5). This means thaB is a generating basis fdr. Therefore,
Ao = {f € B|VTf = 0} is an orthonormal basis in. Consequently4, =

V"(Ap) C B is an orthonormal basis iV, for anyn = 0,1,2,.... From the
construction of3, for any f € B there exists the unique(f) € Z/l thatf € B, .

Let us define an operatet,, on N, by the formula

An (Z aff) = > (st

feA, feA,

This operator is self-adjoint (because the vectors of the orthonormal Hgsise
eigenvectors ofd,, with real eigenvalues). Since for anfy € B, f € B,y =
Null(T — 7(f)) we haveT f = 7(f)f. ThereforeA,, coincides with the restriction
of T'to \V,,. ThusT commutes with projection&’,, and

T = i AnKy,.
n=0

To prove (5.9) ford = Ay it remains to verify the equality,, = V™ (A4 +n)(V*)".
From the construction of basek, we have thatd,, = V™ (Ap). Let Ay = {gr |1 <
k < m+ 1} (wherem is multiplicity of V). ThenA,, = {V"¢; |1 <k <m+ 1}.
So

1<k<m+1 1<k<m+1

An( > Ckvngk-): > ar(V'ig)V g

= Z ck(T(gr) +n)V"gr =

1<k<m-+1

=V" Z ck(T(gr) +n)gr =

1<k<m+1

=VMA+n)(VH'V > g =

1<k<m+1

=V”(A+n)(V*>"< > ckV"gk).

1<k<m+1

So formula (5.9) fofl" (with A = Ap) is proved.
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In the general case I62(7) be the spectral resolution @f.

oo

T= / rdP(r)

— 00

It is straightforward to check that the conditions (5.7) and (5.8Yf¢@with respect to

the semigroupy’™) are equivalent to the fact that for any < =, V (P, — Py, ) (H) C
(Pry+1 — P +1)(H). From this reformulation of the definition of time operator (in
our particular case) it immediately follows that for any Borel functfonlR — IR
such thatf(z + 1) = f(z) + 1 for all z € R, the operatoyf (T) is also a self-adjoint
time operator for the semigroyd’™ |n = 0, 1,2, ...}. The functionf;(z) = [lz]/!

(I eIN) satisfies the conditiofy(z+1) = f;(z) + 1 and takes values i#Z./I. Hence,
f1(T) is a self-adjoint time operator for the semigro{ig™ |n = 0,1,2, ...}, with
spectrum included i@ /I. From the previous result there exist self-adjoint operators
A; on A such that

A(T) =D VM A +n)(V)'K, . (5.10)

n=0

From the definition off; it follows that the operatord’ — f;(T") are bounded and
|7 — fi(D)|| < 1/l. So, the sequencﬁ(T) converges tdl’ with respect to the
operator norm. From the other side— fi(T |N Therefore the operators; — A;

are bounded anil4; — A4;|| < gy S04 is the Cauchy sequence with respect
to the operator norm, and therefoﬁe converges to some self-adjoint operatbon
Ng. Passing to the limit in the formula (5.10) we obtain the desired formula (5.9).
Formula (5.9) implies thatl = T] . ThereforeA is unique for giveri".
Conversely, lefl’ be an operator glven by the formula (5.9). Sintés a self-
adjoint operator oy, each operatafl,, = V" (A+n) (V1) "K,L|N ,n=0,12,.
is self-adjoint on\,,, as it is unitary equivalent to the self-adjoint operamrk n.
Thereforél" is self-adjoint as a direct sum of self-adjoint operators. Itremainsto verify
conditions (5.7) and (5.8) with respect to the semigrfufy |n = 0,1,2,...}. Let
f € Dy C H. Then by (5.9)

TVf = i A K,V f = i VYA +n)(VH"K,Vf (5.11)

n=0 n=0
From the obvious relations,V = 0 andK,,V = VK,,_; forn > 1 we obtain

i VU A+n) (V'K Vf = i VI A+n)(V'VEK, 1 f =

n=0 n=1

= VVTH A+ n - D)V K, f+ Y VVTHVITTR, o f =

n=1 n=1
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_ ivAnanjLivan. (5.12)

n=0 n=1

Sincef € Dr, the seriesy_ - , A, K, f converges. Sinc& is continuous and
the sequencd,, of orthoprojections is a decomposition of the identity both series
Yoo o VALK, fand) ", VK, f convergeirH. Thus, by (5.11) and (5.12) f €

D7 and

TVf:iVAnan+iVan:VTf+Vf.

n=0 n=1

Corollary 5.1 For a unilateral shifti’ on a Hilbert spaceH, there exists a unique
self-adjoint time operatof’ for the semigroud V"™ |n =0, 1,2, ...}, satisfying the
additional condition that the null space of the adjoint shift is included into the null
space ofl":

VTf =0 implies that Tf = 0. (5.13)

In this case the null spack’ of the adjoint shift/ T is identical with the null space of
T.

Proof. By Theorem 5.1, formula (5.9) wittd = 0 defines a time operator for
the semigroug V" |n = 0,1,2,...}. Itis straightforward to verify that this time
operator satisfies condition (5.13). Now suppose fhas time operator for the
semigroug{ V"™ |n =0, 1,2, ...}, satisfying the condition (5.13). From theorem 5.1,
T can be represented in the form (5.9) with some self-adjoint opedatar\y. Since
the restriction ofl’ to NullV* coincides withA4, condition (5.13) implies that = 0.
ThereforeT is unique. The inclusiotNullVt C NullT is one of our assumptions.
The opposite inclusion follows from (5.9) with = 0, since formula (5.9) in the case
A = 0 provides spectral resolution @f.

The above theorem allows, in addition, to determine the diagonal form of the
time operatofl” associated with unilateral shift. It turns out tlfatas the diagonal
representation in terms of the generating bases for theishift

Corollary 5.2 The time operatof” of Corollary 5.1 has diagonal representation for
any generating basig;:

T=>n > lg)gnl (5.14)

n=0 1<a<m+1

Ko= Y lgm{gnl.

1<a<m+1

Therefore the generating basis is a basis of eigenvectdts dfg]! = ngl;.

Proof of the formula (5.14) follows from (5.13) and (5.9) immediately.
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5.3 TIME OPERATOR OF BILATERAL SHIFT

We shall prove now an analog of Theorem 5.1 for bilateral shifts. This theorem
generalizes the construction of time operator from Section 2 because Koopman and
Frobenius-Perron operators of invertible K-systems are bilateral shift operators on
the Hilbert space of square integrable functions.

The generating basis of multiplicity/ for a bilateral shift” is defined in the same
way. Only difference is that € 7 and the conditio T g0 = 0, if n > 1, is dropped.

Theorem 5.2 LetV be a bilateral shift on a Hilbert spack andT be a self-adjoint
time operator for the grougV'™ | n € ZZ}. Then the time operatdF is given by

T = f: VU A+nl)(VHK,, (5.15)

where
1) K, are the orthoprojections onto the subspag¢és n € 7Z;
2) the subspace¥/,, satisfy the conditions (1-3) of the definition of shifts;

3) Ais a self-adjoint operator oW, such that the spectrum(A) is contained in
[0,1] and 1 is not an eigenvalue df.

The subspaceX,, and the operatorA are uniquely determined 4.

Conversely, if the subspac#$,, n € 7 satisfy all conditions from the definition
of bilateral shift, ,, are the orthoprojections ontd/,,, and A is an arbitrary self-
adjoint operator onVy then any operator of the forigs.15)is a time operator for
the group{V" : n € Z}.

Proof. Let T be a self-adjoint time operator for the grolig™ : n € ZZ}, and{E\}
be the spectral resolution @f:

T = /)\dEA. (5.16)

Define the functiorp : IR — 1R by the formula

_(1,ifte(0,1),
w(t) = {0, ift e R\ [0,1).

Let K,, = ¢, (T), wherep, (t) = ¢(t — n) or equivalently

Kn = }\im E/\+1 — E,\.

—n

A<n

It is clear thatk,, are orthoprojections and that the spasés= K, (H) satisfy all
the properties from the definition of bilateral shift farandT'(N,,) C N,,.
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Let A, : N,, — N, be the restriction of the operat@t to the spaceV,,. The
operatorsA,, are self-adjoint as restrictions of the self-adjoint oper@toEvidently,

T = f: A K,

n=—oo

To prove (5.15) ford = Ay itremains to verify the equalitd,, = V"(Ap+n)(V*)"
foranyn € 7Z. This can be done by the same argument as the corresponding statement
in the proof of the theorem 5.1. Since= TKO|NO andK, = ¢(T') we have that
o(A) is contained in the closure of the seflR) and the point spectrum o is
contained in the sep(IR). Thereforeo(A) C [0,1] and 1 does not belong to the
point spectrum.

Let us verify now the uniqueness &f, and A. Let T be the operator defined by
the formula (5.15). Since(A + n) C [n,n + 1] andn + 1 is not an eigenvalue
of A + n, we have that,,(T) = K, for all n € ZZ. So, K,, and thereforeV,, are
unique. By (5.15M is the restriction ofl” to . Therefore A is also unique.

The proof of the converse part of Theorem 5.2 is the same as for Theorem 5.1.
Remark. For a given self-adjoint Time Operat@rof a bilateral shifti” there exist
representations df in the form (5.15) with differenf<,,. The condition that makes
K, unique is the restriction that the spectrum/fs contained in [0,1] and 1 is not
an eigenvalue ofi. This condition is actually equivalent to the identificationfof
of formula (5.15) with the eigenprojectiod3,; © P,, obtained from the spectral
resolution (5.16).

NOTES

1. The null spaceV’ = N, = ker VT of the adjoint unilateral shift is the gener-
ator of innovationsV,, = V" (A\) which coincide with the eigenspaces of the time
operator. The spack¥ contains all initial information and defines the origin of time.

2. As the bilateral shift is the unitary dilation [SzNFo] of the unilateral shiftis
still a generator of innovations. However as the null space of the adjoint bilateral shift
is the zero subspace, the generating subspac®es not contain the initial = 0
information. The initial information is included in the space

0
H" = Eo(H)= @ V"(V).

This space is called incoming subspace by Lax and Phillips [LaxPh] as it contains the
initial information which will manifest in future. In the case of Kolmogorov systems
[CFS] P(0) is the conditional expectation projection onto thiepartition [Mi,Pr].

3. If V is a unilateral shift, then the adjoint semigro{iy’*)"} does not have
any time operator. Therefore the Time Operator does not exist for the evolution of
probability densities of exact endomorphisms, wHéris the Koopman operator and
U = V' is the Perron—Frobenius operator.

This non-equivalence between states and observables does not appear in auto-
morphisms, like Kolmogorov systems, where the Koopman and Perron—-Frobenius
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operators are both unitary. In the original definition of time operators [Mi,Pr] both
pictures in terms of states (Sdidinger) and observables (Heisenberg) were used
without discrimination. However the generalization of time operators beyond unitary
evolutions is only possible in observables (Heisenberg) evolution picture.

4. The definition of time operator goes beyond the shift evolution. In fact time
operators can be defined for more general contracting semigroups [AShdiff].



Time operator of the Renyi
map and the Haar wavelets

A characteristic feature of the time operator of exact systems constructed in the
previous section is that it has uniform infinite multiplicity. This means that the
eigenspaces of time operator have the same infinite dimension. We shall show in
this section that it is also possible a natural construction of a time operator for an
exact systems based on its generating partition. If this partition is finite then the
eigenspaces of the time operator are also finite. Time operators of the first kind are
called theime operators with uniform multiplicitghe second kind thiime operators

with non-uniform multiplicity

In this section we shall construct a time operator with non-uniform multiplicity
for the exact system determined by the Renyi map. One of the reasons for choosing
this particular dynamical system is that this will allow to demonstrate in a transparent
way the ideas, the details of the construction as well as to compare uniform and non-
uniform time operator. This will also clarify the details of the construction of time
operator of the baker map. Another reason is that there are close connections between
the non-uniform time operator of the Renyi map and the multiresolution analysis of
L%, based on Haar wavelets. We shall show later (Section 13) that this connection
is not incidental. The spectral decomposition of a time operator turns out to be a
generalization of multiresolution analysis.

We begin with the construction of the complete family of eigenfunctions of the
time operator. The construction is based on a simple but important remark that the
Koopman operator acts as a shift on the Haar functions. Then we shall discuss the
domain of the time operator and show the connections between eigenfunctions of
the time operator and the Haar wavelets on the intgfudl]. We shall also show
relations of the time operator of the Renyi map with the time operator of the baker’s

47
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transformation constructed previously by Misra, Prigogine and Courbage. Finally we
shall construct, for a comparison, a uniform time operator of the Renyi map applying
the results of Section 6.

6.1 NON-UNIFORM TIME OPERATOR OF THE RENYI MAP

The 2-adic Renyi map is defined on the unit inteffgall ) by the formula
Sz =2z (mod1).

The Lebesgue measure is invariant with respecét.tdhe Renyi map is the simplest
chaotic system and the prototype of exact endomorphisms presented in the previous
section.

The Koopman operator of the Renyi map is the unilateral shift defined by

1
Vi) = fsa) = {460 ey 61

f@Qx—-1), forxzels,1),

The construction of the time operator of the Renyi map is based on the following
observation:

Lemma 6.1 The Koopman operatai6.1) acts as a shift on the Haar functions in
L2
[0,1]

P 1o (2) 4 Loy (2" e — 2k) — 1y (2" ' — 2k — 1), (6.2)
wheren =0,1,2,...., k=0,1,....2" — 1,
V b = hnt1,k + Png1,kron,

forn=0,1,2,...andk =0,1,...,2" — 1.

Proof.
| hnk(22), for x € [0, %)
Vh"’“(x)_{ hp k(2 —1), forze [%, 1)
B ]1[0’1)(2n+21' —2(]€ + 277.))_]1[071) (277'+2.f(,' —2(]{}—'—2“)—1)7336 [%,1)

hny1k(z), forze[0,1), k=0,1,..,2" -1
hny1x(z), forze[i 1), k=2n, . 27" —1

= hpy1, k(%) + Pyt kg2n (2)

The last equality follows from the fact that functién,+; , and hy,41 z+2» have
disjoint supportg0, 1) and[%, 1) respectively.
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In order to obtain an orthonormal basis we define the functions

(pl(if) = h()y()(fﬂ) = ]1[071) (21’) — 1[071) (2$ — ].)
Ont1(z) =Vpi(x), for n=1,2,...

We observe that
(pg(l‘) = Vho,o(x) = h170(33) + h1,1($) .

In general, it follows from Lemma 6.1 that
Pn+1 = hn,O + ... + hn,2"—1 5 (63)
forn=1,2,....
We see therefore that every function 1 (z) can be expressed in terms of the

Haar functions as the sum of @llcomponents ok, , £k =0,1,...,2" —1
Now, for a given set of integets

n= {nh ---vnm}a ny <..<myy

define the function "
on(2) = o, (2)...0n,, (). (6.4)

Lemma 6.2 Any functiony,, wheren = {nq,....,n,}, n1 < ... < n,, can be
expressed as
€0Mn,,0 + oo+ E2nm _1hnp,, 2nm 1, (6.5)

for some choiceof, = —1o0r1,:=0,...,2" — 1.
Proof. Indeed, since,,, corresponds to the finest division of the interval and the
functionsp; can only assume values +1-et, the multiplication ofp,,, by ¢,,,, for
n; < nm, canonly change signs of somg, , ;. This ends the proof.
Lemma 6.3 The Koopman operator act as a shift g
Vion = ont1,
wheren + 1 dzf{nl + 1, 0y + 1}
Proof. Since the Koopman operator is multiplicative
(Vfg)(z) = f(Sx)g(Sz) = (V)(z)(Vg)(z),
we have
Vion =V(on, - n,) =Von, Vo, =@Cn+1--Pn,+1 = Pnti -

Lemma 6.4 The functionsy,,, wheren runs over all ordered subsets ¥, together
with the constant= 1, form an orthonormal basis iﬂfo 1
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Proof. Note first thatp? = 1, for eachn. Thereforep? = 1 and

Pn'Pn”’ = Pt --Pn! (pn’l’-“@n;;z = PnyPrm >

my

whereny, ...n,, is the rearrangement of the numbers Ny s, .oy inthe

increasing order (if; = n/ then Priony =1, thus we can eliminate these
numbers) This implies thap,, ¢, is again of the form (6.5) and consequently

fcpn z)n» (z)dz = 0.

We shall show next that all indicators of seg%[ ’““) can be obtained as finite
linear combinations of products,, ...¢,,, , with n,,, < n and the constant function
1. This will imply, in particular, that any Haar function is such a linear combination
and that the completenessﬁr?b 1 of the family {¢, } will be a consequence of the
completeness of the Haar basrs Indeed applying the mathematical induction we see
that forn = 1

1 1 1 1
Let us assume now that the statement is truezfand consider an interval (1) =
[t gt )- Itisthe leftor the right part of some interval™) = (£, 251 indicator
of which is by the assumption a linear combination of produgts..o,, ., nm < n.
Therefore the indicator

Ipnsny = §]IA(") + 511A<n>90n+1,

where the choice of + or depends whetheh (") s the left or the right part of
A is again a linear combination of produds, ..o, , With n,,, < n + 1.

From Lemma 6.3 and 6.4 we can construct the innovation spéges = 1,2, ...
for the Koopman operatdr.
Let us define

Wy = span{l} and W, = span{pn,...on,, },

for all choices of nonnegative integens < ... < n,, = n, n = 1,2,.... Let

us also denote by, theo- algebra which corresponds to theth dyadic division

and byL?(B,,) the subspace af 0.1] consisting of all3,,-measurable functions. By
construction we have the standlard properties of innovation spaces for shifts, namely:

1) the spacesV,, are mutually orthogonal and
WoeWi@...0W, =L*B,).
2) the spaceL has the following direct sum decomposition

L[20,1] =Wo W1 EWa P ...
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3) the Hilbert spacéfo_l] © {1} = H of non-equilibrium deviation is:

H=W1&Wyd...

4) the Koopman operator shifts the innovations

VWi C Whst, n=1,2,.... (6.6)

We should remark here that in the unitary case we have
VWn = Wn+l .

Putting P,, as the projection oV, n = 1,2, .. ., we obtain the time operator
T=> nP, (6.7)

The unionUZ":1 W,., which is dense ift{, is in the domain ofl" and that fom =
{n1,...,nm}
Tn =NpmPn -

Therefore eachp,, is an eigenvector of" corresponding to the eigenvalue =
max{m : m € n} which is called theageof ¢,,. The agen corresponds to the
partition of [0,1) on2” intervals and can be identified with the information carried
by this uniform partition. The spaod8), & W; & ... & W,, consists of all elements
having the agec n or, using the computational language, all functions (with the mean
value 0) which can be computed with the accur@gy ThenW, 41 represents the
necessary contribution which is needed if one wants to describe all functions which
can be computed with the accuragy:r. We shall show below th4f is indeed the
Koopman operator with respect to

Theorem 6.1 Each vectorf € H has the following expansion in the basis,, }

oo 2n~1

F=0)" anrpnr (6.8)

n=1 k=1

wheren® denotes the sty ..., n; } with fixedn; = n whilek runs through alp™—*
possible choices of integers < ... < n;_1 < n. The operatofl’ acts onf having
finite expansiorf6.8) as follows

oo 277t

Tf=Y " nanipn: - (6.9)

n=1 k=1

MoreoverT satisfies

V" =V™T4+mV™, m=1,2,... (6.10)
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Proof. The expansion (6.8) is a direct consequence of Lemma 6.4 and equality (6.9)
from the definition ofP,, andT".
The intertwining relation (6.10) follows follows from the equality

PV =V™P,, (6.11)
where we putP,, = 0 for n < 0. Indeed, for any functiorf of the form (6.8)

00 271.—1

Vm/f = Z Z An,kPnk +m -

n=1 k=1
ThereforeV™ f € Wy41 © Wha2 @ ... and consequently
anmf =0= VmPn—mfv

forn < m. If n > mthen

277,—111,—1
PV = Z An—m kPnk -
k=1
On the other hand
gn—m—1 gn—m—1
Vmpn_mf = Vm Z an_m7kg0nﬁ_m = Z an_m7k50ng’cl
k=1 k=1

which proves (6.11), for alb, m €IN.

6.2 THE DOMAIN OF THE TIME OPERATOR

What functions belong to the domain of our time operator? An immediate conse-
guence of the definition dF is that it is densely defined di¥ because all finite linear
combinations of Haar functions are in the domain. On the other hand it is easy to find
a functionf € L? of the form (6.8) for which

Hf||L2 < 00,

while
ITfllLz = 0.

We shall show below that the domain of the time operator contains also “smooth”
functions. For this purpose we shall consider expansions of functions in the Haar
basis instead of of the expansion in the bdsig: } which is in fact the Walsh basis.
Although the Walsh basis allows to describe in a simple way the dynamics on
L?, i.e. the action of the Koopman operator, it not so convenient when dealing with
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smooth functions. It is known, for example, that the Haar expansion of a continuous
function on the intervdD, 1] converges uniformly, while its Walsh series may be even
pointwise divergent.

From now on till the end of this section we shall only consider those functions
from L2 which have continuous extensions [on1]. The following theorem gives a
necessary condition on a functigrto belong to the domain of the time operator.

Theorem 6.2 Any functionf € Cjo ;) such that its modulus of continuity satisfies the

property
1 .
/ wf(z)IOgldx > —00
0 xZ

belongs to the domain df.

The modulus of continuity; [Zy] is defined by:

wr(d) = sup |f(z) = f(y)], 0<6<1,
[P
forany f € Cp 1.
In order to prove this theorem we need the following lemma

Lemma 6.5 The Haar functior,, j, (6.2)is an eigenfunction df’ corresponding to
the same eigenvalue

Proof. Consider for a fixedn the functionsp,,x , k = 0,1,...,2™ — 1. By Lemma
6.2
Pk = E0Mm,0 + oo+ E2m_1hmom 1, (6.12)

where the choice of; depends ok. A simple geometric argument shows that each
hm,; can be represented as a linear combinatiop,of, k = 0,1,...,2™ . In-
deed, we can identify,,, ; with the unit vector of th@™ “dimensional Euchdean space
(0,...,0,1,0,...,0), where 1is on thg + 1-coordinate. Slncégon?nhon% 2 =

Zj €€, theLQ-scaIar product can also be identified with the scalar product in the
Euclidean space. From (6.12) follows that there Zifemutually orthogonal, thus
linearly independent vectots;: in IR?". Therefore each,, ; is a linear combina-
tion of . Sinceyp, is an eigenvector df’ corresponding to the eigenvalue
alsopy is en eigenvector df’ with the same eigenvalue.

Proof of Theorem 6.2.Without a loss of generality we may assume tfalaf(x) dr =
0. Thenf has the expansion in the Haar basis

N 2n—1
f=Jlim fy= Nhinooz Z CnjPnj s
n=1 j=0
with ¢y, ; = 2"/2hy, ; andey, ; = fo x), ;(z)dz. Sincef is continuous the

above series is not onlfy?-convergent but also uniformly g0, 1]. We shall show
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that alsdT" f converges uniformly off0, 1], asN — oco. Thus we can defing¢ as
the limitlim,, .., T'fy. By Lemma 6.5

N 2n—1

Tfn = Z Z N, jtn,j -

n=1 j=0

Therefore applying the inequality [Ci]

< 1 1
|cn.j LAY

validforallk =0,1,...,2" !, we have
N 2n—? N 2n1
DD nengtn (@) <D Incn v (@)
n=1 j=0 n=1 j=0

277.71

20m/2 sup  |cn
1j=0 3=0,....2n 71

WE

n

al 1

However - nw (5%+) is nothing but the Riemann sum of the integral

— fol wr(x) 105:'9” dx which is finite by the assumption. therefore there is a condtant
such that

IN

N 2n?

DN Incnjtn (@) < K < o0,

n=1 j=0
foreachN = 1,2, ... which shows the uniform convergence of the functional series

271,71
P ijo ncn,j¥n,;(2).

6.3 THE HAAR WAVELETS ON THE INTERVAL

We show that the above constructed spectral decomposition of the time operator
coincides with the multiresolution analysisb?o 1 [Ch,LMR].

A multiresolution analysi$MRA) of L% is a sequencéH., },cz of closed sub-
spaces of % such that

{O}C...CH71CH0CH1C...CL%R,
() Ho = {0},

neZl
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U #o = Liw)

nez
f() EHyp <= f(2") € Ho.
Moreover it is assumed that there is a functipa L%]R) (thescaling functiofjwhose

integer translates form a Riesz basig, i.e. the se{¢(- — k) : k € ZZ} is dense
in L(21R) and there exist positive constamtsand B such that

Ad G <Y ad(-=Rlis <BY

keZz keZz keZz

for each{cy}rez C R suchthafy", ., ¢ < oc.
It follows from the definition of MRA that the spa@é, is spanned by the functions

On,a(x) d:f2"/2¢(2”x —a), a€l.
Let us denote byV,, the orthogonal complement &i,, in H,, .1, i.e.
Hos1 =W, dH,, n€Z.

Itcan be shown [Ch,LMR,Da] thatthere exists a funcfi@uch the translated versions
of
o) E 272027 — a), a €7, (6.13)

generate an orthonormal basisif,. The functionh is called thevavelet

As we have seen above there is a strict analogy between wavelets and shift opera-
tors. This analogy leads to a definition of a time operator for wavelets [AnGu]. Here
we shall compare the eigenfunctions of the time operator (6.12) of the Renyi map
with the wavelets on the interviil, 1).

The Haar wavelet

1, foro<z<1/2
Yr)=4¢ -1, for1/2<z <1
0, otherwise

generates the orthonormal bagis,, of L%IR) with formula (6.13). The restriction of

the Haar wavelet to the unit intervigl, 1) can be achieved [LMR,Da] byeriodizing
the underlying wavelet. Namely, for a given wavdiewve define

bR () = Y hnalz + ).

BEZ

We shall denote b§><* and)Vre* the periodic counterparts of the spagésand
W, defined above. In this way we can show the the analogy mentioned previously is
an exact fact namely

Theorem 6.3 The wavelet spaced/?** of the Haar wavelet on the interv§l, 1)
coincide with the eigenspac#g,, of the time operatof” of the Renyi map.
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Proof. Since the functiong}, are periodic with the period 1, they can be regarded
as functions on the intervf), 1). Itis enough to focus our attention on the wavelet

which is, as it was assumed above, the Haar wavelet. In such case the corresponding
functionsh,, , have, for fixedn and different, different supports. Moreover, if

n < 0 then the functions,, ., are constant on the intervi, 1). This implies that

also the periodic functiong}; are constant of0, 1), for n > 0 and that only)><,

with 0 < o < 2™ — 1 may be different. The latter fact can be easily checked directly.
Indeed, each integercan be written as = 2" + o', wherel € Z and0 < o’ < 2™.

Then
E?{E (x) = Ziez hn,a(x + Z)
=Y sezm 2"*h(2"(x + ) — )
=Y pez 2"*h(2" (@ + 5 —1) — o)
= Zﬁez b (x4 B8 —1)
= V()
Finally observe that
per

n,a'[O,l) = hﬂ,a .

Indeed, recall that

P (@) = Y hnalz i)=Y 222"z +1i) — a).

1€ 1EZL

However, h, being the Haar function, is zero outsifie 1). Therefore, ifn > 0
and0 < o < 271, the functionh(2"/2(x + i) + o)) may assume non-zero values
only if ¢ = 0. This implies that above sum is reduced to one compohgpi(z).
Consequently the spad®?®" = span{¢hs : 0 <« < 2" — 1} may be identified
with the spacéV,, = span{h,: 0 <a <27 —1},n > 0. By Lemma 6.2 the
latter space coincides with/,,.

6.4 RELATIONS BETWEEN THE TIME OPERATORS OF THE RENYI
AND BAKER MAPS

The Renyi map results as a canonical projection of the baker’s transformation on the
unit squar€go, 1) x [0, 1)

(QI’Q) , for0 <z <
df 2

B(z,y) < y 1
<2x—1,2+2), for

Therefore the Koopman operafidrof the Renyi map is the projection of the Koopman
operatorVg of the baker's transformation. Equivalentlis is a positive dilation of
V. We ask therefore whether the time oper&taf the Renyi map is also a projection
of the time operator of the baker’s transformation. This is indeed the case.
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The Koopman operator of the baker transformation is

Vef(z,y) = f(B(z,y)).
Vg denotes the unitary group 15 },,—o +1,+2 ... From the function

h(z,y) < L, 1y(z) = 11 1) (@)| Ljo,1) (y) (6.14)

we construct the family of functiongh,, }

{ha} EVE" VB h.. V5" h, (6.15)

wheren = {ny,ns,...nyu} (1 < ny < ... < ny,y) runs through all finite subsets

of all integers. Observe that far> 0, V" h is of the formh, (z) 1} 1)(y) while for

n < 0itis of the form1y, 1) (z)h2(y). Therefore each functiol, can be represented

as a product of two functions dependingmoandy respectively. Moreover the family
{hn}isan orthonormal basis ibf, ., (o ;- Indeed, the orthonormality can be proved
precisely in the same way as in Lemma 6.4, while completeness follows from the fact
that both & andy parts’ are complete i.? (Lemma 6.4). Define the spacig? in

a similar way asV,, i.e.
WE =1lin{Vg" hVg"*h... Vg""h},

for all choices of integera; < ... < n, =n, n = 0,£1,4+2,.... The space
df
HP :L[20,1]x[0,1] o{1}
oo
HP = P we.

The time operatof's associated with the groud/s" } is defined as

Tp = i nkb,,

n—=—oo

where P, is the orthogonal projection fro® ontoW2. It is straightforward to
check thafl s is a time operator with the grodfy/; }, similarly as we checked (6.10)
for T'andV.

Let us now define the projectiaf from L[20,1]

by

onto thez-coordinate -2

x[0,1] (0,1]

df

1
Pf(z)g(y)= f(z) /O 9(y)dy

and extending by linearity on all functions of the form

N
Z ai fi()gi(y) - (6.16)
i=1
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Since the operatof” is bounded and functions of the form (6.16) are dense in
Lf 11x (0,1 P extends on the whole spads, ,,, , ;- Now note thatPh, = 0,
for all n which contain a numbet < 0. This implies that

P(WB):P< &P Hf) =W oW @... W

n—=—oo

and that
PTB =TP.

6.5 THE UNIFORM TIME OPERATOR FOR THE RENYI MAP

The Koopman operatdr : Lfo i~ L[20 1] of an exact endomorphism restricted to
the orthocomplement to constants

H == L[20_’1] @ 1

is a unilateral shift. Therefore we can also construct the time ope‘Iam‘rV\H
applying the general construction of the time operator of the exact endomorphism.
Note first, that the adjoinit* of V is the Frobenius-Perron operator:

V(@) = Uf(z) = = [f (%) +1 <I - 1)} . (6.17)

2 2 2

It is straightforward to verify thalNull V* consists of all functiong of the form

[ ¢(x),if z € (0,1/2)

where¢ € L[2071/2]. This implies that for a given set of integatis= {n1, ..., ., },
ny < ... < ny, the functionpy (x) = @n, (2)...0n,, (z) IS iIN Null V* if ny = 1.
Since each functiop,, with n; > 1 is orthogonal taNull V*, the set

{tn = P10n, - Pn,, 1 <ng <ng<...<npy}
is an orthonormal basis iVy = Null V*. By Proposition 6.1 the set of functions
{apnzgongom P, = V”_laplcpnl,nﬂ...cpnm,nﬂ l<ni<ng<... <nm}

is a generating basis &f. This basis coincides with the well known Walsh basis.
From Theorem 6.1 we have that the oper&fawith the following diagonal rep-
resentation in the basisyy, }:

Tony - n,, =N1Pn; - Pn,,

is a (uniform) time operator for the semigrogp™ : n» = 0,1,2,...}. Indeed, let
H,,n = 0,1,... be the subspace dI[QO 1 consisting of the functions constant on
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the intervaldk2—",(k+1)27"), k= 0,1,...2" — 1 andP,, be orthoprojections on

Hp,©Hpo1 CH,n=1,2,.... Itwas shown that the operator
T=> nP, (6.18)
k=0

is a self-adjoint time operator for the semigradp™ : n = 0, 1,2, ...}. By Theorem
(6.1) it can be represented by the formula (6.9) through a self-adjoint opdratothe
space\Vy = ker VT, whereA is simply the restriction of to\;. Itis straightforward
to verify that this restrictiom acts on Walsh functions froiv; as follows

A@l,nl 7777 ng — nk%planl ~~~~~ nE

Note that the dimensions of the age eigensubspacé® — n/) of the time operator
(6.18) are finite and increase with

NOTES

1) The age eigenfunctions, allow for probabilistic prediction because any square
integrable functiory can be expanded as

oo 2n 1

f = Z Z an,kgpnﬁ .

n=1 k=1
The evolution off can be easily computed as a shift in the coordingtes

oo 2771

Van = Z Z an,kvmwnﬁ

n=1 k=1

oo 271
= Z Z an,k@nﬁ«Hn .
n=1 k=1

2) The representation of evolution in term of the age eigenstates is the generalized
Fourier transform of the spectral representation which has also been constructed in
the context of irreversibility [AMSS].

3) The time operator (6.9) is the analogue of the canonical time operator of Misra,
Prigogine and Courbage (see Section 15). However there is significant difference
in the multiplicity of the age eigenspaces. The eigenvalusorresponds to the
eigenvectorspy,,, . »,.y With n, = n. The dimension of the spad®,, is therefore
equaltothe number of different sets which can be composed using numbens—1,
which is 27~!, Therefore the time operatd has a nonuniform multiplicity in
contradistinction with the canonical time operator of Misra, Prigogine and Courbage
which has uniform multiplicity equal to the multiplicity of the Koopman operator
which is countably infinite. We shall show elsewhere that it is possible to define time
operators of exact systems with uniform multiplicity.
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4) Since the multiplicity of the age eigenspaces increases we have (6.6)
VW, C Whit
in contradistinction to the uniform case where
VW, =Wt

We distinguish as a result two kinds of functions in each innovation spac@amely:
the elementsy,, € W, for which there is an “ancestorp,, € W,,_; such that
on = Vi, and those which do not arise fromv,,_;. These function can be
characterized with respect to their symmetry with respeét tidamely the functions
with “ancestors” inW,, are symmetric

1
on(z + 5) =pn(z) (modl) < 1¢n (6.19)
while the functions without “ancestors” iV,, are antisymmetric
1
on(z + 5) = —pn(z) (mod1) & 1€n. (6.20)

Indeed the functiorp; (x), which is by the definition equal to 1, for< z < % and

-1, for% <z < 1, satisfies (6.19). On the other hand for any functiome have

1
(Vh)(z + 5) =h(2x +1) i 1 h(2x) = (Vh)(z).
This implies (6.19), since,, = Vi, _1 providedl ¢ n. Condition (6.20) follows
from the fact any functiorp,, with 1 € n can be written in the form

¢en(2) = p1(2)(Vion)(2)

for somen’.

Each spac#V,,, and consequently the spalle= ., W,,, can be decomposed
on orthogonal classes of functions — the symmetric and antisymmetric functions
with respect to%. The symmetric functions are simply in the spac¢# while the
antisymmetric functions are in the spages V'H.

5) The eigenfunction (6.12) of the time operator are everywhere identical with
Walsh functions except at the jump points. Recall that the Walsh functions are defined
as all possible products of Rademacher functions

o (2) A sign(sin2"7z) .

6) From the previous remark we see that the Koopman operator of the Renyi map
generates the Rademacher functions from the first Haar function

h(z) = ]1[071)(2x) - 1[0,1)(295 -1)

like the “creation” operator in the case of the Harmonic oscillator in quantum me-
chanics



Time operator of the cusp
map

Time operator of the cusp map
The purpose of this section is to construct a Time Operator for the so-called cusp
map

S:[-1,1] — [-1,1], where S(z)=1-2+/|z|, (7.1)

which is an approximation of the Poinéssection of the Lorenz attractor [Ott]. The
absolutely continuous invariant measure of the cusp map has the density:

_1—17

plx) = 7 - (7.2)

Therefore the measure spack, X, 1) of the dynamical system determined by the
cusp map consists of the interyall, 1], the Borelo-algebra and the measyiavith
the density function (7.2).

The Koopman operator of the cusp map is the linear opefatacting onL? =
L2(Xx, %, i) of the form:

Vi) =f1=2V]z|). (7.3)

The dynamical system determined by the cusp map is an exact system. However
the proof of exactness is based on other technique than used so far and will not be
demonstrated here. We refer the interest reader to [AnShYa].

We shall construct a time operator of the cusp map constructing a generating basis
of V and then using the general results of Section 6. For this we have to find an
orthonormal basis of the spadé = ker V* generating the innovations. We start
with the following convenient characterization of the spaAce

61



62 TIME OPERATOR OF THE CUSP MAP

Lemma 7.1 The spaceV coincides with the following space of functions:
{feL?: f(x) = (1 +x)g(x), where g is odd} . (7.4)

Proof. One can easily verify that the Frobenius—Perron opefater V* is

1 1/1-z\2 1—2\?
= (3-3057) J((57))
AR 1—x2f_1—x2
2 2 2 2 '
Let f € N and assume, changirfdf necessary on a set of zero Lebesgue measure,
thatf(1) = f(—1) = 0 and. Then

1 1/1-2\" 1-z\? 1 1/1-2\> 1—z\>
(5357 (7)) (a(5) J(-(557) ) o
forall z € [-1,1].

Denotingy = (%)2 we obtain the equation:

1=y fly) + (1 +y)f(-y) =0, forally € [0,1]. (7.5)

Letg(x) = {fﬂf forz € (—1,1] andg(—1) = 0. Thenf(z) = g(z)(1 + =) and
equation (7.5) can be rewritten as

(1 —9*)(9(y) + 9(~y)) = Oforally € [0,1]. (7.6)
Equation (7.6) together with the equalitigd ) = g(—1) = 0, imply thatg is an odd

function. Hencef is an element of space (7.4).
Conversely iff has the formf(z) = (1 + z)g(x), whereg is odd, then we have

o ~(4- 35
f

sinceg is odd. Hencef € V.

Lemma7.2 Letg, : [-1,1] — €, n = 1,2,..., be a sequence of odd measurable
functions. Then the sequentgx) = (1+ x)g,(x) is an orthonormal basis iV, if
and only if the sequenes, () = V1 — 22g,(x), z € [0, 1] is an orthonormal basis

in L -
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Proof. Taking into account Lemma 7.1 we obtain

1
Balfdvaaa = [ S50+ 0P (@hgn(o) do
21

1
_ % / (1 = 2%)g0(2)gm () dx
-1

_|_

N =

/ (1= 2)2gn(2)gm () da

(1 - x2)gn(x)gm(m) dx

o O~ _

en(x)em, () dx

= (en|em)L[20_1] )

where we have used the fact that functian- 2)g,, (z)g. () is even and function

(1 — 2%)zg,(x)gm () is odd. This proves that orthonormality and completeness of
{fn} in N is equivalent to orthonormality and completenes$«f} in L[20,1]-

Corollary 7.1 The set of functions

2(1+x)

F(z) = . sintkz, k=1,2,..., (7.7)

is an orthonormal basis in the spagé = ker V*.

Proof. It is well known that the sequeneg(z) = v2sin7kz, k = 1,2,...is an
orthonormal basis itL[zoyl]. It remains to apply Lemma 7.2.

The proof of the following theorem follows immediately from Corollaries 6.1, 6.2
and 7.1.

Theorem 7.1 The sety* = VxF = x*(S"(z)), k = 1,2,...,n = 0,1,...is a
generating basis for the Koopman operatoof the cusp map acting ab, © 1. The
operator with eigenvectorg? and eigenvalues is the time operator of the shit:

Tk = nxk;
T=>n> [xbxkl. (7.8)
n=0 k=1

The form of the age eigenfunctions (7.7) of the cusp map is shown in Fig. 1.
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Remark:

In the construction of the generating basis (7.7)ifomwe used the basis, (v) =
V2sinTnzin L%, ,,- Differentorthonormal basesi?zo‘1 lead to different generating
bases fol/ (but the operatof” defined by formula 7’.&) is of course the same).



Time operator of stationary
stochastic processes

We begin this section with a brief reminder of basic concepts and notions from the
theory of stochastic processes. More details the reader will find in Appendix 1.
Let (2, F, P) be a probability spac€X’, ) a measurable space ah@n index
set. AnX-valued stochastic process ¢f2, F, P) is a family {X;};c; of (F, %)
measurable functions
X Q- X, tel.

The index sef is assumed to be a totally ordered subset of integers or real numbers.
In this section we shall only consider real or complex valued stochastic processes.
Intuitively speaking a stochastic process is a family of random varigtiles defined
on a common probability space, where each random varidble- X,(-), t € I,
represents the outcome of an experiment performed at the time imstkot each
w € Q the correspondence

t— Xi(w)

is a function defined oii called arealizationof the proces§ X }.

A finite dimensional distributioof the X'-valued stochastic proce$s(; }.c; is
defined for a given seftty, ..., t,} € I, t; < ... < t,, as the probability measure
i, ...t ON the product spadey™, ¥™)

/JJtl,__.’tn(B) = P{OJ . (th (LU), . ,th s (OJ)) S B} (81)

forall B € ¥,

Recall that a family of sule~algebras ofF is adaptedif every random variable
X, t € 1, is F; measurable. A family{F;}:c; called afiltration of the process
{Xt}tel if:
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(1) Fs C Fy, foreachs < t
(2) {X.}is {F:} adapted.

In particular{F; }+c is called thenatural filtration of the proces$ X }+c s if eachF;
is defined as the smallestalgebra generated by all random variahlég for s < ¢.

In this book we shall be mostly concerned with stochastic processes on which
some additional conditions are imposed. These additional conditions may concern
random variables(;, t € I, the finite dimensional distributions, or the realizations
of of { X }er.

A condition that concerns individual random variahlss their integrability. We
distinguish the class af?-processes defined as follows. A# stochastic process,

p > 0, is defined as a family X, }; of real or complex random variables Brsuch
that
I Xellr = (B|X[P)% < oo, forallt 1.

Thus anL?-proces X; },c; can be interpreted as a trajectory
t— X

in the Fiechet spacd.? (in the Banach space jf > 1, or in the Hilbert space if
p = 2). Particularly important is the class 6f processes with > 1, which will be
also calledntegrable processes
Integrable processes appear in a natural way in connection with filtrations. Indeed,
if {F;} is afiltration of some stochastic process, then it can be associated&yith
the family of conditional expectatiofi, }

ELEC|F), tel.

In particular{ E; } is a family of orthogonal projectors on the Hilbert spdce If X is
an LP-random variable then the stochastic proc¥ss= E(X|F;) is anLP-process.

In the class of integrable processes a prominent role plays the class of martin-
gales defined as follows. LétX;}:c; be anLP, p > 1, stochastic process with a
totally ordered index set and{F, } its filtration. We say thaf X, } is amartingale
(respectivelysubmartingaleor supermartingalgrelative to{ %, } if for eachs < ¢

E(X,|Fs) = Xs ae. (8.2)

(respectively, if equality (8.2) is replaced by or * >).

A stochastic process thatis a martingale has a number of important properties some
of them can be found in Appendix 1. For instance, a disckéteounded martingale
is almost surely convergent. A continuous time martingale, regardedas\aiued
function, is an analog of a function of bounded variation. This means a possibility to
define integrals with respect to martingales, which is the basis of stochastic calculus
(see Appendix 1 for detalils).

Additional assumption on realizations are necessary when dealing with continuous
time processes, i.e. when the index $és an interval. Observe that without an
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additional assumption on a stochastic procgXs}:c; such simple expressions as

P{X; > 0} or f; X:(w) dt may be meaningless. The reason is that in the above
expressions an uncountable number of events is involved and that may lead to non-
measurable sets. In order to avoid such situationsiitis usually assumed that considered
processes are separable or measurable. We shall always tacitly assume, when it is
necessary, that it is the case. These additional assumptions are not too restrictive,
since the processes considered below possesses separable and measurable versions.
In Appendix 1 the reader will find a more detailed discussion of this matter.

A stochastic process is called stationary if its probabilistic characteristic do not
change in time. Depending on the king of characteristics that we take into account we
distinguish two kinds of stationary processes. If all finite dimensional distributions
of a procesg X, } are time invariant, i.e.

P{(Xt1+5,...,th+S) € B} = P{(th,...7th) c B},

for eachs, t1,...,t, € I,n €IN, andB € X", then{X,} is said to bestationary in
a narrow senser strictly stationary

A process{ X} is said to bestationary in the wide senséit is L2-stochastic
process, i.e. each random variaBgis square integrable, and if, for eack I, the
mean value ofX; is constant

EX;=m
(in the sequel we shall always assume that 0) and the covariance function
R(s,t) L EX, X, — |m)?
depends only on the difference betweesndi
R(s+ u,t +u) = R(s,t),

for eachs,t,u € IR.

In the first kind of stationarity we do not impose any condition of integrability
on the random variableX ;. Thus strict stationarity does not imply stationarity in
the wide sense and neither converse implication is true. However in the class of
L2-stochastic processes each strictly stationary process is also stationary in the wide
sense.

Strictly stationary stochastic processes arises from dynamical systems with mea-
sure preserving transformations. Indeed, consider a dynamical s¢&t&iny.;{S: }),
wherey is a normalized measure and each transformajas measure preserving,

i.e. u(S;tA) = u(A), for eachA € ¥. Then let us define the probability space
(Q,F, P) by putting2 = X, F = 3, andP = p, and the stochastic process:

Xi(w) = f(Six),
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wheref is some real (or complex) valued measurable functiokoiWe have

PlweQ: Xyis(w)€ A, ..., Xy 4s(w) €A} =
=p{r € X : Sy 1sw € fTHAY), ..., S, 15w € fTH(AL)}
— (S A M S L (A)
= p(S;HS, A N NS T (AR)))
(St ) s (AL)
=p{zeX : Syxe f7H(A1),...,S,x e f7H(A,)}
=PlweN: X, (w) €4y,...,X;, (w) € A},

for any choicely,...,t,,s € I and Borel setsdy, ..., A,,. This shows thafX,}
is strictly stationary on. Choosing ag’ a square integrable function we obtain a
stochastic process which is stationary both in the strict and in the narrow sense.

It should be noticed here that a dynamical system has a more complex structure
than a stochastic process. Not only each funcfiattefines a stationary stochastic
process, but there is also an underlying dynarfis;g that can be linked with a time
operator. Stochastic processes do not posses such underlying dynamics in general,
but there are some exceptions. A natural dynamics can be distinguished in stationary
processes and some other related stochastic processes, like self-similar ones.

8.1 TIME OPERATORS OF THE STOCHASTIC PROCESSES
STATIONARY IN WIDE SENSE

In this section we shall focus our attention on stochastic processes which are stationary
in the wide sense, which will be called here simptgtionary

Let { X, }:c; be a stochastic process on a probability sg&zeF, P) with values
in the state spac¥. Letthe sef of indices, interpreted here tis1e, be either the real
line IR or the set of integer®. and let the state space be a subset of an Euclidean
space. For simplicity, we assume thiat= C. Let {F;}:c; be the natural filtration
determined by procedsX; }:c;. We assume in addition that thealgebra generated
by all X; coincides with7. Denote byFE; the conditional expectation with respect
to F;.

As it was pointed out previously the conditional expectatiéhs regarded as
operators on the Hilbert spade® Cc L', are orthogonal projectors and define a
self-adjoint operatof’

Tf:/tdEtf. (8.3)
I

OperatorT is densely defined ofi?, hence it is also correctly defined on a dense
subset ofZ.!.

The operatofl’ is an analog of time operators associated with K-system or exact
systems. One may therefore ask wheffiean also be atime operator of the stochastic
procesq X;}. This question acquires meaning if there exists some dynamics (or flow
of time) consistent with the filtration determined f¥;}. Such dynamics exists for
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some classes of stochastic processes. The most natural class of stochastic processes
that admit a time operator is the class of stochastic processes which are stationary in
wide sense.

Assume that the proceqsX;}:cs is stationary (in the wide sense). LAf(X)
(resp.H:(X)) denote the closed sub-spacddfspanned by the linear combinations
of X, s € I (resp.s € I, s < t). H(X) (resp. H,(X)) is also a Hilbert space
that is in general a proper subspaceldf(respL?(F;)). Note that, for each, the
conditional expectatiof; is the orthogonal projection frof(X) onto™H,;(X).

Define the shift operator

VX, X,

extending it by linearity on finite linear combinations &t, , ..., X; . The operator
V; preserves the norm

IVe>a; X)) = 1Y a; X, 4
j=1 j=1

n

= Z ajakEth+tth+t
j,k=1

n
= E Clja/k-Ethth
J,k=1

n
=D ai Xyl
j=1

Thereforel; extends to an unitary operator &f(X).

Proposition 8.1 The operatorl” associated witH X } through(8.3)is a time oper-
ator with respect td V; }.

Proof. To see thaf” and{V;} satisfy
TV, = V,T + tV, (8.4)
we need the equality

Let Y be arbitrary element fromH(X). ThenE,Y € H (X) andV,E,Y €
Hs+:(X). We can now apply the following simple property of Hilbert spaces:

Let H, be a closed subspace of the Hilbert spatelf ¢y € Hy andz € H,
then

r—x9 L Hy < z9= Py,

wherePF; is the orthogonal projector oK.
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By the above property — E.Y 1 Hs(X). SinceV; mapsH, ontoH .., we have
also have/, (Y — E,Y) L Heyt(X). Thus

VY —VLEY 1L Hept(X)
and applying again the above property we obtain
VIESY = Es LY,

which proves (8.5).
Now, to prove (8.4) it is enough to use representation (8.3) ahd apply (8.5).

In the sequel we shall assume that the stationary prdc€gsis purely nondeter-

ministic, which means that

[ H:(X) = {0}

tel
Purely nondeterministic processes correspond to K-systems or exact systems, i.e. the
dynamical systems for which time operators have been already constructed.

It should be noticed that above assumption does not restrict the class of stationary
processes for which the time operators can be constructed. Indeed, it follows from the
Wold decomposition theorem that any stationary pro¢ésg)} can be represented
uniquely as

X(t) = Xa(t) + Xa(?),

where the procesgX; (¢)} is purely nondeterministic andX,(¢)} is deterministic,

i.e. Hy(X) = H(X), for all t. Moreover{X;(t)} and{X,(t)} are L?-orthogonal.

The deterministic process is measurable with respect to-#lgebrg ), 7;. There-

fore it is not affected be the transitiof, — F;, for s < ¢, and we can say that there

is no flow of time for a deterministic process. Consequently, the time operator must
be identity on the spack (Xs), which is the orthogonal complement&f{ X ).

Until the end of this section we shall confine ourself to discrete time stationary
processes. Namely, let us considérstationary sequences,, n € Z and assume
that they are purely nondeterministic. Under this assumption we can characterize the
time operator associated with a stationary sequence as follows:

Theorem 8.1 Let X = {X,, },.cz be anL?-stationary sequence. Then there is an
orthonormal basis{Y,, } in the Hilbert spaceH(X) such that the time operatdf
associated with the process has the form

T= Y np,. (8.6)

nez
whereP,, is the projection on the space spanned’py

Proof.
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The procesg X,,} can be represented in the form

Xn= Y aniYe, n€Z, (8.7)

k=—o00

whereY, € L%, k € 7, is a sequence of random variables that are mutually
orthonormal, and_ -, |ax|*> < co. Moreover we have

Hn(X) =Ha(Y),

which implies that eacl,, coincides with the orthogonal projection orf, (V).

Let P, a E, — E,_1. SinceE, is the orthogonal projection oi,,(Y), P, is the
orthogonal projection on the spatg, (V) © H,,—1(Y), which is, by the assumption
that {X,,} is purely nondeterministic, one dimensional space generatdd, byit
follows from the general form of the time operator (see the beginning of Section 2)
that he time operator (8.3) associated witti, } is given by (8.6)

The above theorem connects the time operator with the spectral representation
(spectral process) of the stationary process. In this way we may extend the time
operator in a natural way beyond the class of stationary processes. Namely to such
processes that can be in some way determined by spectral processes.

In this and the next section we shall study in details the spectral properties and
extensions of the above defined time oper&torFirst however, we would like to
present the stochastic interpretatiorifoind its time recalling\(7"). We shall also
point out some connection @ and A(T) with filtering and the generation of new
processes.

Recall that for any? € H(X) the value(Z, T'Z) is interpreted as the average age
of Z. It follows from the spectral resolution

T = f: nPb, (8.8)
n=1

thatT" attributes the age to the random variabl¥,,. Since{Y,,} form a complete
orthonormal system in the Hilbert spat& X ), eachZ € H(X) can be represented

as
Z = Z bnYny

nez

where)", [b,|*> < co. Consequently each element/df X ) can be decomposed in
terms of eigenvectors &f. Moreover the domain of’ consists of all sucl¥ for
which}", n|b,|> < co. We can then say that eaghfrom the domain of” has well
definite age, which is

(2,7Z) = nlb,|*.
Moreover if

A=ANT)=Y APn (8.9)

neZl
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is a function of the time operator thénattributes the agg,, to Y,,.

Itis interesting to interpret-operator in terms of filtering theory. From this point
of view the sequencgY} } is a noise and,, is the response of a linear homogeneous
physically realizable system at instartb the sequence of impulsés;, }. According
to this interpretation at every time instanthere is the same contribution of noise.
A-operator changes the magnitude of impulses of the noise. As a result the system
becomes inhomogeneous with respect to time although still physically realizable.

It should be stressed that the time oper&tpand consequently alsb, has been
actually associated with the spectral process (sequeri¢g). However, a given
spectral process may represent many different stationary and non-stationary processes
subordinated tdY,,}. Each such process can now be regarded as the evolution of
some random variabl& € H(X) transformed through an appropriately chogen
operator. In particular the initial stationary procg¢ss, } can also be seen as a result
of a rescaling of the time operat®t Indeed, notice first that it is enough to define a
function A = A(T) only on the set of integers. Thus taking a sequengg, where

_Joa—y, fork<o0
A’“‘{ 0, fork>0 (8.10)
we get
X, = Z n—k Yk
k=—oc0
0
=V" ( Z akYk>
k=—o00

=V" < i /\kYk>

k=—o00

Since, on the other hand,, = V" X,, we see that\ acts onX, as the identity
operator. However, a different choice{of, } will lead to different processes. Notice
that choosing a random variabi® € H(X), a sequencg\;}, >, A\{ < oo, and
putting

Zn = V"™\Z, (8.11)

we obtain a stationary process. If eithgr = 0, for & > 0, or Zy € H(X) then
{Z,} is physically realizable.

In a forthcoming section we shall show that a large variety of stochastic processes
can arise from a very simple process just through a time operator rescaling.

Remark. Considered above time operator associated with a stationary process may
seem to be completely different than the time operator associated with a K-system.
Although T keeps step with the evolution semigro{iig;} the time eigensubspaces
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are one -dimensional. Thisisin a sharp contrast with the properties of an “usual” time
operator that has eigenfunctions of infinite multiplicity. However, let us notice that

formula (8.3) (or 8.6)) actually defindson the whole spacé?(F) 2 L?(Q,F, P),
whereF is theo-algebra generated by &ll; , ¢ € I. Suppose that there exists a uni-
tary group{U; }+c;r (I = R orZ) on L*(F) thatextend$U, }+c s, i.e,{U; } restricted

to H(X) coincides with{V;}. If the stationary process is purely nondeterministic
and if the unitary groud U, } is such thatL?(F,) c U,L?(F), for t > 0, where

Fo = o(X4t)i<o0, then, by von Neumann’s theorem, the group has a homogeneous
Lebesgue spectrum of infinite multiplicity. TherefdFes an ordinary Misra’s time
operator with respect to the extended grdip}.

8.2 TIME OPERATORS OF STRICTLY STATIONARY PROCESSES -
FOCK SPACE

It follows from the previous remark that the problem of extension of the domain
of T depends on a possibility of extensions of the semigrpldg associated with
T. We present below such an extension of the evolufigi} from H(X) to the
unitary evolution onZ?(F) in the case when the considered process is a Gaussian
stationary sequenceX,, },cz. In this case the Hilbert spadé(X) is the space of
Gaussian random variables. In particular, since the random varigpl&sm the
representation (8.7) are mutually orthogonal and normalized they are independent
with A/(0, 1) distributions, and called the discrete white noise.

The shiftsV™, V™ X,, = X4+, can be extended frofi(X) to the shiftst™
acting on all functions (X, , ..., X, ) of finite subsequences ¢, } by putting

VT ( Xy X)) = F(Xnysms - oy Xnpm) - (8.12)

Itis easy to see that™ is an isometry on functions of the forf(X,,,,..., X,, ).
Since such functions generat(F), V™ extends to an isometry on the whdl&(F).
We shall show below that the unitary groﬁTﬁ” on L?(F) is associated with the
extended time operatd? defined through (8.8). First, however, we shall find the
explicit form of the spectral projectors 6f.

Letus note that the Hilbert space of square integrable funcfiokg of a Gaussian
random variable can be identified wift¥ (IR, Br, ), where B is the Borelo-
algebra onR and~ the Gaussian measure @with the density(27)~1/2¢=+"/2,
ThereforeL?(F) can be identified with the infinite product spac&IR>, B, Voo ),
wherey is the corresponding product Gaussian measufig@ ©n This identification
allows us to express spectral projectorgah terms of the Wick polynomials.

In the sequel we shall use the following:

Proposition 8.2 [Se,Ma]If {Y}} is an orthonormal basis ift{(X) then the family
of all products

Hn1 (Krn) Teet an (Knk) ) (813)
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where H,,(z) denotes then-th Hermite polynomial with the leading coefficient 1,
form a complete orthogonal systemliA(F).

Recall that the:-th Hermite polynomial with the leading coefficient 1 is

2,5 d" 2
Hn = (=1 n,x°/2 % —1/2.
(2) = (-1 /P o—e
In particularHy = 1, Hy(z) = =, Ha(v) = 22 — 1, H3(2) = 2® — 3x,.... Recall
also thatH,,(x), n = 0,1, ..., form a complete orthogonal basis i#(IR, Br, ),
i.e. foranyf € L*(IR, Br, )

wherea,, = (f, H,,).

Our next task is to find the explicit form of the eigenprojectéks of the time
operator (8.8) on the spadé (F), i.e. the conditional expectatiors(-|F,,). Such
explicit form can be done for all polynomials

P(Xny, s Xay) (8.14)

oftherandomvariableX, ,..., X, ,withj = 1,2,...andny,...,n; € 7, which,
as follows from the above proposition, form a dense subspaté(df).

Theorem 8.2 Suppose thatX,, } ,cz is a Gaussian stationary sequence on the prob-
ability space(F, P) and assume thaf coincides with the smallest-algebra gen-
erated by allX,,, n € Z. Let{V™},,cz be the extensiot8.12)on L2(F) of the
group of shifts{V'™},,cz of {X,,}. Then the extensidh on L2(F) of T defined by
(8.8)is a time operator associated wi(l17m}. The eigenprojection?n of T are of
the form

P, = f: Po(k),
k=0

where the orthogonal projectioR,, (k), k = 0,1, ..., when restricted a polynomial
of orderk, is the Wick Polynomial corresponding to the Gaussian pro¢éss ;<.
In particular, if {Y;};<, is an orthonormal system i?(F,,) then for any finite
subsequenck;,, ..., Y}, , j» < n, and any homogeneous polynomial of order

p(Yiy,---,Y5) = Z ai,.., Y .Y (8.15)
Iyl

the orthogonal projectiot®,, (k) of p(Y;,,...,Y;, ) is of the form:

Pu(k)(p(Yy, - Y5.)) = D a0, Hy (V) Hy, (Y5,) (8.16)

Liyoly
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Proof. Denote byG,,, n € 7 the Hilbert spacd.?(F,). Itis easy to see that the
algebraf,, coincides with the smallest-algebra generated By, £ < n. Moreover
the above proposition implies that the products (8.13) wjith< n form a complete
orthogonal system ig,,. The spaces,, are the eigenspaces @fcorresponding
to the eigenvalue:. Next, denote byH,(n) the Hilbert space spanned by all
polynomialsp(Yy,, ..., Y, ) oftherandomvariableg,, ..., Y, withr =1,2,...
andnq,...,n, < n. LetHy(n) denote the space of constants andHgtn) be
the orthogonal complement 6{<;_;(n) in H<k(n), i.e. H<r—1(n) ® Hi(n) =
H<p(n). Therefore

gn = @ Hk (Tl) .
k=0

Applying the same arguments as in [Ma] we see that the orthogonal projection of the
polynomial (8.14) of ordek ontdH;(n) is the Wick polynomial corresponding to

the Gaussian proce$s(; },<,,. The explicit form of these projection is known for
any polynomial of an orthogonal systemdr. In particular, for polynomials of the
form (8.15) we obtain (8.16). Sindg’;} ;<. form a complete orthonormal system
inG, andJ,,c, Gn = L?(F), the explicit form of the spectral projectors of the time
operatorff is known on a dense subspacd3f F). Finally we have to show thatis

the time operator with respect to the extended dhifindeed, according to Lemma
?7?and properties of conditional expectation it is enough to show that

VL (Fr) = L (Frgm) -

However,L?(F) is the closure of the space spanned bYll. .. Y/ with jy, ..., j,
< k. By the definition (8.12) of/

1/ l lry _ ! L

VY ) =Y Y
Since the right hand sides of the latter equality spaf(sF;..,,,) this concludes the
proof.

Remark. Applying the above theorem we can find the explicit form of the pro-
jection of an arbitrary, not necessarily homogeneous, polynomial. Indeged=if
q(Yy,,...,Y,,)is an arbitrary polynomial of orddrthen it can be written as a sum

q = p + q1, wherep is a homogeneous polynomial of ordeof the form (8.15) and
the order ofy, is less thark. Since

Po(k)(p+q1) = Pu(k)(p),

we can apply (8.16). If the order gfis greater thart, sayk + r, then we calculate
first P, (k + r)(q) and next, using the fact that the ordergof P,,(k + r)(q) is less
thank + r, we calculate

Po(k+7r—=1)(q— Pu(k+7)(q) = Pu(k+7—1)(q).

We repeat this procedure until we reach the order






Time operator of diffusion
processes

Time operator of diffusion processes

The purpose of this section is to introduce time operators for dissipative systems
like the diffusion equation. The idea of the construction of time operators for such
systems is based on the intertwining formula introduced by Misra, Prigogine and
Courbage in the context of unstable Kolmogorov dynamical systems (see Section
15). Time operator§” are canonically conjugate to the group of unitary evolution
{U,} acting on the space of square integrable phase funcfioasL?(X). Let us
recall here, for the readers convenience, that a time opéefdiarthe unitary group
{U,} on L?(x) should satisfy the following conditions:

1) T is self-adjoint;

2) The domainDy of T is dense inL%;

3) The unitary groug U, } does not lead out aDr:

Ui(Dr) C Dr, t€TR;
4) T satisfies the canonical commutation relation with
TV, = Vi(T + tI). (9.1)

The original motivation for introducing the time operators by Misra, Prigogine and
Courbage was the fact that they give rise to the definition of entropy operators and
to intertwining transformation of the unitary grodp’; } with two distinct Markov
semigroups¥,;", t € [0,+o00) ort = 0,1,2,...andW,”, t € (—o0,0] Or t =
0,—1,-2,..., corresponding to the forward and backward time directions:

AU, =WiAL, te[0,4+00) or t=0,1,2,...,

AU =W, A, te(—00,0] or t=0,—-1,-2,.... (9-2)

77
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The strategy for constructing time operator for diffusion equation is motivated
by the intertwining formula (9.2), which relates two different evolutions. Then the
intertwining transformation transports the time operator from one evolution to the
other. The transported time operator, may of course not be self-adjoint. These general
results are discussed below. Then we will show that the semigroup associated with
the diffusion equation is intertwined with the unilateral shift. Using this fact we
construct a hon-self-adjoint time operator for the diffusion equation in and obtain the
spectral resolution, the age eigenstates and the shift representation of the solution of
the diffusion equation. On the basis of the intertwining of the Poincare—Telegraphist
equation with the wave equation [???] we will construct also a self-adjoint time
operator for the telegraphist equation.

9.1 TIME OPERATORS FOR SEMIGROUPS AND INTERTWINING

We generalize the concept of time operator for an arbitrary semigroup and define the
conditions which relate the time operators of intertwined semigroups.
Definition 1. Let {W; : ¢ > 0} be a semigroup of continuous linear operators on a
Hilbert spacé. Alinear operatofl’ onH is called a&ime operatoifor the semigroup
W, if the following conditions are satisfied:

1) the domainDr of T'is dense irH;

2) the semigroup?, does not lead out abr:

Wt(DT) C Dy for t > 0.
3) T satisfies the canonical commutation relations With
TW: = Wo(T +t). (9.3)

One can see that we just eliminated the condition of self-adjointness from the
definition of time operators for unitary groups.
Definition 2. The semigroug/;}, ¢t > 0 of bounded linear operators on the Hilbert
spaceH! is intertwined with the semigroupg;?, ¢t > 0 of bounded linear operators
on the Hilbert space(? if and only if there exists a linear transformatiarfrom 7!
to +? with the following properties:
1) A is one-to-one and the domain, of A is dense irf{*;
2) the image\ (D, ) is dense irt{2, so the operatoh —! is densely defined;
3)VH(Dy) C Dy forallt > 0;
4) the intertwining relation holds of(Dy) = Dy -1:

VE=AVIATY, t>0.

We see that if the semigroup’ is intertwined with the semigroui? via A, then
the semigroug/? is intertwined with the semigrouy,! via A—!.

Indeed properties 1) and 2) far-* follow from 2) and 1) forA. Property 3) for
A~ follows from properties 3) and 4) fat. IndeedV,! f € D, foranyf € Dy from
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3). From 4) we have thatV,! f = V2Af. ThereforeV2(Af) € A(Dp) = Dy-1.
ThusV;? does not lead out ab, -1 which is property 3) forA\=!. Property 4) for
A~ follows easily from property 4) foA and property 3) foA 1.

The relation between the time operators of intertwined semigroups is given by the
following

Lemma 9.1 LetV;! and V2, t € [0,00) be semigroups on Hilbert spacés' and
H? respectively, intertwined via the linear operatar: H' — 2 andT; be a time
operator forV;!. Then the transported operator

Ty = ATHA7Y (9.4)
is a time operator fo/2, t > 0 if the domain
Dr, ={f € H*|f € Dy, A" f € Dy, TIAT' f € Dy}
is dense 2.
Proof. Let f € Dz,. We have to prove thaf,V;? f is well-defined and» V2 f =
V2T, f +tV2f. By the definition ofl; and by the conditions of lemma we have
ToVAf = AT A AVIA~Lf = ATV VAL S,

From the inclusiory € Dz, we obtaing = Vi, f = AVPATLf € Im (A) = Dy -1,
Alg = VIA=1f. ButA='f € Dr,. Hence A='g = VA~1f € Dr,. By the
definition of the time operatdF, V,'A~1 f = V,}(T1 + t)A~1f. So

ToVEf=ANVIAT f = AV (T + A f =

= AV AT fHtAVIAT f = AV TIAT -tV S

The termV2f is well-defined. The inclusioV,!T3A~1f € D, follows from
TiA=1f € Dy = Im A~ . Therefore term\V,! Ty A~ f is also well-defined.
Finally,

TVAf = AV} TIA f+tV2f = AVIATIATIA T f + 1V f =

=VPTof +tV2f = VAT +0)f.

9.2 INTERTWINING OF THE DIFFUSION EQUATION WITH THE
UNILATERAL SHIFT

In order to construct a time operator for the one-dimensional diffusion equation

dpr(x)  0%p(x)
ot 0x? (0-5)
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we shall first show that the diffusion equation (9.5) is intertwined with a unilateral
shift V;, ¢ € [0, oo) and use the intertwining transformation

AW, = VA

to transport the time operator of the shift to the time operator of (9.5).

Recall that for anypy € L% there exists a unique solutign (z) of the equation
(9.5) with the initial conditionpy (z) = ¢(x) suchthatp; € L forallt > 0. Denote
ot by Wip. The operatordly, t € [0, o) define a continuous semigroup of bounded
operators or.% generated by the diffusion equation. The explicit formulaifgris
well known:

1 r —ty? —ixy
Wiple) = <= [ owetreiay, (9.6)

whereg is the inverse Fourier transform:

@(y) =2 ply) = % / o(x)e™ dx.

3

— 00

Obviously the semigroupV; preserves the spaces of evefa and of oddH,,
functions inL3;:

LE = He. © H,.
Let P, and P, be the orthoprojections onfid. and’H,, respectively.

In the sequel we will need a few technical lemmata. L&t : L?R+ — H. and
M, : L%R+ — H, be the operators defined by the formulae

M.a(z) = cu(u)e_w2 du, (9.7)
/
M,a(z) = x/oz(u)e_w2 du. (9.8)

0

Lemma 9.2 The operatorsV/, and M, are densely defined, closed, injective opera-
tors with dense image.

Proof. Leta € Lﬁh. Then by Cauchy—Bounjakovskii inequality

a(w)e " du| < |lo /6_2”2 du:w- (9.9)
0/ (w) lelis, NG
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Leta € Ly, . Then

/a(u)e‘“xz du| < |la|p (9.10)
0
Leta € L, . Then
/cu(u)e_“:”2 du| < ||| pe= /e‘“I2 du = w. (9.11)
x
0 0

Now leta € Lz, N Ly, N L, . Obviously the latter set is dense Ir; . By

lledllz>
V2|z|
(9.10) and (9.11)M,a(z)| < min{ ”Ci/l; , ||a|Loo} and thereforeV/,a. € L%R+.
Hence, the operatord/, and M, are densely defined. The injectivity éf, and

M, follows from the injectivity of the Laplace transform, becaudgis the Laplace
transform combined with the change of variables frero =2 and M, is the same
operator multiplied byc. Let us show thaf\/, and M, are closed. From (9.9) it

is obvious that these operators are continuous as operatorsD%anTO the space

LY, of measurable functions with the topology of convergence by Lebesgue measure.
Therefore the graphs of these operators are closed in the prﬁﬁﬂctx L% and
hence these graphs are closed in the strofdeppology. So the operators, and

M, are closed. It remains to prove that the imaged&fand M, are dense. The
proof of these two statements are similar. Let us prove that the imalye &f dense.
Suppose it is not dense. Then there exists a funetianL? La#0 such that for

all z € € with positive real part we have

(9.9)and (9.10)M.c(x)| < min {|a||L1, } and thereford/.« € L]2R+. By

0= // e e dra(z)dr = /67”/04(;1:)67”52 dx dr.
00 0 0

It means that the Laplace transform of the funct}tgmx(:zc)e‘””2 dz vanishes. There-
0

forex(r) = /oz(nc)e‘“”2 dx = 0. Butk(7) is the Laplace transform of the function
0

a(y/)
N
Let V4, t € [0, c0) be the right shift orL[2O

. Thereforene = 0. This contradiction completes the proof.

00)"

0, if 7 € [0,1),

Vialr) = { al(r —t)if 7 € [t,+00) . (9.12)
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Let A, : L[Qopo) — H, andA, : L[Qopo) — 'H,, be the operators
A, = ®M,, A, =dM,. (9.13)
Lemma 9.3 The formulae
WP =AViA, WP = AiAL (9.14)

are true for allt > 0, whereA, = ®M,, A, = ®M,.

Proof. First, consider the semigroué+;),>o of continuous linear operators acting
on L%, given by formula

Giplz) = e (), (9.15)
By formulae (9.6) and (9.15) we obtain
W, = oG, ® 1. (9.16)

The operator€s; and®~! also preserve the decompositiés, = H, & H.. Let
G? = Gy|,, andGy = G|,, . Then from (9.16) we see that the statement of the
lemma is equivalent to the equalities

G? = M,V,M; !, G¢ = M. V;M;*. (9.17)
Now letg € Dy, = I'm M,. It means that there existse€ Lf, _, such that

oo

g(z) = Mea(x) = /a(r)e_m'z dr.

0
Then

M,V;M;lg =MV,a= [ \/}04(7)6_””2 dr
0

=/ a(s)e(tH9)e* g = g=ta® Ik a(s)e=*" ds
0 0

= e % g(z) = Vig().
The second equality can be similarly verified.

Thus we showed that the semigroups andV; are intertwined by\. and the
semigroupdV? andV; are intertwined by\,.

9.3 THE TIME OPERATOR OF THE DIFFUSION SEMIGROUP

In order to construct a time operat®y;, for the semigrougV; (9.6) we construct
first time operatord’;, andTy, for the restrictionsVy¢ = W;|,, andWy = W,
W, onto H, andH,. The time operatadfy, will be the sum otfvﬁ, andTy,:

TWf = TSVPof =+ TSVpef

Ho
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We introduced previously time operators for discrete unilateral shifts. We can
define also time operators for continuous unilateral shifts.

Lemma 9.4 A self-adjoint time operatof” for the semigrougd/; (9.12) is given by
the canonical formula
Ta(r) =71a(T).

Proof. The domainD includes all functions frorrL[Q0 00) with compact support.
ThereforeDr is dense. The inclusioW;(Dr) C Dy is trivial. It remains to check

the canonical commutation relation fot Leta € Dr. Then

0, if 7 € [0, 1],
TVielr) =9 ro(r - t)[ ifl € (t,+00)
_ [0, ifrelo,4, +t{0, if 7 € [0,1],
Tl (r=ta(r —t)if T € (¢, +00) alt —t)if 7 € (t,+00)
= ViTa+ tV;a.

The explicit formula of the time operator foV; is given by:

Theorem 9.1 The operatordy, = A, TA, ! andTy, = A, TA_ ! aretime operators
for the semigroup®’;? andW respectively. The explicit formulae for these operators
are

Tivg() = 5 [ vatw) dy. (9.18)
Kl
Tyyg(x) = g/g(y) dy. (9.19)

||

Proof. That the operatorg, andTy;, are time operators for the semigrodp¥’ and

W¢ follows directly from lemmas 1-4. It suffices to prove (9.18) and (9.19) for some
dense linear subspaces’f and?°. We shall prove them for the dense subspaces
of H. andH,, consisting respectively of the functions of the form

g(x) = oz(r)efTIQ dr, (9.20)
/

hz)=z [ a(r)e ™ dr, (9.21)
/

where the functiomx € L[QO,OO) has compact support i{), co).
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For even functions (9.20) we have:

@71 = N a(%) —rz? d
g(x) Of (27_)3/26 ’]'7
1
M) = S
al-L
TM o lg(z) = 2(2(:1227
MM @ g(z) = ()f 2?2(5322@*”2 dr,
Ty g(a) = SMIM 0 g(a) = [ 5e ™ ar
0
Now N
< ! = @ _ —rz? o _E
(Tyvg) (:E)*-/ = (—2712)e dr = 29(m)'
0
Therefore

Tvevg(:v):%/yg(y)-

For odd functions (9.21) we have

oo 1 .
¢ h(z) =iz [ o(4) e~ dr,

Mo () = olaE)
TM;7 o h(z) =iy/Za(L),
M,TM; & h(z) =iz [ /Ta(L)e ™ dr,

Tg h(z) = @M, TM; '@ 'h(z) =a [ 2D " dr.
0

Now

T

(Tin) - 7@4@ (~2ra)e™ dr = (o).
0

Therefore

||

The theorem is proved.

Corollary 9.1 Combining the formulae (9.18) and (9.19) fBf, andT7;, we obtain
the time operatoflyy = Ty, P, + 17, P. for the entire semigroupl/;:

(oo}

Tw f(z) = / (y+2)fy) +4(y*w)f(*y) dy. 9.22)

£d
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9.4 THE SPECTRAL RESOLUTION OF THE TIME OPERATOR

The spectral resolution of the time operator (9.22) is obtained from the spectral reso-
lutions of the restrictions (9.18) and (9.19) onto the spaces of even and odd functions.

Theorem 9.2 The time operator§?;, and Ty, (9.18) and (9.19) have spectral reso-
lutions:

TS = [7dPe(r),
0
Ty = [7dP°(T).
0
whereP¢ () and P°(r) are (nonorthogonal) projections given by the formulae
Pe(1)g(z) = / a(r)e™™" %" dr', where g(z) = /04(7',)677—/‘762 dr’,
1/47 0
Po(r)h(z) = x / a(r)e ™" dr', where h(z) = x/oz(T’)efTIzQ dr'.
1/4r 0

Proof. The spectral resolution of the self-adjoint time operator of the right $hift
is:

Ta(r') = /TdP(T)a(T’),
0
where P(1)a(7’) = a(7)0(7' — 1), 8 is the Heaviside function. By (9.3) for
g € Drg, we obtain

Tyvg = AGTAglg = A/TdP(T)Aglg = /TdAeP(T)Aglg
0 0

Let P.(1) = A.P(7)A_!. Then we obtain the spectral resolution formula

o0

TS = /poe(T).

0

Analogously,
Ty = /TdPO(T),
0

whereP, (1) = A,P(T)A;!. It remains to calculate the explicit formulae fBf (1)
andP°(r). It suffices to check these formulae for some dense linear subspakés of
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andH°. Therefore it suffices to prove the first formula for the functions of the form
(9.20). A straightforward calculation gives

® 1
-1 _ 0((47_,) —7'2?
@ g(x) /(27_,)3/26 dT/)
0

M P(T)M;*® g(z) =

=
—
| R
I~
IS
SN~—
w3
E\_/

[

|

\]\

8
ISH
\‘\

Pe(r)g(x) = ®M.P(r)M 10 g(z) = / () dr'

L
ar

The first formula is proved. The second can be proved analogously.

9.5 AGE EIGENFUNCTIONS AND SHIFT REPRESENTATION OF THE
SOLUTION OF THE DIFFUSION EQUATION

We see directly from the expressions (9.18) and (9.19) that the functions

Xe (7) %e =, (9.23)
xg(x) = %e‘é (9.24)

are age eigenfunctions @f; :

Twx: (z) = Txi(x)
Twxs () = Tx5(2).

The Time operatofy, has spectral multiplicity two. We plot the age eigenfunctions
(9.23),(9.24) in figs. 1 and 2.

Fig.1
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Fig.2

The semigroup¥V; acts as a shift on the age eigenfunctions:
Wixe (@) = x{ ™ (x) and Wixg(a) = x5 (@).

If o € L?(IR) is represented in terms of the age eigenfunctions as

_z2
e 4 dr = e 4 dr

VA ACa

then the semigroup/; of the diffusion equation acts as follows:

oo oo
(p(x):/ O a2 Tp7 a2 o7 +ap?
0

o0

e o 22
Wﬁw(t):!/pf%é;%%ie_zﬁTﬁdT. (9.25)

0

The coordinates¢ andy? of ¢ can be expressed through the inverse Laplace
transform of the even and odd partsyfip to the change of variables— 2.

Formula (9.25) provides a new representation of the solution of the diffusion
equation.

We remark before ending this section that the age eigenfunctions (9.23) and (9.24)
can be also obtained from the age eigenstates of the time op&r48L8) of the
unilateral shiftV; (9.12) via the transformations. and A, (9.13) which can be
continuously extended to Schwartz distributions:

X‘er = A€5‘F7

X7 = Ao,

4., 7 € [0, 0) are the Dirad-functions concentrated at being the eigenfunctions
of T (9.18).

9.6 TIME OPERATOR OF THE TELEGRAPHIST EQUATION

The operator
3 i
> 2 5 A (@)
()|
xr
11[}(x) + ;1 Ia 82& w(x)

was shown [??7?] to be a self-adjoint time operator for the gigupssociated to the

wave equation
i’ (Zg) - ( Ao > @8) (9:27)
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in the Hilbert space of square-integrable initial data with finite energy.
It was also shown in [???] that the transformation

A(T) = / e dP;

whereP; is the spectral resolution of the time operator (9.26):

T:/TdPT

intertwines the wave equation (9.27) with the Poincare—Telegraphist equation, for
t>0:

0%u ou 9

ﬁ—Au—Qwa—v . (9.28)
Since the operators and7’ commute, the operator (9.26) is also a time operator for
the semigroup generated by the Poincare—Telegraphist equation, which is a dissipative

hyperbolic equation describing diffusion propagating with finite velocity [Kelly].

9.7 NONLOCAL ENTROPY OPERATOR FOR THE DIFFUSION
EQUATION

The norm||W,||? for every initial statep, defines a local entropy for the diffusion
process. However, Misra, Prigogine, and Courbage defined a nonlocal Entropy op-
erator as a decreasing operator-function of the Time operator [Mi,Pr,MPC]. We may
define also in the same way a nonlocal Entropy operator for the diffusion equation:

M=MTw) = / M(7)d(P°(T) ® P°(7)) . (9.29)
For the simple profile function
M(1T)=e 27, v>0. (9.30)
we have:

Proposition 9.1 The Entropy operator (9.29), (9.30) acts on the functig(s) in
the domain off}; as:

\/>/:+m 2272 [\/;-f—Qx F(Va?2 = 2)+

F(V22 — 2 = 22) (=22 —z)} , (9.31)

whereX > 0 is an arbitrary positive constany,(++/22 — z) stands for the analytic
continuation of the functioyfi(x) to the complex plane, the branch of the square root is
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chosen so that real part af’z is nonnegative andi\" (¢) = —1 [ ¢iCeosht—tgy

is the Hankel function of the first type. T

Proof. Following the proof of Theorem 1, we consider separately the action of the
entropy operator on even and odd functions. For the even fungtion(9.20) we
have:

The latter integral is the Laplace transform of the product of the functign$ and
e~ 2 with respect to the variable = 22,

M¢g(x) = M?g(v/2) = Lla(r)e” 7] .
Using Mellin’s formula we get

A+i0c0
Meg(o) = 5= [ Lol — el F )z

where\ > 0 is an arbitrary positive constant. From Eq.(9.20) we have
clle) = [ alre T =g(v7)
0

From [GradRyz] we have:

_a A 1 ),
Lle”|(z :/ e " TZdZZ—WWH( in/27z)
e Fe) = | = H /)

Therefore

. Atico
M¢q(z) = ;\/ZA_ g(Vz? — z)Hl(l)(z'\/?yz)% . (9.32)

For the odd function&(x) (9.21) we have

gty i(3E)
M o h(x) v

> 1 1 2
Mye 2" M 1o 1h(z) = m/ o () — e Ty
o o ( ) o 47_ \/?

MP°h(z) = ®Mye 2" M, '@ th(z) =
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1 =27 o v’ —izy
T wye 7Y T dydr =
\/27r/ ( ) \/27’ oo Y Y
:Qx/ a(T)e*%e*”ﬂdT.
0

From Eq.(9.21) we have

Atioo
MOh(z) = 22Lfa(r)e= %] = - A Llo)(a? = 2) e~ %] (2)dz =

i —100
A+i00
h( :r —2) (1) dz
=x H 2vz . 9.33
/3 | A=y (0.33)
Separating the even and odd components of a fungtien

f(@)+ (=) @) = f(=a)
2 + 2

f({L‘) :Pef($)+Pof(x):
we calculate the Entropy operator
Mf(z) = M®P.f(z) + M,P, f(x) .

From Egs.(9.32) and (9.33) we obtain Eq.(9.31).
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Time operator of
self-similar processes

Let X = {X,},>0 be areal valued stochastic proce&sis self-similarif there exist

a constanf{ > 0 such that{ X,;} i{aHXt}, for eacha > 0, where< denotes the
equality of all finite dimensional distributions. We call thisan H-ss processThe
constantH is called the index of self-similarity or Hurst exponent.

The Brownian motion is a well known example of a self-similar process with
the indexH = 1/2. Another example of a self-similar process with the index
1/2 < H < cois the symmetrica-stable (%S) Lévy motion, wherédd = 1/« [ST].

Recall that the proces¥ = {X,};> is the xS Lévy motion,0 < o < 2, if it
has independent and stationary incremekitd)) = 0 a.e. andforeach =1,2,.. .,
ai,...,a, € IR the random variable; X; + ... + a, X, is symmetrica-stable,
i.e. with the characteristic function— e=¢“I!I", for somef > 0. Recall also that
stationarity of increments is in the strong sense. This means that

d
{Xt+s - Xs} :{Xt - XO} )

for all s.
The basic tool that allows to associate a time operator with a self-similar process
is the following proposition

Proposition 10.1 (Lamperti — see [ST])f the process{ X;};~o is H-ss then the
process

Ytd:fe_tHXet , —00<t< o0, (10.2)

is stationary. Conversely {fY; }:cr is stationary, then
Xt d:ftH}/lnt ’ t> 07 (102)
91
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is H-ss.

The term ‘stationary’ used in this section means also stationary in the strong sense,
i.e. foreachn €IN, s,ty,...,ty € IR, the distribution of the random vector

(Xtytsy-or Xtpts)

does not depends on

Since the above definition does not impose any condition on the mome#ts of
stationarity in the strong sense does not imply the stationarity in the wide sense (see
Section 9), and neither conversely. However, if a stationary in the strong sense process
has finite second moments, then it is also stationary in the wide sense and we can
apply to it the results of Section 9.

For a givenH -self-similar process{ = {X;} we proceed with the construction
of the time operator as follows. We correspondktthe stationary procedsthrough
(10.1). If the second moments &f are finite then the proce3sis also stationary in
the wide sense and we can associate Witthrough

Tf:/tdEtf

the operatofl’ acting on the Hilbert spac®/(Y") spanned by;, ¢ € IR, where

the projectorsE; are the conditional expectations with respect to déhalgebras

Fi d:fa(Ys)SSt. T is a time operator with respect to the gro{iig }:cr of shifts of

Y, ViYs = Yoqu.
Because of (10.2H(Y) = H(X), whereH(X) is spanned byX;, ¢ > 0. We
define on the spack(X) the operator

f:/ sdEy, (10.3)
0

Whgreﬁs A FEns. Itis easy to see that is the exponential function of the operator
T,T = exp(T). SinceT is a time operator with respect to the gro{ig }:cr, it
satisfies the relation

TV, = V(T +tI). (10.4)

The group of shiftV;} has the property that it generates the whole stationary pro-
cess from just one random varialdilg. We shall introduce below a similar group
of transformation generating the self-similar procésand show an analog of the
relation (10.4) with respect to the operafiar Define

Vi =t"Vi,,, t>0. (10.5)

{IZ}DO is a multiplicative group ort{(X). Moreover it generates the selfsimilar
processX form the random variabl& (1). Indeed, observe that

VX (1) = s"t"Vi, .Y (Int) = (st)Y (In(st)) = X (st) = Vi X(s),
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for s,t > 0, which implies that{f/t}bo possesses group propertiesTd.X) with
respect to multiplication ofR ... In particular, puttings = 1 we obtain

X(t)=V,X(1), fort>0.

It remains to show thaf is a time operator with respect (07;}»0. First, however

let us find the analog of the relation (10.4) in the case of multiplicative semigroups. It
is natural to expect that the multiplicative analog of (10.4), i.e. that the multiplicative
group{V;} keeps step with is

TV, = V(T - tI)
or, equivalently, . -
TV, =tV,T. (10.6)

Indeed, sincd” = exp(T’) we have

TV, = (/ e dEs> VL, = tHVlnt/ estntgp. — f/tt/ *dE, = VT,

— 00 —00

which proves (10.6).
Let us also notice the following relation between the operdt@nd the group

{Vi}: o -
TV, = V,T + IntV;,

and betweefi” and the grougV; }:

TV, = e'ViT .

The following example illustrates how an application &foperator can lead
from short to long memory processes and conversely. Assume that the orthonor-
mal basis{Y,, }ncz in H(X) consists of independent identically distributed normal
N(0,1) random variables. Lei,, n = 0,1,2,... be positive numbers such that
fozo ZZ‘;O antrar < oo. Since, in particular{a,, } is square summable the ran-
dom variable

0
df
Z(): Z a_k,Yk

k=—oc0

is an element oty (X). Therefore the shifts o, define a gaussian process
Z, LV 7,

with the correlation function

C(n) %20, Zn) = > a_gan—i

k=—oc0
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(we putay = 0, for k£ < 0).
The above assumptions concernifig, } imply that the correlation function is
summable:}" . |C(n)| < co. One can show easily that the central limit theo-

. N
rem for {Z,} holds, i.e. the sum\/l—ﬁ > —1 Zy, converge to the normal/(0, o?)

distribution witho? = > ez C(n). This is, however, no longer true if we apply
A-transformation toZ,. Indeed, consider the process

Z, Eynaz,.
Its correlation functiorC'(n) has the form

6’(71): Z /\k)\n+ka_kan_k.

k=—oc0
Taking{)\:} in such a way that the asymptotic behaviol(th) is:
C(n) ~ K/n®, asn — oo,

whereK is a constantandl < o < 1, one can prove that a non-central limit theorem
holds. Namely (see [ST], Th.7.2.11) that the averaged sums:

1 [Nt]
— Z,, te]0,]]
H Z n» ) )
N n=1

converge (in the sense of finite dimensional distributions) to a fractional Brownian
motion By (¢t) with the self-similarity parameter (Hurst exponeff)= 1 — a/2.

We have shown above how to associate the time operator to a stochastic process
by describing its spectral resolution in terms of the filtration of the process. Although
the connection of the filtration of a stochastic process with the flow of time is very
natural, the explicit form of the filtration and corresponding eigenprojectors is rarely
known in practice. Usually the knowledge of a stochastic process is limited. In the
case of stationary (in the wide sense) process it is usually known only its covariance
function or spectral density. In fact, the most relevant result, from the point of view
of applications of stationary processes, concerns these two functions. Therefore, for
practical purposes it is necessary to derive time operator basing only on such limited
knowledge. We shall show below how to derive the eigenprojectors of the time
operator associated with a stationary process knowing only the covariance function.
In order to do this we have to recall the basic facts from the spectral analysis of
stationary processes.

Denote byR the covariance function of the stationary proce€i¥n)},cz:

R(n) E Cov[X (k +n), X (k)] = E(X(k +n) — m)(X (k) —m).
Assuming thatn = 0 we have

R(n)=EX(k+n)X (k).
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By Herglotz’s Theorem [AG] there is a unique measpren thes-algebraB|_,
of the Borel subsets df-7, 7] such that

R(n) = / " e ().

—T

The measurg: is the control measure of a unique orthogonal valued meagure
Bi_r,x — H(X) such that

X(n) = [ " (AN

This means that for eadhi € H(X) there is a functiory € L?(x) such that” has
the following spectral representation:

™

Y = FN)M(dN) (10.7)
with
H [ra] = [ 12
In particular|| M (A)||? = ), where the nornfl - || denote theL? norm. Note that

in the spectral representatlon (10.7) the action of the $hifn H(X), V¥ X (n) =
X (n + k), can be written explicitly

™

vy = v* j FOOM(dN) = / e F(N)M(dN) .

—T
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Time operator of Markov
processes

The termMarkov processneans a family of random variables on a probability space.
An equivalent object is Markov semigroupr simply aMarkov operatoiif the time
is discrete.

Our goal is to correspond to a given Markov process or, equivalently, to a Markov
semigroup a time operator.

If the Markov process is given as a family of random varialfl&s} an operator
T can be associated with the familyF; } as above. However, the natural evolution
semigroup associated withX,} is, the Markov semigroug/,} which acts on a
different space the?(F, P) (details below). Because of this we cannot directly
relateT” with the evolution semigroup, i.e. validate the relation

TM, = M,T + tM,, forallt. (11.1)

We shall show below that such association is possible by the means of dilation the-
ory and replacement of the original Markov process by the corresponding canonical
process.

The original goal of dilation theory is to find a way to study general bounded oper-
ators through isometries or unitary operators (see [SzNF] for an excellent treatment
of the subject). This is moreover a natural framework to study the question whether a
Markov process may arise as a projection of deterministic dynamical system. The lat-
ter question is closely related to the long standing problem of the relationship between
deterministic laws of dynamics and probabilistic description of physical processes,
known as theroblem of irreversibility

In contrast to the usual coarse graining approach B. Misra, |. Prigogine and M.
Courbage [MPC,Pr] formulated the problem of irreversibility taking as a fundamental

97
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physical principle the law of entropy increase. In this theory the problem of rec-
onciling the dynamical evolution with the irreversible thermodynamical evolution is
viewed in terms of establishing a non-unitary equivalence between the unitary dynam-
ical group and probabilistic Markov processes. More explicitly{ (&t} be a unitary
group of evolution, which is induced by point dynam{c% } of the phase space, act-
ing on the Hilbert spacé( spanned by the square integrable phase space functions.
One considers now the possibility of relating the gr¢tp} with a Markovian semi-
group{W,} through a non-unitary positivity preserving intertwining transformation
A in such a way that

AUt = I/I/t/\7 fort Z 0. (112)

If the transformation\ is invertible then the intertwining between the unitary dynam-
ics and the Markov evolution involves no loss of information (non-unitary “equiva-
lence”). If, on the other hand\ is an orthogonal projection on a subspac@{othen

the relation betweeflU; } and{W, } can be seen as a coarse-graining compatible with
dynamics.

The conservative systems for which invertible transformation to dissipative sys-
tems have been constructed are qualified by the existence of internal time. An internal
time operator for the unitary evolution evoluti¢t; } is a self-adjoint operatdf sat-
isfying the canonical commutation relation:

U_TU, =T +tI, foreacht. (11.3)

Internal time operators for unitary dynamics were introduced [Mi] in the context of
unstable dynamical systems of the Kolmogorov type. Misra, Prigogine and Courbage
showed that the unitary evolutidi/; } of a Kolmogorov system can be intertwined
(11.2) either by a similarity

Wt = AUtA_l

or by a coarse-graining projectidn= P,
Wt == PUtP,

with the Markov semigrougv, }.

Since 1980’s the Misra, Prigogine and Courbage theory of irreversibility has been
developed furtherin several directions: classical dynamical systems [Co, EP, LI, MP1,
SW, Z8], relativistic systems [AMr], or quantum systems [LM], to mention just the
main direction. Of course, the above list of references is far from being complete. Itis
therefore natural that also new problems have been raised. One of them is the problem
of implementability of the resulting Markov semigroup, i.e. the question whether the
semigroup{V;} is implementable by a (noninvertible) point transformation of the
phase space. Another problem is to characterize the class of dynamical systems,
both classical and quantum, which can be intertwined with dissipative systems. Yet
another problem, which is in a sense converse to the latter, is to characterize the
Markov semigroups that can be intertwined with unitary groups or which can arise
as their projections.
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The first question was raised because the formulation of invertible dynamics in
terms of point transformations of the phase space is equivalent to the formulation
in terms of unitary measure preserving groups. The question of implementability
of {W,} is then about whether the irreversibility can be observed on the level of
trajectories. Although all unitary and positivity preserving transformationg.on
(isometries orl.?, p # 2) are implementable [GGM,La] the semigro{i’; } related
with {U;} through a similarity transformation is, in general, not implementable
[GMC,AG,SAT] (see also [AMS] for quantum dynamics).

Concerning the second problem, it is known that K-systems, both classical and
guantum, admit time operators thus can be intertwined with dissipative systems. Itis
also known that if a unitary dynamics admits a time operator then it has the ergodic
property of mixing.

The third problem has been so far only partially solved. One of the reasons of
the difficulties to resolve this problem is the above mentioned negative answer to
the problem of implementability. A unitary group of positivity preserving operators
which acts on the Hilbert space spanned by phase space functions is implemented by
some transformations of the phase space. But the induced Markov semigroup is in
general notrelated to the underlying phase space andits dynamics. It should be noticed
that in all known constructions of the similarity between the unitary and Markov
semigroups the knowledge of the underlying dynamics plays a crucial role. Itisinfact
crucial from the point of view of the possibility of constructing a time operator which
relates both semigroups. Therefore the third question is actually about the ability of
relating a Markov semigroup with some phase space dynamics and with the existence
of a time operator. We shall show how to resolve this problem by relating Markov
semigroups with canonical Markov processes acting on larger spaces. Namely that
the original Markov semigroup can be dilated to some unitary group which also admits
a time operator. Thus the concept of time operator goes beyond the unitary dynamics
where it was initially introduced (see also [AStime,ASS,APSS]). In view of the above
mention answer on the first problem, that Markov semigroups are not connected with
the underlying dynamics on the phase space, the dilation approach to the problem of
associating time operators with Markov semigroups, appears to be not only justified
but the only possible, which guarantees a general solution.

11.1 MARKOQOV PROCESSES AND MARKQOV SEMIGROUPS

The purpose of this section is to recall the correspondence between Markov processes
and semigroups. L€f), F, P) be a probability space and; anX'-valued stochastic
process & C IR™) on(). X, is aMarkov processf for any time instantg; < ... <

tn < tpy1, Stateses, ..., z,, x,41 € X and a Borel seB C X we have

P{Xt € B‘th = $17...7Xt, = l‘n} = P{Xt

n n+1

€ B|X:, =xz,}. (11.4)

n+1

Because of (11.4) all finite dimensional distributions

P{th S Bl, ...,th (S Bn},
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whereBy, ..., B, are Borel subset ot’, are determined by the transition probabilities

Qs,t:
Qsﬁt(x,B) = P{Xt S B‘XS = l'},

for s < t. Assuming that the transition probabilities atationary i.e. Q; .(z, B)
depend only on the differen¢e- s and that the set of indicess the interval0, co),
we can consider instead &f; ;(x, B) the transition probabilities:

Q:(z,B) = P{X; € B|X(y = z}, (11.5)
for all t > 0. Recall that the transition probabilities have the following properties:
1) For each and fixedB, Q.(z, B) is measurable as a function of
2) For eacht and fixedr, Q;(x, .) is a probability measure on Borel subsetstof

3) For eachs,t _
Quis(, B) = / Quly, B)Qs(x, dy)
X

(Chapman-Kolmogorov equation).

B by a theorem lonescu Tulcea [Ne] an arbitrary family of transition probabilities,
i.e. anyfamily of functiong), (x, B) satisfying conditions 1)-3), determines a Markov
process. On the other hand suppose that thet'sit equipped with the measure
structure, i.e. with ar-algebraX of subsets oft and a measur@g. Then each
transition probabilityQ; (x, B) determines an operatdd; on L3 by putting

M (1) = /X Qu(z, B)u(dz),

and then extending/, to a bounded and positivity preserving linear operatof.gn
The family{ M, };>0, which forms a semigroup of Markov operatorsioh, is called
aMarkov semigroup

The termMarkov operatormeans, in general (see [Fog]), an arbitrary positivity
preserving contraction oh!. Here, however, by the Markov operator we mean a
linear operaton\/ on the spacé?. (or on any of the spacesh,, for p > 1) with the
following properties:

(a) M is a contraction

IM A< £l

(b) M preserves positivity
Mf>0if f>0

(c) M preserves probability normalization

/XMfdM:/deu.
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If, in addition, the measurg on (X, ¥) is normalized then

(d) M preserve constants
M1=1.

The properties (a)—(d) characterize Markov process. Namely (see [Ne]), each operator
M, with properties (a)-(d) determines the transition probability

Qi(z, B) L My 15(x) (11.6)

where; is the M, adjoint on the spacé?., and the transition probabilities define
in turns a stochastic process, called ta@onical Markov process

11.2 CANONICAL PROCESS

Let us consider the infinite produ@t = Htel X;, wherel is the set of indices of the
stochastic processX; } and, for eacht € I, X; = X, whereX is the space of states
of the procesg X;}. Let us correspond to each finite set of indiées ..., ¢, } the
o-algebreCy, .+, generated by the cylinders

ity LG € X &(h) € By,..., 5(tn) € By}, (11.7)

..... B

where By, ..., B, runs through all Borel subsets &. By C we shall denote the
o-algebra generated by cylinders (11.7) for all possible choices of finite subsets
{t1,...,tn}. The stochastic procedsX,;} determines a probability measugeon
(/’?,C) such that the restrictiop,, ¢, of u to Ci,  +, coincides with the finite
dimensional distributions:

PI‘{th S Bl, ...,th S B"},

where By, ..., B, are Borel subset of’. It is easy to see that the family of mea-
suresyy, .4, IS consistent, i.e. ifsi,...,s,} C {t1,...,t,} then the restriction

of pe, ..+, 10Cs, .. s, coincides withy,, . 5, . Conversely, the well known Kol-
mogorov's extension theorem says that any given consistent family of probability
measuresg.,, ..., determines the unique probability measuren (X,C), which

.....

is associated eanonical process

18

Xy (7) L (1),
for eachz € X andt¢ € I, i.e. the random variabl&, is the projection on the
t-coordinate. In the theory of stochastic processes it is often assumed that only the
knowledge of all finite dimensional distributions is relevant. This is also the case in
this section. Therefore, as it follows from the Kolmogorov extension theorem, the
original stochastic process and the corresponding canonical process carry the same
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information. For this reason we shall assume in the sequel that the probability space
(Q,F,P)is (X,C, 1) and the considered process is the canonical process. This
assumption will allow to relate to the same probability space the stochastic process
and the corresponding Markov semigroup that we discuss below.

11.3 TIME OPERATORS ASSOCIATED WITH MARKOV PROCESSES

The problem of the association of time operators with Markov semigroups can be seen
a part of a more general problem of the association of time operators with stochastic
processes. The most natural way to associate a time operator with a stochastic process
{X.} would be to associate it with the filtration, i.e. the increasing family-of
algebrag F;}, whereF; = 0{X : s < t}, through (8.3) (in such cagg; would be
the conditional expectations(-|F;)). Such correspondence can be established for
any stochastic process. However, the time operator must be, by the definition, related
to the time evolution of the stochastic processes expressed in terms of a semigroup
of operators acting on a Hilbert space. Such dynamical semigroups (groups) can be
specified for some classes of stochastic processes. If, forexample, a stochastic process
is stationary in the wide sense then it defines a dynamical group of unitary operators
(shifts of the time) acting on the Hilbert space generated by the realizations of the
stochastic process. As we shall see below Markov semigroups can also be extended
(dilated) to unitary groups associated with stationary processes and, consequently, a
time operator can be associated with such stationary extension.

Recall that a semigroup of isometri¢s/,} on a Banach spac¥ is a dilation
of the contractive semigroufpl/; } on the Banach spack¥ if there exist two linear
operatord : X — X andE : X — X such that

M, = EM,I , foreacht. (11.8)

In other words the following diagram commutes

x M X
I 1E

Usually, a dilation is realized in such a way thétis isomorphic to a subspace &f,
I is the canonical injection ok into X, andE is the projection ofX onto X. If X
is a Hilbert space andi; are unitary operator we may speak about unitary dilations
of contractions.

Let us assume for the sake of the clarity of presentation that the time is discrete,
t = 0,1,2,.... This assumption allows to consider a single Markov operafor
instead of the whole Markov semigroup becatge= M. The case of continuous
time can be however treated in the same way. Our aim is to construct a positive
dilation A7 of M which is implemented by a measure preserving transformatioh
some probability spacg?, F, P).
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Dilations of contractive semigroups such as the constructed in Ref. [SzNF] cannot
be applied in our case. We are interested in more specific dilations of the Markov
semigroup{M "}, whereM satisfies (a)—(d), acting on the Hilbert spate= L3, to
agroup acting on the larger spake= L2 which corresponds to a stationary process.

In particular we are looking for such dilation that both*, n = 0,41, +2, ... and
E are positivity preserving.

Faced with the difficulty to obtain meaningful positive dilations of Markov semi-
groups using the Sz-Nagy dilation theory, we constructed [AGS] a positive dilation
based on the natural extensions of dynamical systems through canonical Markov pro-
cesses. There the positivity is clearly related to that of the inducing semigroup. It
is now our task to apply the dilation approach to an arbitrary Markov Semigroup in
order to associate it with a time operator. Let us consider first the case of a single
Markov operatoM/ on L3, that satisfies (a)—(d).

Suppose then it is given a Markov operafdron the spacd.3.. Recall that\/
corresponds to a transition probabili®(z, A) through (11.6). Define the product
space

Q= J[ An. where, =X,

n—=—oo

and thes-algebraF generated by the cylindrical sets
Cay oy = XQAX A XAy X o X A X QX L, (11.9)

wherek € N, A; € A.
On (X, F) we define the cylindrical measufe

P(CAl,...,Ak)Z/A /A -, Q(xp_1,dzy)...Q(z1, dxo) p(dzy), (11.10)

and show [AGS] thatP is correctly defined and normalized. Thus using the Kol-
mogorov theorem [Ne] we exterfdto a probability measure on the whaetealgebra
F.

Denote bysS the left shift on(, i.e.

Sw = S(20) 0 L (2041) %, wE Q. (11.11)

— 00 —00 )

It can be shown [AGS] tha® is invariant with respect t§, which amounts to showing
that to check that if eithedy = Q or A1 = Q then

P(Cay,..a,) = P(Cay,...a00,) = P(Cay....a,) - (11.12)
Now let M be the operator ohZ, associated witl§ as follows:
Mfw)=f(S"'w), felL?. (11.13)
The operaton\/ is a dilation of M. Precisely, we show that

M"=EM"I, neN, (11.14)
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where! is the canonical injectioli3, into L3:
Ly > fr—1If=feL}

defined as
(TF) (oot 70, 71, ) L F (o) (11.15)

and F is the conditional expectation with respect to thalgebra generated by the
cylinders

Ch={w= ()% t 70 €A}, A€ A. (11.16)

Consequently, for any € L2, the function EM™If depends only on the 0—
coordinate and can be uniquely identified with a functiorforThe complete proof
of the above constructed dilation the reader can find in Ref. [AGS].

In order to construct the time operatBrassociated with the dilatiofid/”} we
can proceed as in the case of K-flows. We distinguishottadgebraF, generated
by those cylindersiﬂl;"j’iAk (k=0,1,..., Ag,..., Ax € X) for which the setd,
is placed on th@*® coordinate and note that thealgebraS—"F, , n € Z, is the
o-algebra generated @Z;;:ijf with A, placed on thei'" coordinate. Then we
see that

(I) SFo D Fo

oo

iyo( |J s"F) =F.
However, the the third condition of K-flows:

(i) () S"7ois the trivialo-algebra

n=-—oo

is, in general not satisfied. The condition (iii) is satisfied, i.e. the dilated evolution
is a K-flow, provided the Markov operator has additionally the following property
[AGS]:

(e) M strongly converges to equilibrium

|M"f —1||L» — 0, as n — oo for each probability density f € LP.

The dynamical system with the Frobenius-Perron operator satisfying (e) is called the
exact system

The above consideration leads to the conclusion that Markov operators satisfying
conditions (a)—(e) can be dilated to K-flows. The corresponding time operator can be
then constructed by the means of the conditional expectations

En - E(|]:n)
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by putting

T: Z TL(EnfEn_l).
The case of continuous Markov semigro{f/; },>¢ is treated analogously. As
before we assume that eakth corresponds through (11.5) to the transition probability
Q:(z, A). Now the dilation spac@ will be the product

Q=] A, where X, =9Q.
teR

Theo-algebraF is generated by the cylinders
Clorty ., whereto, ..ty € R, Ag,.., Ay € 3.

The probability measuré” on (2, 7) and the distinguistr-algebraZ, are also
defined analogously (see [AGS] for details). Then we may define the group of shifts
transformations of?

Siw = x(-+1t), foreach functionw = z(-) € .
Finally, we define the operators

Mtf(w) = f(S—tw)a f € L?Zv

and check in essentially the same way as beforelthadre the dilations of\Z,. The
time operatofl” is now of the form (8.3) (or stochastic integral)

T :/ tdE,

whereFE, are the conditional expectatiofts (-|S:Fp). In this way we have defined
the time operatof” on the Hilbert spacé&?,, but it can be defined as linear operators
on any spacé? (2, F, P), wherel < p < co.

It can be checked directly thdt satisfies the relation

TM, = M,T +tM, . (11.17)

However, sincd’ is the time operator associated with a K-sys{€mF, P; S) (or a
K-flow) the relation (11.17) also follows the previous results [MPC,GMC,SW].

We may now ask the question whether the above constructed time operator can be
projected on the spade,. giving rise to the time operator associated with the Markov
semigroup{ M, }, i.e. whether the operatdtT'] satisfies (11.1) with respect fd;.

The answer to this question is however negative. To see this it is enough to notice
that for anyf € L% the injection] f is the function depending only on the “zero-
coordinate” bufl” places zero for the projection on this coordinate thisl f = 0.
Therefore the time operator of the dilated semigroup is, like the resulting K-flow,
generically associated with the extended space.
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Time operator and
approximation

The first connection, although indirect, of the time operator with the approximation
theory has been obtained through wavelets [AnGu,AStime]. An arbitrary wavelet
multiresolution analysis can be viewed as a K-system determining a time operator
whose age eigenspaces are the wavelet detail subspaces. Conversely, inthe case ofthe
time operator for the Renyi map the eigenspaces of the time operator can be expanded
from the unitinterval to the real line giving the multiresolution analysis corresponding
to the Haar wavelet. However, the connections of time operator with wavelets are
much deeper than the above mentioned. As we shall see later time operator is in fact
a straightforward generalization of multiresolution analysis.

In order to connect time operator with approximation it is necessary to go beyond
Hilbert spaces. Recall that one of the most important vector spaces from the point of
view of application is the Banach spacg ; of continuous functions on an interval
[a,b]. The space of continuous functions plays also a major role in the study of
trajectories of stochastic processes.

Time operator can be, in principle, defined on a Banach space in the same way as
on a Hilbert space. However its explicit construction is in general a non-trivial task.
Having given a nested family of closed subspaces of a Hilbert space we can always
construct a self-adjoint operator with spectral projectors onto those subspaces. This
is not true in an arbitrary Banach space. The reason is that it is not always possible to
construct an analog of orthogonal projectors on closed subspaces. Moreover, even if
a self-adjoint operator with a given family of spectral projectors can be defined there
appear additional problems associated with convergence of such expansion and with
possible rescalings of the time operator.

107
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For some dynamical systems associated with maps the time operator can be ex-
tended from the Hilbert space? to the Banach spack”. This can be achived by
replacing the methods of spectral theory [MPC,GMC], by more efficient martingales
methods. For example, for K-flows it is possible to extend the time operator from
L? to L' including to its domain absolutely continuous measures on the the phase
space [SuL1,Su]. Martingales methods can not be, however, applied for the space of
continuous functions.

In this section we discuss connections of time operator with wavelets, especially
those restricted to the intendl, 1], and the corresponding multiresolutions analysis.
We establish a link between the Shannon sampling theorem and the eigenprojectors
of the time operator associated with the Shannon wavelet. We construct the time
operator associated with the Faber-Schauder system on the Gpacand study
its properties. Such time operator corresponds to the interpolation of continuous
functions by polygonal lines. We give the explicit form of the eigenprojectors of
this time operator and characterize the functions from its domain in terms of their
modulus of continuity.

12.1 TIME OPERATOR IN FUNCTION SPACES

Let V andT be two linear operators on the Banach spBaich thafl” is bounded
andT is densely defined. We shall say tHatis an(internal) time operatoon 5
associated witl if V' preserves the domain @f, i.e. V(D(T)) c D(T), and

TV =VFT + kVF | forkeT, (12.1)

whereZ is either the se¥Z of integers or the s@¥ of natural numbers. This corre-
sponds to the case whénhis inververtible or not.

The above definition of time operator is a straightforward generalization of time
operator on Hilbert spaces [Pr,ASaSh]. The operttrinterpreted as a generalized
dynamics. In the sequel we shall only consider time operators associated with a
particular class of operatofs that is specified below.

Consider a Banach spagkthat can be decomposed as an infinite direct sum of
closed subspaces

B= @ B, (12.2)
nez
in the sense that eache B has a unique representation
T = Z T, (12.3)
nel

wherez,, € B,, and the series (12.3) convergesin A linear operato/ on the
Banach spac# of the form (12.2) will be called generalized shiftvith respect to
{B,} if V is bounded and satisfies

VB, CB,y1, fornel. (12.4)
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We do not assume th#t is an isometry neither that it magss, onto5,, 1.

Let P, be the projection fron5 onto B, i.e. P, is a linear operator oifs
that corresponds to eaaghe B its n-th component,, in the representation (12.3).
The family { P, } .z is a resolution of identityz = > P,x, forx € B, and
determines a time operator. Namely we have

neZl

Proposition 12.1 Assume that the Banach spdgéas the direct sum decomposition
(12.2)and let{ P, } .,z be the corresponding family of projectors. Then the operator

T=> nP,, (12.5)

n€eZl

defined for allx € B for which the above series converges, is a time operator corre-
sponding to any generalized shiftwith respect to{5,, } .cz-

Proof. We shall show first that’ (D(7")) C D(T). Letx = >, x, belong to the
domainD(T") of T.. This means that the serigs, nP,x = > nx, converges iB.
On the other hand, the serig3, =, is also convergent. Sindé is bounded, by the
assumption, both serigs, Vz,, and)_, nVx, converge. Thuy_ (n+1)Vz, =
>oanVa, +3 . Va, is also convergent, which shows thét € D(T').

In order to show the identity (12.5) notice first that

VP,=PFP,1V, foreachneZ.

Indeed, ifz € B, z = >, x,, thenV P,z = Vz,. Conversely,P,;Vz =
Poy1), Vap = Va,, sinceVz, belongs taB,, .
By the induction we can show that

vkp, =P, V¥, forallk,neT. (12.6)

Finally applying (12.6) and using the fact that the operaiéfsare bounded and
preserve the domain @f we have

Vi => 0P, Vi =VEY "nP, 4z =V"> (n+k)Po= VT +kVFz.
Having the direct sum decomposition (12.2) of the Banach spBage can define

a nested family of subspaces Bfthat corresponds to multiresolution analysis in

wavelets or to filtration in stochastic processes. Define

B, P B,

j<n

and denote byz,, the projection from3 onto B<,,, i.e. E,, = Zj<n P;. E, is the
projection onto the past till the time instant The following elementary lemma relate
the projectords,, with the dynamicd/.

Lemma 12.1 Suppose that’ is a generalized shifto = &, ., B,. Then we have

nel

VEE, = B, VP, forallk,neT. (12.7)
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Proof. It is enough to show that (12.6)- (12.7), which is elementary in the case
Z = 7Z. Inthe cas€ =IN we have

VEE, =VFP + ...+ VFP,
= (Pisk+ ...+ Poyp) V¥
= (Eptr — Ep)V*
= n+kvk'

The latter equality follows from the direct sum decomposition (12.2) and the fact that
E,.VFk =0, for eachk > 1.

We begin the construction of time operators associated with approximations in
LP spaces and if|p ;) with an application of the results from Section 7 concerning
the time operator for the Renyi map, which is the simplest chaotic system and the
prototype of exact endomorphisms [LM].

Recall that the 2-adic Renyi map is defined on the unit intééval) by the formula

Sz =2z (mod1).
The Lebesgue measure is invariant with respeét.tdhe Koopman operatdr

f(2z), forz €[0,3)
V()= f(Sz)= (12.8)
fRz—1), forzeli 1),

determines the evolution semigrofig” },,>o on LI[”OJ], p>1.
The eigenfunctions of the time operator are constructed as follows. First we define
the functions
wo(z) = 1jo,1)(22) — 1jp,1)(22 — 1)

and
or(x) = VFpg(z), fork=1,2,....

For each natural numbeér there exist unique integers > 0 ande; = 0,1,
j=0,...,n—1,e, =1, such that

M < k<2l and k=¢02"+... +¢,2".
We putwy = 1 and, fork > 1,

wi(z) = @5 (@) - o (@) - (12.9)

Thusw; = ¢g, wa = 1, w3 = o1, and so on.

We have modified here the ordering of the eigenfunctions in order to get a direct
connection with the Walsh-Paley system. Inded, observe that extending fungtions
periodically onR and taking into account the above introduced ordering we obtain
the Walsh-Paley system [SWS].

The functionswy, . . ., wen _1 form a basis in the vector space of all functions that
are measurable with respect to thalgebraA,, generated by the dyadic division of
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[0,1] on 2™ parts. The blockvsn, ..., wqnt+1_4 is the contribution (details) that is
necessary in order to obtain all,.; measurable functions.

Itis well known [SWS] thatvg, ws, . .. form a Schauder basis in each of the spaces
L[po)l], 1 < p < oo. This means that each functigne LZ[)O,I] has a unique expansion

o 2"—1

f zwo—&-Zajwj :wo+z Z AW
j=1

n=1g=2n-1

convergent in thd?-norm. In particulanvg, w1, ... form a complete orthonormal
system in the Hilbert spaoisz[zO 1 Therefore eacli? space withl < p < oo has the
following direct sum decomposition

Lfo,”:wo@wl@...,

wherelV is the space of constant functions ani, n = 1, 2,. . ., is the linear space
spanned byvgn—1, ..., won_1.
Denote byP, the projection ontdV,,

2" —1

Po= Y (-, wp)wy, (12.10)
k:2n—l

and putV = W; @ W, @ .... We have
Proposition 12.2 (JAStime]) The operator!’ defined onV as

T.f = inpnf

n=1

is a time operator with respect to the semigrdip™ }°°_; generated by the Koopman
operator of the Renyi map. Each numbet 1,2,... is an eigenvalue df’ and the
functionswyn-1, ..., wsn_1 are the corresponding eigenvectors.

In order to prove the above theorem one should notice that the Koopman operator
is a multiplication operator anﬁ’(cp;j) = goj”l. HenceV transports any Walsh
functionwy, which is of the form (12.9), fromV,, into a Walsh function fron¥,, ;.

Then it is enough to check that the assumptions of Lemma 1 are fulfilled.

The time operator constructed in Proposition 12.1 is associated with approxima-
tions ofp-integrable functions by step functions. The structuré& efhen restricted
to the L2-space coincides with the multiresolution analysis associated with the Haar
wavelet.

We remind the reader thataultiresolution analysi$MRA) of L is a sequence
{Vy}nez of closed subspaces 6, such that

() {0}c...cVvaicVCViC...C L%,
() Myez Vo =10}
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(i) Unez Vn = L*(R),
(iv) f(-) €Vo<= f(2") EVy

(v) There is a functiony € L% (the scaling functio) whose integer translates
{¢(- — k) : k € Z} form an orthonormal basis Iti,.

Sometimes the condition(v) in the definition of MRA is replaced by a weaker
condition

(V') Thereis afunctiony € L% such thatthe seip(- — k) : k € Z} form a Riesz
basis in),, i.e. it is dense i/, and there exist positive constamsand B
such that

AN G <D ad(-=R)Femy < B Y &,

keZZ ke keZz
for each{c }rez C R suchthad, ., 7 < cc.

The replacement of the condition (v) by (V') is also necessary for an extension of
the concept of MRA on Banach spaces where the notion of orthogonality is in general
meaningless.

We have shown in Section 7, restricting the Haar wavelet to the intfgrvgl by
the periodization method (see [Da]), that the eigenspatedVs, ... of the time
operator of the Renyi map coincide with the corresponding wavelet spaces. The
ladder of spaceRVy C Wy & Wy C Wy @ W, & W, C ... forms the multiresolution
spaces of the Haar wavelet restricted@ol]. Moreover the condition (iv), when
applied to a functiory defined on the interval [0,1] and then extended periodically
on IR is nothing but the action of the Koopman operator of the Renyi map.

Generalizing the above considerations we can interpret the multiresolution analysis
associated with a given wavelet as a spectral decomposition of the time operator
associated with the operatfitz) — f(2x) (the Koopman operator of the Renyi map
when restricted by periodization {0, 1]).

This means that the time operator method is a generalization of MRA on the case
when the scaling condition (iv) is replaced by the “keeping pace condition” (12.1) to
be satisfied by an arbitrary bounded operator.

We would like to comment on the multiplicity of time operators that can be asso-
ciated with wavelets. Using wavelets to analyze a signal we do not restrict a’priori
its wave length, which can be arbitrary large. Therefore the MRA gives rise to a
time operator with a uniform (infinite) multiplicity [AnGu]. However, using a MRA
for the approximation of functions g, 1] we encounter the natural bound for the
wave length, which is 1. Such is the case of the Haar wavelgd.dnf, where the
multiplicity of the eigenspacgV,, is 2" 1.
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12.2 TIME OPERATOR AND SHANNON THEOREM

We present now an interesting connection of time operator and Shannon’s sampling
theorem. Recall first that the function
sin

¢(x) = sinc(x) = (12.11)

™

is called the Shannon scaling function. The functigir) is the Fourier transform
of 1j_ » — the indicator of the sgt-r, 7]. Using the scaling function we define in
the usual way the nested family. ¢ V_; c V, C V; C ... of subspaces of2,,
i.e. V, is spanned by all the translation§2"z — k), k € ZZ. In this way we obtain
the multiresolution analysis associated witfDa]. Denoting byWV,, the orthogonal
complement o, in V.41, i.e. V,,.1 = W,, @ V,,, we obtain the following direct

sum decomposition
L= Wn.

neZ

Therefore the operatdf = _,, nP,, whereP, is the projection ontdV,, is a
time operator with respect to any bounded oper&towhich satisfies the conditions
of Lemma 1. In particulafi” can be the shift’ f(z) = f(2x).

Knowing that for eactn the set{y)(2"z — k), k € ZZ}, where

Y(z) = (mx) " (sin 27w — sinmx),

forms an orthonormal basis WV,, we obtain the explicit form of the eigenprojectors
P,
Pof(z) =) {f(2" —k)v(2"z — k).
keZz

Using the time operator language we can say that the 3jacensists of the elements
from L2, that are no older than. Moreover the Shannon theorem allows to identify
these elements.

To see this recall the Shannon theorem, which says that if a fungtienl., is
such that its Fourier transform is supported on the intgrvaf =, 27|, n € ZZ, then

Zf(Qn)smﬂ,?x_ Zf( ) —k).  (12.12)

keZZ ke7z

Since the family{¢(2"x—k), k € 72} forms an orthonormal basis#,, the equation
(12.12) says that the projection

E, = an
j<n

on the past prion leavesf invariant. Therefore the age ¢fis at mosta.
In terms of the signal processing we say tfig band limited with the band width
Q if its Fourier transform has a compact support contained in the inténfa) Q2].
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Therefore the projection on the past priois equivalent to apply the low pass filter
for damping the frequencies higher thz2lh Correspondingly, the projection on the
future is equivalent to apply the high pass filter. By the Shannon thetirerage

of (a signal) f € L% is equivalent to the sampling that is necessary to recover
f. The transition from the time instantto n + 1 means the sampling gf with
doubled accuracy. The natural flow of timeso < n < oo, is reflected in the signal
processing as the transition from large to fine scales (resolutions).

12.3 TIME OPERATOR ASSOCIATED WITH THE HAAR BASIS IN L[20 1]

The importance of the Walsh basis in the construction of the time operator associated
withthe Renyi map is due to the fact that the spectral decompositiBisqfarticularly
simple. The Walsh functions are the eigenvectors ahd the action of the Koopman
operator can be described explicitly as a shift from one Walsh function to another.
On the other hand the Walsh basis is not so convenient when dealing with continuous
functions. For example, although the Walsh functions are linear combinations of the
Haar functions it is well known that the Haar expansion of a continuous function on
the intervall0, 1] converges uniformly, while its Walsh series may be even pointwise
divergent. For this reason it would be more convenient, when dealing with continuous
functions, to represeft in the basis of Haar functions.

In Section 7 we represented the time operdtassociated with the Renyi map
in the Haar basis. Below we generalize this result showingZhas represented in
the Haar basis is in fact a time operator with respect to a wide class of dynamical
semigroups. We shall focus our attention’Bras an operator on the space of con-
tinuous functions. Accordingly, we discuss the conditions under which a continuous
function belongs to the domain d@f and is image througff’ is also a continuous
function. We shall also show in this section how a time rescaling affects the dynam-
ics giving an estimation of the correlation function associated with the underlying
dynamical semigroup. We shall see that although for a wide class of functions the
decay is exponential, the exponent depends on the “degree of smoothness” of the
considered function. The additional advantage of such choice is that the Haar basis
can be transported to the spacg ;) giving rise to the time operator associated with
the Faber-Schauder basis.

Recall that the Haar functiong; on the interval0, 1) bare defined as follows:

x1 =1, xongx(x) = 2%]1[%—2 2k—1)($) — 2%]1[%—1 2% )(a:),

on+1o3n+1 on+13n+1

forn=0,1,..,k=1,...,2".
For a givern the Haar functiongan 11, kK = 1,...,2", are the eigenfunctions of
T corresponding to the same eigenvalugsee Sectlon 7). Each functighe L? 0.1
has the expansion in the Haar basis, which can be written in one of the followmg
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equivalent forms
00 2’77L 2’71
f= Z%X; =a1x1 + Z Za2m+k><2m+k =a1x1 + Z Z AKXk »
m=0 k=1 n=1fk=2on-141

(12.13)
with a; = fol f(z)x;(z)dz.

The Haar functions form an orthonormal basier“fa)l] and the linear space gen-
erated by{Xk}ilQn,lJrl coincides withWV,,. Also the orthogonal projection onto
the space generated I@xk}ﬁ’;w,lﬂ coincides with the orthogonal projectidn,
as defined by (12.10) for the Walsh basis. Therefore introduced in Section 2 time
operatorI’ on W assumes the form

on

Tf=>n >  axx, (12.14)

n=1 k=2n-141

where f € L[O ;) With fo z)dz = 0 anday are as in (12.13). The Koopman
operatorl/ of the Renyi map does not transport a Haar function corresponding to the
eigenvaluen onto a single Haar function but onto a linear combination of two Haar
functions corresponding to the eigenvaiue 1 (see Section 7). Nevertheless one can
check that the assumptions of Lemma 1 are satisfied so that the commutation relation
(12.1) still holds. This however follows from the following more general result:

Theorem 12.1 The operatofl" defined onV = Lﬁm o {1} as

Tf=> nP,,
n=1
where
P,f= [/ f(@)xn(z )dl’} Xk
2n— 1+1

is a time operator with respect to any semigrodp” },,>, whereV is a bounded
operator onVV such thatV’ (W,,) C W,,41, foreachn =1,2,.. ..

Proof. Recall that we have the direct sum decomposition
W=WaeW,ad...
and that eacl®, is the orthogonal projector ont/,,. We shall show that
VP, =P,V

for eachn €IN. Indeed, since each € W has a unique expansion

on

=> ) axx (12.15)

1 g=2n—141
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then
2m 2n
VPf=V | > axx|= >, aVx.
k=2n—141 k=27—141

On the other hand, among the elemefitsy; } only those with2"~! < j < 2" are
elements obV,, ;. Therefore

2’7‘1
PopVi= Y aVx;,

j:2n—l+1

which implies (12.23). Consequently the assumptions of Lemma 12.1 are satisfied
andT is a time operator with respect {&" },,>¢.

In the sequel we shall also consider time operator on other spaceﬁﬁ}}ﬁm If
it is not stated otherwise, then the letfewill stand for the time operator as defined
by (12.14).
One of the advantages of the choice of Haar functions to deterfhia¢hat they
are more suitable when dealing with continuous functions. As we have shown in
Section 3 (Theorem 3) any functigh € Cj ;) such that its modulus of continuity

satisfies the property
1
1
/ wy(x) B fr > —o0
0 X

belongs to the domain &f andT'f € Cjg 1.

Ifafunctionf isaLipschitz function, i.e. there are constakits> 0and0 < a < 1
such thaf f(z) — f(y)| < K|z — y|*, for eachz,y € [0, 1], thenw;(z) < K|z|*.

It is therefore easy to see that a Lipschitz function with an exponedt< o < 1,
satisfies the assumption of Theorem 1 and, consequently, belongs to the doffiain of
expanded in the Haar basis.

It is worth to note that if the time operatdt is expanded in terms of the Walsh
basis then the sufficient condition that a continuous function belongs to its domain is
more restrictive. In particular, in the class of Lipschitz functions only those with the
exponenty > % belong to the domain df'. The proof of this fact, which is based
on some estimations for the Walsh-Fourier coefficients, will be presented elsewhere.

Note that the family of Haar functions forms also a Schauder basis in the Banach
spaceL’fO’l], 1 < p < oo and this basis is unconditional i > 1. This means
that every functionf € Lf’o,l] has representation (12.13) convergentZiftnorm
(unconditionally convergent if > 1). The Walsh functions also form a Schauder
basis inL?, 1 < p < oo, but notinL! (see [CiKw] and references therein).

One of the basic tools in the study of dynamical systems with the use of time
operator is time scaling, which corresponds to filtering in signal processing. Scaling
is defined as replacing the time operaloby some of its operator functiof(7"),
where A(-) is a real valued function. The application 4fon T may affect its
domain. Modifying slightly Theorem 2 in Section 7 itis also possible to give sufficient
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[0,1]

conditions under which a continuous functigrbelong to the domain ok (7") and
A(T) f is also continuous.

Let us show now how scaling affect the dynamics. We consider the action semi-
group{V "} on the functions transformed throughiT"). The relevant value that we
would like to evaluate is the correlation function

Ry (N)E(VYMT) (), AT)()).
where(-, -) denotes the scalar productis, ;.

Theorem 12.2 Let V be the Koopman operator of some map of the intef9al ]
such that the corresponding semigro{ig” } on L[Q(M] satisfies the assumptions of
Theorem 1. Then for every functigne Cyo ;; which belongs to the domain af(7T")
we have

Rp(N)] < ii @A+ Mo (30) () -

Proof. In order to calculate the correlation function let us repredeas follows

on

AF) =D A +1)) asmirxanik-
n=0 k=1

Let N andn be fixed. By the assumption eabt¥ xon 41, k = 1,...,2", is a linear
combination of some basis elements.+~

Nk
VNX271+]€ = Za2”'+N+lj(k)X2”+N+lj(k) 5 k= ].7 ceey 2" s (1216)
j=1

for some choice of indicels (k), ..., 1, (k).

SinceV is also a Koopman operatdv,” is a multiplicative map, i.e.V fg =
V fVg. Because, for a given, the functionsys~., & = 1,...,2", have disjoint
supports, then als& x5 ., must have disjoint supports. This implies that in the
representation (12.16) dli(k) are different and

N4 ...+ ngn < 2MHY (12.17)
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We have
[e’s) 2’” 2'L
Rf(N): <ZA n+1 Za2n+kv X2n+k’ZA n—|—1 Za2n+kX2n+k>
n=0 k=1 n=0 k=1

on

oo
= ZA(nJrl) n+N+1) Za2n+k2 Qn+N 41 (k) X2n+N 41, (k) s
k=1 Jj=1
2n+N+1
Z Agn+N 4 X2n+N 4k
k=1

oo 2™

Z TL—|—1 TL—|—N—|—1 Za2n+k2a2n+w+l (k) Q2n+N 41, (k) -
= k=1 Jj=1

Thus

on
1 1

Ng

> 1 w( 1 >|a2n+Nl.k!
ot 9. 955K on+N+1 +1; (k)

1 1 & 1 1 1
T4 oY Z IA( n+1)A(n+N+1)|2n <2n+1> w(2n+N+l)

n=0

on ng

DIPD SRR

k=1 j=1

Note that
2

HVNX2n+k||2Lg = Zazn+N+l YX2n+N 41 (k) || = Z |Oézn+N+zj(k) 2,
and sincg|V]| < 1, we have

2
D Jagmv ol < VY o allfe < 1.

Therefore, applying Blder's inequality we get
> e
1

=

Z |agnen 4y, (k)‘Q < Vny.

2n+N 41 (k) D
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Applying Holder’s inequality once more together with (12.17) we obtain

1
2" ny, 3
ZZ’O{Qn+N+l k)|<z\/7<22 (an> §2%2‘"‘;N

k=1 j=1

Consequently

_11 = 1 1 1 DN
Z 27%2 n+1 n+N+1)|2n (2”+1)W<2H+N+1>2 272 s

and rearranging the summation we finally get

=15 (2)- ().

|Ry(N)

|Rp(N

pM»—‘

which ends the proof.

Under the same assumptions as in Theorem 12.2 we have

Corollary 12.1 If f is a Lipschitz function with the exponentd < p < 1, then

- 1
|Rs(N) SN Z A(n -+ N)| o (12.18)

Corollary 12.2 If A(z) is a bounded function then the series on the right hand side

of (12.18) is convergent and

1

N
|Rf(N)| < K (2p> — Ke (Pn2)N

for someK > 0.

It should be noticed that for a boundadany continuous function is in the domain
of A(T). In particular, takingA(z) = 1 we see that the decay of the correlations
of (VNf, f) is at least exponential with the exponent depending on the degree of

smoothness of. If f is differentiable then the exponentlis2.

Example Let V' be the Koopman operator of the Renyi map. Since

1
Vxanik = ﬁ (in+1+k + X2n+1++2"+k) s

V satisfies the assumptions of Theorem 1.
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12.4 TIME OPERATOR ASSOCIATED WITH THE FABER-SCHAUDER
BASIS IN Cj,1]

Although each continuous function can be expanded in terms of the Haar basis the
Haar functions lay outside the spagg ;. We shall show that the Haar basidi

can be transported @ ;) by the means of integration giving rise to a new aS|s in
Co,1)- Namely, let us define the operator of indefinite mtegratIonL[O’l] — Clo,1):

df g 1
(J)() :/0 f(s)ds, for f € L.

The range of/ consists of absolutely continuous functions. Since the series (12.13)
is also uniformly convergent [KaSt] we can appiyto both sides getting

(J5)(0) [/ Fs) (s ds} ()0
(12.19)

;[/ TN 0.

wherep; (t) £(Jx;)(s), j=1,2,....

Actually the representation (12.19) extends on all functigns Cjo ;). To be
more precise the familyy; }52 ; together with the constant functign) = 1 form a
Schauder basis in the Banach spagg). We have [Ci]

g(t) = g(0)po + Z UO X;(8) dg(S)} ©;(t), (12.20)

where the series converges uniformlyjin1].
In a similar way, applying/ to both sides of (12.14), we can transport the time
operatorT’ to Cyp ;1. To be more precise, |€tbe the space of all functionse Cyg 1

such thay(0) = g(1) = 0 and letC,,, n = 1,2, . . ., be the subspace Gfspanned by
or, 2"t < k < 27, Define the operatoPn C — C,, putting

on

Patt) = 3 /xk )dg(s)u(t). (12.21)

—on— 1+1

Theorem 12.3 The operatonf defined orC as
I'=Y nP
n=1

is a time operator with respect to any semigrop” },,>, whereV is a bounded
operator onC such thatV'(C,,) C C,+1, for eachn = 1,2, .... The explicit form of
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[\
3
|
-

ﬁng(t) =2"% [29 (2]{22 1) -9 (l;n_11> ) (;1)} Pan—14x(t)
' (12.22)

Proof. Since the functiongy, ¢4, ... form a Schauder basis @, ,; we have the
direct sum decomposition

C=CidCa ...

and eachgn is the projector ont@,,. It is easy to see that
VP, =PV, (12.23)

for eachn €IN. Indeed, since eaghe C has a unique expansion

) 2n
9=>_ > ik (12.24)

n=1k=2n-141

then
2™ 2n
VPyg=V | > boe|= Y. bV
k=2n-141 k=2n—141

On the other hand, among the elemefit3p, } only those with2"~! < j < 2" are
elements of,, ;. Therefore

2’FL
Pn+1Vg = Z ij(,Oj y
j:2"71+1

which implies (12.23). Consequently the assumptions of Ler?Paae satisfied and
T is atime operator with respect{® " },,>0. The explicit form (12.22) of,, follow
directly from (12.21).

Constructed in this way time operator arises as the integral transformation of the
time operator!” for the Renyi map expanded in terms of the Haar basis, i.e. for
g = Jf we have B

Tg=Tf.
Moreover, sincd’ is a time operator with respect to any bounded opefd{arhich
maps each Schauder functign.-1,;, k = 1,...,2"!, onto a linear combination
of the functionspon 11/, k' = 1,...,2", it can be also associated with the Koopman

operatorV” of the Renyi map (12.8) acting on the spzﬁ:elndeed,v is, of course,
bounded or and one can check easily that

Vpan-1,p = ﬁ(@zu—k + ponyon-14k),
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forn=1,2..,k=1,...,2".
Observe also that the Koopman operdtoof the Renyi map together with the
integral operatofl” satisfy the following commutation relation

VJf=2JVf, (12.25)

valid for eachf € L' such thatf;, f(s)d(s) = 0.

Using the time operator terminology we can say now that the fungtiz)lf, hasthe
agen ifits representation (12.20) consists of th¢h block, i.e. those with the indices
k=2n"141,...,2" Therefore the flow of time means step by step interpolation
of g by polygonal lines. The polygonal lidg(x), n = 1,2, ..., corresponding to the
dyadic division of the intervdD, 1] on 2™ parts is

£ (b)) (5

Since the time operators considered here are defined on infinite dimensional Ba-
nach spaces, it is easy to see that their domains are always proper subsets of the
underlined spaces. Therefore it arises the problem of characterization of the domain
of a time operator. It is also important for applications of time operator techniques,
especially for filtering, to characterize the domain of a function of a given time oper-
ator.

Itis easy to see that if the eigenfunctions of a time opefAtdefined on a Banach
spaceB3 form an unconditional Schauder basis then for any bounded fundtion
IN — IR the domain ofA(T") coincides with3. However the spac€ ;; does not
have an unconditional basis. Therefore not for each bounded funfctiom operator
A(T) is correctly defined o, 1. The next theorem provides sufficient conditions

for a functiong to be in the domain of’, as well as to be in the domain a{7') in
terms of the modulus of continuity.

Theorem 12.4 Let A be a real valued function defined B Any functiong € C
such that its modulus of continuity, satisfies the property

Z\A )wg (27™) < o0 (12.26)

belongs to the domain of(T') and the series" A(n)P,g(t) is uniformly and
absolutely convergent. In particular, if the modulus of continuifysatisfies

! log t
/ wg(t)%dt > —00 (12.27)
0
theng belongs to the domain df and the series

i nPpog(t) (12.28)
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is uniformly and absolutely convergent.

Proof Let g € C be such that its modulus of continuity satisfies (12.26). Let
bnk = fo Xon-11%(s)dg(s). We have

bkl = x%%(s)dg(s)\

T g (B - g (55) |

<2°7 [g(5=%)

forn=1,2,..., k=1,...,2"" 1. Therefore
oo 2t
Z\A Pag)] <3 S A ilon (D) <2Z|A m(n),
n=1 k=1

which proves the first part of the theorem. To show the second part observe that
putting A(xz) = = we have

foe) oo 271 00
~ 1
S PO < Y S wlbaslonst) < 3oy (5 )
n=1 n=1 k=1 n=1
On the other hand, since the functiep(t) is non-decreasing o0, 1] and—lngt is
decreasing, we have
1 n—
s =% [T o ()
0 37 ¢
il 1 log 5+ 1 1
> ng(Qn—l) <_ % ) on—1 - 27
n=1 "
(12.29)

The lastinequality is a consequence of the propegtyt +y) < wgy(z)+w,y(y) valid
forz,y,z +y € [0, 1]. Since the left hand side of (12.29) is finite by the assumption,
the series (12.28) is uniformly and absolutely convergent. This concludes the proof.

Corollary 12.3 If A is a bounded function ofN, then eacly € C such that

o0
Z we(27") < 00
n=1
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belongs to the domain (7).

Corollary 12.4 If g is a Lipschitz function with an exponetit< p < 1, theng
belongs to the domain af.

Proof. It follows from the definition ofv, that if g satisfiedg(z) — g(y)| < |z —y|?
thenw, (t) < KtP. Sincefo1 tP~llogtdt > —oo, for p > 0, the condition (12.27) is
satisfied.

We have already mentioned about the importance of time rescalings realized
through theA operators defined as functions of the time operator. Somewhat dif-
ferent is the role of the integration transformatidnwhich satisfies together with
T the commutation relation (12.25). Applying the transformatioon a functional
basis makes approximations “smoother”. We have seen already that applgimg
the orthonormal Haar basis we obtain the time operator associated with approxima-
tions by continuous functions, i.e. with the Faber-Schauder bajg in Similarly,
starting from a time operator associated with an orthogonal basis of continuous func-
tions we can get a time operator associated with approximation in the éﬁ%ﬁ:e
of differentiable functions. As an example let us consider the Franklin sygtem
n=0,1,...inCjo 1. Recall that the functionsg,, are obtained through the Schmidt
orthonormalization of the Faber-Schauder functions [Cif, SWS]. The Franklin system
is a Schauder basis {fy, ;). We can therefore apply Proposition 1 constructing, as in
Theorem 12.3, the time operator associated with a given partitidn,gf on blocks.

On the other hand the system

1, Jéo, Jor, . .. (12.30)

is also a Schauder basis@ ;) and eacly € Cy ;) has the expansion

0)+ Y anJén,
n=0

wherea, = [ ¢n(s)df(s). Thisimplies that (12.30) is also a Schauder basiffy

endowed with the nornj| f|| d—fmax0<s<1 |f(s)] + maxo<s<1|f'(s)|. Repeating
again the proof of Theorem 12.3 we obtain a time operatm‘ﬂ\ associated with

this basis, which nothing but the composition of the integral transformauon with time
operator constructed formerly @l ;3.
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Time operator and quantum
theory

13.1 SELF-ADJOINT OPERATORS, UNITARY GROUPS AND
SPECTRAL RESOLUTION

If Aisaself-adjointoperator then there exists a unique fafiily} i of projections
such that

) By, < By, if A\ < Ao
II) S-limy_,_o E) =0, S-lim)\_>+oo Eyx=1
iiiy f € Daifand onlyif [, A2d(f, Exf) < oo

iv) for f € D4 and anyg
(9:47) = [ (g, Exf)

The family { £\ } satisfying (i-iv) is called the spectral family of. We shall write
A = [ Ad) to mean (iii) and (iv). Conversely every familyZ, } of projections
satisfying (i-iii) defines a unique self-adjoint operatbgiven by A = [ A dA.

Agiven one-parameter unitary gro{ip; } ;< r is associated with an unique spectral
family { £\ } e Of a self-adjoint operatad such that

Uy = / e MAE) . (13.1)

125
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The operatord = [ A dE) is called the (self-adjoint) generator of the unitary group
{U,}. ThusU; = e~*4* in the sense of functional calculus. The operataran also
be defined as follows:

fena it Ly

7 exists in the strong topology

t=0

and
da

—Al= G

(Utf) ) fOI'fEDA.

t=0

Every self-adjoint operataod defines a unitary groufU, } by (13.1), wherd E, } is
the spectral family ofd.

13.2 DIFFERENT DEFINITIONS OF TIME OPERATOR AND THEIR
INTERRELATIONS

Let consider the following definitions of time operator:

(a) A self-adjoint operatof” is said to be a time operator for the unitary group
{U,} of time evolution if

(i) U.Dr=Dr
(i) UTU, =T +tI on Dy.

(b) A self-adjoint operatofl” with the spectral family{ E;} is said to be a time
operator for the unitary groufd/; } if it is satisfied thémprimitivity condition

U/E\U, = Ex_y, foreach \;t € R.

(c) (Weyl commutation relatignThe self-adjoint generatdr of a unitary group
{Vi}, Vs = 7T is a time operator for a unitary groyd/;} if U; andV,
satisfy the Weyl commutation relation

UV, = "' V,U,, foreachs,t € R

(d) (Canonical commutation relatigriet L be the self-adjoint generator of a evo-
lution group{U,}, U; = e~*L*. Then a self-adjoint operatdt is said to be a
time operator of U, } if there is a dense domai on which bothLT andT' L
are defined and

i[L,T]=1 onD.

We shall show below that the definitions (a), (b) and (c) are equivalent and imply (d).
We shall also discuss the conditions under which the canonical commutation relation
implies the first three definitions of time operator.
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(@)= (b):
Let {E\} be the spectral family of a time operatfrin the sense of (a). The the
spectral family ofU; T'U, is the family{U; E\U, }:

U/TU; = //\d(Ut*EAUt). (13.2)
On the other han@TU; = T + t1, thus
T+tl = /()\ +t)dEy) = //\dEA_t. (13.3)

From the uniqueness of the spectral resolution of a self-adjoint operator it follows
that
UE\U; = Ex_4 .

(b)=(a):
Suppose that the spectral fam{lf, } of T satisfies the imprimitivity condition for
{U:}. We have to show that

UDr =Dy and U/TU; =T + I on Dyp.

Now, let f € Dr. ThenU,f € Dr, for all realt. Indeed
/AQd(Utf,E,\Utf) = /)\2 d(f,U; ExUf)

= [ E)

=[O+ 0. Bag)

= [RaiEsp+ [aEp e [ adiEsi®.

First and the third terms are finite becayse D and second term equafsfrom the
properties of any resolution of identity. ThUisD C Dy forall¢. SincelU;” = U_¢,
we also havd/;" Dy C Dp. ThereforeDy = Uy (U Dr) C Uy Dp, which proves
the equalityU; D7 = Dr.

To verify thatU,;TU, = T + tI on Dy itis enough to consider the scalar product
(9, UFTU.f) for f € Dy and anyg. We have

(.U TUf) — / Ad(g, Uj EU, f)
- / Ad(g, Ex—.f)
- / (A + 1) d(g, B f)

= //\d(g,E,\f)—Ft/d(g’E/\f)
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which proves (ii).
(b)=(c):
Let {E,} be the spectral projectors @f and consider the unitary operatdrs =

[ e~ *¢dE,. We have

U ViU

e~ d(UF E\UY)

/
/e NS AEA_y
-/

—z(A-l—t)sdE
—e ztsv

ThusV,U, = e~ U, V,, for all t. Taking the Hermitian conjugate we g&tV, =
eV, Uy, for all t.

(c)=(b): ‘
Assume that/,V, = e**V,U,, for all s, ¢, hence
UV, U = eV, . (13.4)

The left hand side of (13.4) has, for a fixethe representation
U V.U = /e‘“sd(UtEAUt*).

On the other hand the unitary groufs*V; is given by

eitsv's :\/eitsef)\sdEA :/efis(Aft)dEA _ /efis)\dEA_H.

By the uniqueness of spectral family and (13.4) we HayB, U;", for all ¢.
We have proved that definitions (a), (b) and (c) of time operator are equivalent.
Note also that the Weyl commutation relation can be written

VUV, = e™tU; . (13.5)

If {F\} is the spectral family of the self-adjoint generafoof the evolution group
{U:}, Uy = [ e dF}, then it follows from (13.5) that

VIE\V, = Fysy, foralls, (13.6)

whereV, = e~ *T. Thus the spectral family df satisfies the imprimitivity condition
with respect to the unitary groufd/, }, V. = 7.

Because the spectral famifyFy } of L satisfies the imprimitivity condition (13.6)
with respecttd’; we can again verify as before thatD,; = Dy andV, LV, = L—sI
on Dy, for all s € R. There is thus a “duality” betweeh andT'.
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Let(CL):l;((ed?al. self-adjoint generator of the grodip;}. Then the Weil commutation
relation assumes the form
e tlemisT — gisto=isTo=itL = o1 each s,t € R. (13.7)
Multiplying (13.7) bye™* we get
o itLgs(—iT—1I) _  s(—iT+itI~I) —~itL (13.8)
Then the integration (13.8) with respectston (0, co) gives
e M (—iT — 1) = (—iT 4 itT — 1) " e E . (13.9)
After taking the derivative of (13.9) in the point= 0 we have
—iL(—iT = 1)7"' = —i(—iT = 1) 4 (=i)(—iT = I)7'L
or equivalently
L(T —il)™ = (T —il) 'L +4(T —il)™2. (13.10)

Adding to both sides of (13.10)4(7 — iI)~! and then multiplying from the left and
from the right by(L — iI)~! we get

(T—il) N (L—il)™' = (L—4iI) YT —il) "' +i(L—il) (T —il)"*(L—il)~*.

(13.11)
Lety be an element df{ and put
x= (T —il) (L —4i)"y. (13.12)
Thenz € D1 _iry¢r—ir) and
y=(L—il)(T —il)x. (13.13)
It follows from (13.11) that
x=(L—i) YT — i) Y (y +iz). (13.14)
This implies thate € D(r_;ry(z—ir) and
(T —iI)(L — i)z = (L —iI)(T — il)x + iz . (13.15)
Then, summarizing, we obtain thatce D+ N Dy, and
(TL — LT)z = ix. (13.16)

It is obvious that any € Dy N Dy can be expressed in the form (13.12) (by
lettingy as in (13.13)). Thus (13.16) holds for eackk D N Dy, or equivalently

[L,T)x = —ix, foreachx € Dpr N Dy, (13.17)
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which concludes the proof of (€}(d).
Notice that we have actually proved that

(T — ZI)(L — ZI)(DLT N DTL) = (L - ZI)(T - ZI)(DLT n DTL) =H.

This means, in particular, that the image of a dense suébsétD; N Dy, (here

O = DrrNDyp)through both(T —iI)(L —4I) and(L —4I )(T —iI) is dense irHH.

It can be proved [FGN,Pu] that the latter condition is also sufficient for the canonical
commutation relation to imply Weyl commutation relation. In fact in order to prove
that (d)=-(c) it is enough to assume that there exists a dende setD .+ N D, for
which either(T" — iI)(L —iI)Q or (L —4I)(T — iI)QY is dense irH.

13.3 SPECTRUM OF L AND T

If U; = e~** andT is defined by any of the equivalent conditions (a), (b) or (c) im-
portant restrictions on the spectrumio&indT are implied. First, from the condition
(a) it follows that

(UefT,U) = (f,Tf)+t(f, f), forany f € Dp. (13.18)

Therefore, by taking in (13.18) to be suitably large, positive or negative number,
expectation value df in the statd/, f may be made equal to any positive or negative
value. Thus the spectrum @fcan not be bounded from below or above. Similar con-
clusion follows forL because of “duality’betwe€fi and L. Imprimitivity condition
implies more. It implies that the spectrumBf(and L) are whole of real line and
spectral multiplicity is uniform. With the aid of Plesner’s theorem (Plesner 1929) the
imprimitivity condition implies that the spectra 6fandL are absolutely continuous.

13.4 INCOMPATIBILITY BETWEEN THE SEMIBOUNDENESS OF THE
GENERATOR H OF THE EVOLUTION GROUP AND THE
EXISTENCE OF A TIME OPERATOR CANONICAL CONJUGATE
TOH

In standard formulation of quantum mechanics the (pure) states of the system are
represented by (unit) vectorsof a Hilbert spacé{. Time evolution group is given

by {e~*H!}, whereH is the Hamiltonian that represents the energy observable and
hence must be bounded from below. Previous remarks about the spectrum of the
generator of the evolution group admitting a time operator in the sense of (a), (b)
or (c) show that{e~**} can not admit a time operator in this sense becdiise
semibounded. The time-energy uncertainty relation can however be derived from the
existence of time operat@r which is canonically conjugate tb:

i[H,T)=1, onD. (13.19)
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As noted before this canonical commutation relation does not imply condition
(@), (b) or (c) onD. Since a main motivation for introducing a time operator in
guantum mechanics is to give a theoretical foundation to time-energy uncertainty
relation (Pauli) we shall give a simple proof that the existence a time opéFrator
the weaker sense that it satisfies (13.19) on a suitable dabhaincompatible with
the semiboundeness &f.

For this purpose we shall not suppose that dense irf{. But we shall suppose
that there is a vectap € D such that*"y ¢ D, for eacht > 0.

Consider now the function — (7%, HetT!q)), for somet # 0, such that
ety € Dforallt. Thisfunctionis differentiable with respecttwith the derivative:

% (eith/}’HeiTtd)) = —4 (6iTtw7TH6iTt¢) +i (eiTt¢7HT6iTtw)
(eiTtwaeiTtw)
(¢, [H, T %) = |2

Integrating both sides fromito ¢ > 0 we get

(e, He'p) — (v, Hy) = t||o ||

or

(v, HY) = —t||9]]> + ("', He' ')

SinceH >0, (e'T'y, HeT'y) > 0. Thus(y, Hy) < —t[|¥||?, which is contradic-
tion becauséw, Hv) is a constant finite number.

Thus in standard formulation of quantum mechanics there can not exist a time
operator even in the weaker sense — that is canonically conjugate to the generator of
time evolution group.

13.5 LIOUVILLE-VON NEUMANN FORMULATION OF QUANTUM
MECHANICS

The previous argument shows that a time operator can not be defined in the usual
formulation of quantum mechanics in any of the senses (a), (b), (c) or (d). To define
a time operator we need to go to an extended formulation of quantum dynamics in
which the generator of time-evolution group is not necessarily semibounded. This is
the well known Liouville-von Neumann formation given in terms of the evolution of
more general states than the pure states.
First some general remarks about Hilbert-Schmidt (H.S.) trace class (called also

nuclear) operators. A bounded operatan Hilbert spacéH is called a H.S. operator
if

D IIAGk]* = || All3 < oo

k=1
It can be shown thafA||» (called H.S. norm of4) is independent of the choice of
orthonormal basig¢y }. The class of H.S. operators is a linear spaced i§ H.S.
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operator so isA* and||A*||2 = ||All2. If B is a bounded operator amtiH.S. then
both BA andAB are again H.S.. We can define an inner product in the sBade)
of H.S. by putting forA, B € B>(H)

(A,B) = (vx, A"Bix),

k=1

where{iy} is an orthonormal basis if. It can be shown that the above defined
inner product does not depend on the choice of orthonormal pasls We can write

(A,B) =Tr(A*B), for A,B € By(H).

With this inner product3,(H) is a Hilbert space. IfS; and S, are two bounded
operator inH they define a bounded operator, denotedShyx S,, on By(H) as
follows:

(Sl X SQ)A = SlASQ, for A € BQ(H) .

If S7 orS; are notbounded the$y xS, does not define abounded operator but defines
an unbounded operator () whose domain consists of all € B2(H) is again

in By(H). Operators i35 () of the formS; x Sq are calledactorizableoperators

of By(H). There exist, of course, operatorsf () which are not factorizable.
An operatorA is said to be of trace class £ = S;.53, where bothS; and.S; are
H.S.. If Aistrace classIt A = ), (¢, Ady) < oo, where{wy } is an orthonormal
basis, then itis independent of baéis, }. Trace operators form a linear manifold of
B2 (H). If Aistrace class ang is bounded then both B and B A are trace class and
Tr (AB) = Tr (BA). If Ais non negative (and hence also self-adjoint) trace class
operator then there exists an orthonormal farfily } C 7 and positive numbersy,
E=1,2,...,with), \; < oo such that

A= Nelow) (] - (13.20)
k=1

Here we have used Dirac’s notatigfy, ) (¢ | for the projection onto the one dimen-
sional subspace 6f generated byy,.

If Aisoftheform(13.20)thefir A =", \;. If Aisapositive trace class operator
then the square roat'/? of A is a Hilbert Schmidt operator afitt A = (A/2, A1/2).
Positive trace class operatgrsvith Tr p = 1 will be calleddensity operators

Elementary observables (proposition$ with only two outcomes: 1 or O/€sand
no) are represented by projection operators of the Hilbert space of the system. Any
other observable (self-adjoint operator) can be expressed in terms of the propositions
through the spectral theorem. For a given state of quantum system measurement of
a propositionE is not generally a definite outcome. The outcome ‘yes’ will occur
with certain probability (or expectatiopf £'). A quantum state is thus specified by
the probabilityp( E') for every projectionE. In other words, a quantum state is given
by the mapping®Z — p(E), for all projectionsE. Obviously

() 0<pFE)<1,foralE
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(i) p(I) =1, wherel is the identity operator
(ili) p(0) =0

(iv) If {E;} isacountable family of mutually orthogonal projections then they rep-
resent mutually orthogonal propositions ang E; represents the proposition
whose measurement yields the outcome 1 (or ‘yes’) if and only if the outcome
of measurement of one of the propositibnis 1. Thus we will require that for
mutually orthogonal propositions hol@é) . E;) = >, p(E;).

Condition (iv) implies that if£'; > E, thenp(E;) > p(E>?).

It has been shown (Gleason 1957, Jost 1976) that every mappirg> p(E)
from the class of projections satisfying conditions (i)—(iv) corresponds to a density
operatop suchthap(F) = Tr (pE). Quantum states are thus represented by density
operatorg. We can obviously write the probability (or expectation)oin the state
pas

Tr (pE) = (pl/Z,Epl/Z) :

If Ais an observable, i.e. a self-adjoint operator with the spectral resoldtien
| AdE, then the expectatiofd), of A in the statep is given by

(4), = /)\ d(pl/Q,EApl/Q) _ (pl/z,Apl/Q) — Tr (Ap),

if Ap'/?is defined and H.S..

Adensity operatop is a one dimensional projection operator(¢| (with ||¢|| = 1)
if and only if p> = p. density operatorg with p? = p thus represent pure stat@s
More generally, as said before, a dengitig of the form

p=">_ Melow) (@l

k=1

with A, > 0, >°, A\ = 1 and{¢x} an orthonormal family of vectors. Such a state
p is thus amixture of mutually orthogonal pure states with relative weights\y.
The expectation of an observahlefro the pure state = |¢)(¢| is Tr (Ap) =

Tr (|A¢){(¢]) = (¢, Ag) as required.

Regarding time evolution of density operators we start from the time evolution of
pure statep = |¢) (p|. Under time evolutior evolves in time toe~*t¢. Therefore
p evolves tole " Hig) (e~ Hig| = et (|¢)(¢]) e'Ht. A more general mixture
p =3 Melor)(ox| will thus evolve toy", [e= g, ) (e~ Higy| = e~ peitlt,

The class of density operators is not even a linear space. To take advantage of
operator theory in Hilbert space we shall extend the time evolution to all Hilbert-
Schmidt operator8,(H). If A is any H.S. operator we shall define time evolution
of A by

A efthAeth
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in time¢. This extension is consistent with the evolution of density operators. Note
that the evolution of H.S. operator preserves the inner produgi (). In fact

(efthAethyefthBeth) = Tr (efthAeth)* (efthBeth):|
= Tr efthA*Beth)

= Tr (A*B)

= (AvB)v

forany A, B € By(H). Therefore the groupU, } defined by
UtA _ efthAeth

is an unitary group iB;(H). This is the time evolution group in the Liouville-von
Neumann formulation of quantum mechanics.

Since{U;} is an unitary group in the Hilbert spad® () it has a self-adjoint
operatoi, € By(H), called theLiouvillian) as the generator ¢/, }, i.e. U; = e L1,
From the definition otJ; it follows that

LA=[H,A],

for all A € By(H) for which the right hand side is also (7). Obviously
L = HxI—-Ix anditis notafactorizable operator8f(?), butalinear combination
of them.

Unlike the HamiltonianH of H, the spectrum of. is no longer required to be
bounded from below. In fact, we shall find thatif has absolutely continuous
spectrum extending over the entire interigabo) then the spectrum df is absolutely
continuous and of uniform (in fact infinite) multiplicity extending over the entire real
line. In this situation we can find a time operafoon B, (H) with respect tg e ¢~}
in the sense of (a), (b) or (c). As said before this time operaterill satisfy the
canonical commutation relatiofil, 7| = I on a dense domain & (H).

Before discussing the construction of time operafoin this case let us show
that the canonical commutation relation betwdemand T implies a time-energy
uncertainty relation.

13.6 DERIVATION OF TIME ENERGY UNCERTAINTY RELATION

We shall derive now time energy uncertainty relation from the commutation relation
between the Liouvillian and the time operator. Since expectation yalygeof usual
observablesi (i.e. self-adjoint operators iK) in the statep is given by

(A), = Tr (Ap) = (p1/27Ap1/2>

we shall define the expectation value of non factorizable operators suchrgT
by the same formula:

(D = (07 L) sna (@), = (2.1
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From the canonical commutation relation betwdeandT" we first an uncertainty
relation betweer. and7 in the standard manner.
Now, mean square deviatiohA L)?, (AT)2 of L andT respectively in the state

p, for which p!/2 is in the domain off., L2, T"and7? is given by
(AT>?) _ (p1/2,T2p1/2> _ (pl/Q,Tp1/2> _ (pl/Q,T’zpl/Q) ’
whereT”? = T — (p'/2,Tp'/?)I. Similarly
(AL>,2J _ (pl/Q, L2p1/2>
becausdp'/2, Lp'/?) = 0, asLp'/? = Hp'/?> — p'/?H. SinceT’ differs fromT

by a multiple of identityi[L,T"] = ¢[L,T] = I.
Now letS = T —i\L (A real). ThenS* = T + 4L in the appropriate domain as

T’ andL are. We have
(Sp1/2,5p1/2> >0.

On the other hand

(Spl/Q,Spl/Q) — (pl/Q,S*Spl/Q)
=(p'/2,(T" +4AL) (T' — iAL) p*/?)
:(pl/Q,T/zpl/Q) + A (pl/z,i[L,T’]pl/z) + A2 (pl/z,L2p1/2) )

Sincei[L, T') = i[L, T] = I and(p'/?, p'/?) = Trp = 1, we get
(Spl/z, Sp1/2) — (AT)2+ A+ N2 (AT)2 > 0.

positiveness of this real quadratic forminimplies

or

To derive the time energy uncertainty relatigh L), and (AH), = (Tr (pH?) —
(Tx pH)*)'/2.

Recall thatL = H x I — I x H. SinceH x I andl x H commute with each
otherand H x I)- (I x H) = H x H,L?> = H> x I —2H x H + I x H?, we have

<AL>§ = (p1/2’ [H? x I —2H x H+ 1 x H2]p1/2)
= Tr (H?p) — 2 (Hp"/?, Hp'/?) + Tr (H?p)

In the above equality we used the fact that b&th'/2 and H2p'/? are H.S.. Itis
only for such statep that(AL)% is finite and uncertainty relation is nontrivial.
Thus

(AL)% =2 [Tr (H%p) — [Tr (Hp)]? + (pl/Q,Hp1/2)1/2 _ (le/szpm)}
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([Tr (Hp)]? being equal tdp'/2, Hp'/?)'/2 whenH (p'/? is H.S.). Hence
2 _ 2 1/2 1/2\2 1/2 1/2

From Cauchy-Schwartz inequality

(p'/2, Hp'/?)? < (Hp'/? Hp'?)(p'/?, p'/?) = (Hp'/?, Hp'/?)
since(p!/?, p'/?) = Trp = 1. This implies

(p'/2, Hp'?)* — (Hp'/? Hp'/?) <0
and consequently
<AL>,2; < 2<AH>;2; or (AL), < \/§<AL>97

The uncertaintyAL),(AT), > 1/2thenyields the time-energy uncertainty relation

1
22"

Note that defining the evolution pfby 2/, = e~** x ¢?H* we have puf, = 1, hence
the Plank constarit does not appear in the time-energy uncertainty relation.

Although it is interesting that root mean square deviatia ), of the time op-
erator" in the state and root mean square deviatiGh H) , of the energy operator
H satisfy an uncertainty relation, the physical interpretation of this uncertainty is not
entirely clear. Usuallyp!/2, Tp'/?) is interpreted as the averaggeof the state
p. Therefore(AT) is the root mean square deviation of the outcomes of measure-
ments of age of the system in the stateBut, up to now no operational meaning of
such measurement is given. It would be more satisfactofxi),, could be inter-
preted as root mean square deviation of “time of decay” or time of transitions of an
unstable state. To decide if such an interpretation can be given to time operator, it
would be necessary to study the time operator in a model of unstable system, such
as the Friedrichs-Lee model. This, however, has not yet been done. Moreover, the
discussions of “arrival time” (G.R. AllockAnn. Phys. N.Y53, 251 (1969)) and
guantum Zeno effect (Misra, Sudarshan) indicate that such an interpretation may not
be immediate. But let us recall that Einstein felt the need for a concept concerning
time instant of decay in the theoretical description (ed. Paul A. Schigpystein:
Philosopher-Scientistiol 11, pp.665-688). Perhaps, the concept of time operator or
some suitable modification of it will satisfy this need.

(AH)(AT), >

13.7 CONSTRUCTION OF SPECTRAL PROJECTIONS OF THE TIME
OPERATOR T’

The HamiltonianH acting on the spac@{, the Hilbert space of pure states, has
absolutely continuous spectrum over the entire halflinec). Let us first suppose
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that the spectrum off is of simple spectral multiplicity. Then we can consider the
spectral representation &f. This is a unitary mapping frorit onto L2 (IR, dp)
such that if under this mapping

H 3¢ — () € L*(IRy, dp)
then H is represented by the multiplication operator/hy.e.

(HY)(p) = pyp() -

An arbitrary operatop € B2(H) goes under this mapping to an integral operator on
in L2(IR.,, du) represented by the kernefy, 1) such that

/ (s, 1) |? dppdpt’ < o0,
1R+ XIR,+

This correspondence betwegre B> (H) and kernelp(u, 1) is a unitary mapping
from By (H) onto L2(IR,. x IR, dudy’). Under this mapping

. . . . ,
671Ht % eth = 671Lt . efz(pf,u )tp(ﬂ’ul)

and
Lipr— (u—p)plp,p').

We shall construct the spectral projections of time oper&taith respect to{e’*}
in a related representation B (H).

Let us consider a change of variablgs 1/) — ()\,v) given by A = p — ¢/,
v =1/2(p+p')—1/2|u—p'| and the inverse transformatipn= v +1/2|A|+1/2X,
w =v+1/2|\|—1/2). Aspandy’ range ovelR ., A ranges over alR andv over
IR, independently. since the Jacobian of transformafjon.) — (A, v) is unity, it
mapsL?(IRy x R4, dudy’) onto (IR x IR, d)\ dv) unitarily. Under this change
of variablesp(y, pt') — p)A,v) = p(v + 1/2|A| + 1/2X, v 4+ 1/2|A| — 1/2X). Any
operatorp € B2(H) is thus represented by a kerngh, v) € L2(IR x IR, d\dv)
and vice versae~*** is then represented y " p(\,v) andLp by Ap(\, v).

Let us defineFy, s-real, by

1 1 00 eis(wfk)
(Fsp)(\v) = gp()\, v) + Q—MP/ P plx,v)de. (13.21)
In particular
1 1 > p(z,v)
(Fu)0.0) = 5o + 5P [ 208

or )
Fy=3 (1 _ zH)

on the variable\ for each fixed.. HereH denotes the Hilbert transform (Titchmarch).

We shall verify that the family{ F} has the properties of spectral projection and

satisfies the imprimitivity condition with respect fe—*t}.
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Indeed, it is known that the operatéfris unitary andi? = I, so thatd* = —H.
Thus

Fy=1/2(I —iH)" =1/2(I +iH*) = 1/2(I —iH) = F,
F2=1/2(1 —iH)?> =1/4(I — 2H + H?) = 1/2(I —iH) = F, .
Fy is thus a projection. Thak', is, for any reals, a projection follows from the
imprimitivity condition
e—’iLtFSeiLt — Fs+t )

which is verified below:

(efiLtEgeiLtp) (A v) = e~ (Fseiup) A\ v)

_ efi)\t [; (eiLtp) (/\71/)

1 oo is(z—A) )
,P/ em — (e™p) (z,v) dx}

2 J_

. 1 1 00 Li(s+t)z—ids
R e el e

— 00

1 \ 1 P 00 ei(t—‘—s)(z—)) J
O+ 5P [ o

= Fs+t .
We need to verify that’, < F;, if s < ¢. For this it suffices to prove thdf, < F;,
fort > 0 or [y F; = Fy.
We have to show that ifFpp) (A, v) = p(A,v) then(Fip) (A, v) = p(A,v), for
t > 0. For this we need the following result (Titchmarch):

A necessary and sufficient condition for a functior L? to be the boundary
function of an analytic functiog in the upper halfplane

¢(A) = lim ¢(A+ie), foralmostall A € R,

e—0t
such that -
sup/ |p(\ +iv)|? < oo
v>0J -
is thato is of the form
¢(\) = (I —iH)f, forsome f € L*(IR).

The functiong that satisfies the above property is called a Hardy function,H? .
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Now if (Fop)(\,v) = p(\,v) thenp(\,v) = 1/2p(\,v) — i/2(Hp)(\,v), for
each fixedv € IR, (from the definition ofFy). Thusp(-, ) satisfies the condition
mentioned above. Hengg ), v), as a function of\, for each fixedv is the limit as
Sz — 0 of an analytic functionj(z, v) such that/ > _|5(A + io,v)[?dA < K < o,
with o > 0 (K = K(v)).

If £ > 0thenetp(\,v) is also the limit as3z — 0 of the analytic function
e*tp(z,v) in the upper halfplane and

/.

Hence by the above characterization of Hardy functignsis of the form :

. . 2 o0
O (X o, v)| dh = 6_20t/ lp(A +io, V)P dA < K .

— 0o

eMp(A\v) = f,(\) —i [H(fu)] (A)

with £, € L2(IR), for eachv € IR,.. But this shows that***p()\, v/) belongs to the
range ofFy. On the other hand* p(\, v) = (e'Xtp)(\,v). We have then

FoeiLtp — 6iLtp
or ‘ .
e Rt p = Fp=p,
for ¢t > 0. This proves that if,p = p thenF;p = p, fort > 0. This means
FtFO :Fo, for ¢ > 0.
It remains to verify that

lim Fs=F_=0and lim Fy=F,=1. (13.22)

§— 00 §—00

In order to do this let us rewrite equation (13.21) as

(Fsp)(A,p) = %PO\, ©) + Sg;:ES) /jo sin(3|38|x) p(z+ A v)de

(13.23)

1 e 3
+ —,P/ cos(sm)p(x +A\v)dx.
2mi x

— 00

If for each fixedv the functionp(-, v) is continuous and satisfies the conditions

. p ..
i is integrable
O T g

(i) A — p(\,v) is of bounded variation

then by ([Titchmarch] Th. 12, or [Zygmund] Ch. XVI)

lim sn(s) / Sm(‘s‘m)p(x + \v)dr = :I:ip()\, V).
—o0

s—Foo 27 T
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To evaluate the second integral in (13.23) assume that
(iii) the derivative(%p(A, v) is continuous for each

and letd > 0. Then

P/(:COS;S@ (x+ A\ v)de —(/_5 /)COS (x + A\ v)de

.5

cos(sz)

+ lim [p(x + A\ v) — p(A—z,v)] dx.
§—0 _5 x
(13.24)
The integrals over the intervalsoco,—4) and(d,00) vanish by the Riemann-Lebesgue
Lemma.
Since
pla + A v) = p(A —z,v)

T

P )| < oo,

the third integral in (13.24) is bounded BY | 2 p(), z)|, which can be made arbi-
trarily small. Thus the third integral vanishes. Therefore

<2|5

1 1 I pNz), s— o0

i (Fop)0un) = 500 & o) = {602
for eachp that satisfies conditions (i) — (iii).

The class of functiong( )\, v) that satisfy conditions (i) — (iii) is dense i (IR x
IR, d\dv) (note that each function from the Schwartz space of rapidly decreasing
functions, which is dense ih?(IR x IR, d\dv), satisfies conditions (i) — (iii)).

It follows from the above considerations that (13.22) is satisfied on a dense subset
of L?(IR x IR, d)\dv). Since the operator&_ ., andF,, are bounded, (13.22) holds
on the whole Hilbert spacé?(IR x IR, dAdv). This also concludes the proof that
{F,} is a spectral family satisfying imprimitivity conditions with respectto“*.

Thus -
T:/ MdE\

is a time operator in any of the equivalent sense (a), (b) or (c) and hence also satisfies
the canonical commutation relation with

If the HamiltonianH is not simple (as is usually the case) we can always choose
asetd;, A,, ... of observables which together witlh form a mutually independent
complete set of commuting observables and consider simultaneous spectral represen-
tation of the complete s€tH, 4;, As,...}. Any p € H will again be represented
by a kernel(u, 01,09, ...,4',01,0%,...), whereos, belong to the spectrum ofy.
The previous argument can be carried through without any change except for the
appearance of degenerating indiegs

The mostimportant problem from the point of view of application of time operator
techniques is to construct explicitly time operator associated with perturbed Hamil-
tonianH = Hy + V when the spectral representation is known. One of the simplest
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physical Hamiltonians provides the Fridrichs model. Since spectral representation in
the Fridrichs model (for a givelr) can be explicitly constructed it is, in principle,
possible to construct the spectral fanmiffy} of T" as indicated above. But this attempt
meets technical difficulty and has not yet been done.






14

Intertwining dynamical

systems with stochastic
processes

14.1 MISRA-PRIGOGINE-COURBAGE THEORY OF IRREVERSIBILITY

The problem of irreversibility in statistical physics lies in understanding the rela-
tion between reversible dynamical laws and the observed irreversible evolutions that
require probabilistic description.

The laws of classical mechanics are deterministic and symmetric with respect to
inversion of time. Irreversibility of a physical process is, on the other hand, expressed
by the second law of thermodynamics. The quantitative measure of irreversible
evolutions in isolated systems is thetropydefined as a functional

Qp) = — /X plnp dp (14.1)

acting on probability densities. Irreversible time evolution: p, of densities in an
isolated system is expressed by the increas@(pf) with time until it reaches its
maximum at equilibrium. For classical dynamical systems the postulate of increasing
entropy is, however, in contradiction with the laws of classical mechanics because
the entropy€2(p;) is conserved as the result of the measure preserving character of
dynamical evolution. Recall here that a reversible dynamical system is described by
a quadruplg X, X, u; {S;}), where{S,} is a group of measure preserving transfor-
mations of the phase spa&e An equivalent description of time reversible dynamics
is through the group of evolution operatdig; } acting on the phase space functions.
On the Hilbert spacé?. the group{U,} is unitary.

The prototypes of irreversible evolutions of phase space functions are Markov
semigroups. Particularly these semigroups that “tend to equilibrium” as time tends

143
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to co. Such Markov semigroups may arise from Markov processes such as kinetic or
diffusive process. They may also be dynamical semigroups of irreversible dynamical
system with strong ergodic properties like exactness. The puzzling thing is that for
some dynamical systems, which are reversible, the observed evolution can be more
adequately described by Markov semigroups. This suggest the existence of a strong
link between deterministic dynamical evolutions and probabilistic Markov processes.

Until the late 1970s it had been a general belief that stochastic processes can
arise from deterministic dynamics only as a result of some form of “coarse-graining"”
or approximations. A new approach to the problem of irreversibility was proposed
by Misra, Prigogine and Courbage [MPC,...]. According to this theory, which will
be calledMPC theory of irreversibility there is an “equivalence” between highly
unstable deterministic and stochastic evolution. The unitary group of evolution of a
highly unstable system can be linked with a Markov semigroup through a non-unitary
similarity transformation. In contrast with the coarse-graining approach there is no
loss of information involved in such transition.

The similarity transformation linking two kind of dynamical semigroups, tradi-
tionally denoted by\, was establish for K-systems as a function of the time operator.

In this section we shall presentin detail the MPC-theory of irreversibility, i.e. the con-
struction ofA-transformation its properties, as well as, the properties of the resulting
Markov semigroups.

Before addressing the Misra-Prigogine-Courbage theory of irreversibility let us
first recall some basic facts. Consider an abstract dynamical flow given by the quadru-
ple (X, %, u, {S:}) , where{S,} is a group of one-to-ong invariant transformations
of X and eithert € ZZ ort € IR. The invariance of the measugeimplies that the
transformationg/,

Ui p(z) = p(S_4zx), peL?

are unitary operators ai¥. Generally[J; is anisometry on the spaéé&, 1 < p < oo.
The MPC-theory of irreversibility proposes to relate the gr¢Up}, considered
on the Hilbert spacé?., with the irreversible semigroup

W, LAUAT, t>0, (14.2)

through a nonunitary operatdrwith the properties:

(@ Ap>0if p>0,

(b) [y Apdp= [, pdu,forp>0,

(c) A1 =1,

(d) A has a densely defined inverse .
Moreover, it is also assumed th@l, },> satisfies conditions (a)—(c) and

(€) lim [[Wip— 1|2 =0,

for each square integrable density
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Any operator that satisfies properties (a)—(c) is a positivity preserving contraction
onLP,p > 1(see ???), thug¥,} is a Markov semigroup. Property (e) is interpreted
as irreversible approach to equilibrium. Another interpretation of (14.2) is that group
{U:} and semigrougW; } are connected through a nonunitary, intertwining operator
A:

WA=AU;, t>0.

A dynamical system for which such a construction is possible is caiteidsically
randomand the conversion of the reversible groli, } into the irreversible semi-
group{W;} through a nonunitary transformatidnis called achange of representa-
tion.

So far all known constructions of the operatohave been done for dynamical
systems which are K-flows. If the considered dynamical system is a K-flow then (see

Section ???) there exists a generating stddgebraX, of ¥ such that:, & Si(Xo),
t > 0, have the properties (i)—(iii)listed in Section ???.

The construction oA is the following. With any K-flow we associate the family of
conditional expectation§E, } with respect to the-algebrag X, }, which projectors
on the Hilbert spacé?. These projectors form a resolution of identity b#, thus
determine the time operat@r.

+oo
T = / tdE, (14.3)

— 00

which is defined on a dense subspacé $f(see Section 3).
We shall show now that the intertwining operatocan be defined, up to constants,
as a function of the operatdt, i.e.

A=f(T)+ E_w, (14.4)

whereE_ ., is the expectation (the projection on constants).
We have shown in Section 3 that for any Borel measurable fungttbe operator
function f(T')

ﬂﬂ=1%mM&

is correctly defined on a dense domahif (7)) C L%. If f is positive and nonde-
creasing then we can be more specific concerning the domdi(ifof Namely, we
have

Proposition 14.1 If f is a nondecreasing and nonnegative function then the domain
D(f(T)) contains all simple functions measurable with respect tocdregebra

Ut 2y
Proof. Recall that a necessary and sufficient conditionfdo be in the domain
D(f(T)) is (see Section 3):

K%F®ﬂﬂmm<%-
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Letp be asimple function measurable with respegffd;. Sincef is nondecreasing,
there exists, such thap is A;,-measurable. Let, be such a number that

(—o0,to] C{s € R : f(s) <no}.

By the orthogonality of increments ¢, } (or using the fact thak,p is a martingale
with respect to[%; }) we have

(Ey — Ey)p=0,, foreacht >tg.

Hence the function — (E,p, p) is constant on the intervéd,, oo), and consequently

to

/_OO P& dEp.p) = [ F(s)d(Ep.p)
<nj / " dEup,p)

=ng | |p|*dp < oo.
X

We are now ready to construct the operatdn MPC theory of irreversibility.

Theorem 14.1 Assume, thaf is a non increasing function di such thatf(¢) > 0
for eacht, and f(—o0) = 1, f(+00) = 0. Then the operator

A= [ 56 B+ B (14.5)

has the following properties:
(i) Aisabounded linear operator,
(i) A is positively defined, i.eAp > 0if p > 0,
(i) A1=1,
(iv) A is one-to-one with a densely defined invetse.

The functionf is called thescaling function The operato _ ., is the projection
on constants, i.efl_..p = [, pdpu.

In order to prove Theorem 14.1 it will be convenient to use another interpretation
of the integral[ f(s) dEs. Suppose thaf is a function of bounded variation dR.
Then we can consider a mean-square inteﬁr’%@l E;pdf(s), i.e., a Stieltjes integral
of the vector valued function — E;p from IR into L%.. Since the family{ £, }
(martingale{ E, } p) is right mean-square continuous, this integral is well defined and
we have the following “integration by parts formula”

Lemma 14.1 If f is a function of bounded variation dR. then

| s == [~ Bad) + sro0)p— o0 B-wp.
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for eachp € L3

Proof of Theorem 14.1.Property (i) is a consequence of Proposition 2 in Section 3,
(i) follows from Lemma, because we can write

A== | Epdr(s), (14.6)

and E are positivity preserving as conditional expectations. Also (ii) is obvious,
because

A1=/ EAd+F o =Fl—FE_ 1+FE_1=1.

We shall prove now that operatdr is injective. Indeed, assume thap = 0.
ThenE,pA = 0, for eacht. Since

t o t
EAp = Et/ f(s) dEsp—l—Et/ f(8)dEsp+E_ = / f(s)dEsp+E_,
—00 t —00

then ,
0=En,Ap—EyAp= [ f(s)dEsp,

t1

for eacht; < t5. Hence

" s) d{Bap. ) = /X ( : f(S)dEsp>2du=0.

t] tl

Since f > 0 the functions — (E,p, p) must be constant on the intervh , t»],
as it is nondecreasing. This implies th&t,p = E,p. If t; — oo, then the
last equality implies that;,p = FE_ p=const, for eaclt € IR. Consequently,
ffcoo f(s)dEsp = 0and (14.5) implies thak_ ., = 0. ThereforeE,p = 0, for each
t,80p = Eop=0.

Finally, put

_ > 1
A 1p:/ desp"'E—oop-

From Proposition 1 follows that —! is well defined on the set of all simple functions
that are) , .A; measurable. Using Proposition ??? from Section 3 we obtain that
AA~1p = ponadense subspacelof.. We have alsd\~'Ap = p, becausé\pis in

the domain ofA~1, for eachp € L3..

Theorem 14.2 Let f be as defined in Theorem 14.1, and assume additionally, that
for eacht > 0 f(s)/f(s — t) is a bounded and non increasing functionsofThen
the family of operators

W, =AUA"Y, t>0,
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is a Markov semigroup oh?%. and||W;p — 1|| — 0, ast — oo, for each probability
densityp.

Proof. First observe that the Markov operatd#s are of the form

([ g

Indeed, applying Proposition 3 and ??? from Section 3 we have

Wt = AUtA_l

:(/_O;f(s)dESJrEoo)Ut(/ —dE +E_ )
(i Lty
( f j dE +/ F(s)dE,E_o

R |
+ / — dE_. E, + EOO> U,.
o f(5) !

But the second and third term are equal to O because the integfatérs,, and
FE_ FE, are constant.

It is now obvious that for eachl¥; is positivity preserving. Moreover, applying
Corollary 3.1 to the integraf f(s)/f(s — t) dEs we obtain that¥, is bounded on
L2

No we show thatV;, ¢ > 0, are contractions. If is a bounded measurable
function, saylg| < 1, andp € L%, then

H/ dEsp L /OO 9*(s) d(Esp, p) — (/OO 9(s) d{Esp, p>>2 .

—o0 —o0
Hence

2

Welts = | [~ s d i) + B
|72 em,

S/X(Utp)Qdu— (/){Utpdu>2+</XUtpdu>2

= lloll%,

L2

2

+ [ E-cUrpll 72
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for ¢ > 0. In consequencé; };~¢ is a contraction semigroup dr¥,.
Finally, because

2

IWip— 12, = H [ )

<t | [~ L0 s

L2

 f(s+1)
Y oAU

2

L2

2

f

andf(s + t) tends monotonically to 0, &— +oo, we get that|W;p — 1|| — 0, as
t — o0.

Remark. The assumptions of the above theorem are satisfied if the fungtighich
is called thescaling functionis assumed to be positive, non increasifigsoco) = 1,
f(+00) = 0 and such thaln f is concave ofiR. This means thaf has the form

f(t) = e *® (14.7)

L2

whereg(t) is a positive convex function which increasestso ast — +oc. Indeed,
we have the following

Lemma '14.2 If th.e functionf is logarithmically concave the?H is abounded
decreasing function of for everyt > 0.
Proof. We can assume thdtis of the form (14.7. Therefore it is enough to show that

the functions— ¢(s—t)—¢(s) isdecreasing. Let, < s2,then0d < t/(se+t—s1) <
1. Since the function is convex, we have

P(s1—t) +P(s2) = ﬁﬁb(sl —t)+ %ﬂ@)
S9 — 81
P — (s —t)+ FTr— @(s2)

t(Sl — t) + (82 — 51)82 (82 — 81)(81 - t) + 159
Z¢( 52+t781 )+¢( 82+t751 )

= ¢(s2 —t) + P(s1),
which implies the desired result
P(s1 —t) — P(s51) > p(s2 —t) — @(s2) .

The L2-construction of the operatadr and the Markov semigroup can be general-
ized in several directions. One possibility is that the family of projecf@lg can be
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replaced by an operator valued martinggld; }. Namely consider the familyM/; }
of bounded linear operators dif with properties:
(a) {M,} has orthogonal increments:

(_]\Z[s2 — Msl)(Mtg — -Z\/-[tl) =0, for s1 < 59 <t1 < tg

(b) { M, p} is aright continuous martingale for eagte L?. For such martingales
it is possible to obtain a straightforward generalization of the MPC construction (see
[SWRS,SW]).

Another direction in which the MPC-construction can be generalized is the en-
largement of the space of admissible densities. The choide’ @fs the space on
which the unitary group of evolution, and consequently the MPC theory, is consid-
ered was purely technical. More natural, however, is to consider the evolution of any
probability densityp under the action of Frobenius-Perron operators definebl'on
This is equivalent to consider the evolution of all probability measure&iary)
that are absolutely continuous with respegt.tdMe can go even further, considering
the evolution ofany probability measure under the action of the Frobenius-Perron
operator. Indeed, if is an arbitrary measure then the time evolution: U;v can
be defined provided then exist a dense subsgaoé LY., which is invariant with
respect to the Koopman operator, i18G C G, for eacht and such that eache G
is v-integrable. Then we put

(U, p) = / Vipdv , foreachp € G.
Jx

The question now is: Does the MPC theory of irreversibility remain valid on
“larger" spaces? The answer is: Yes but not on the whélspace. There is a class
D of admissible densities (or, more generally, admissible measures), on which the
Markov semigroup{W; }, associated wit§U, }, converges to the equilibrium state.
ClassD contains all square integrable densities, but nof&ltlensities are iD.

We shall focus our attention aitt extensions of MPC theory irreversibility. Such
extension does not require an additional effort of defining the evolution operators
but, on the other hand, reveals some interesting features concerning the choice of
admissible densities.

In section 3 we have already developed the tools, which are necessaty-for
extension. One of them is the stochastic integral with respeét tmartingales.

This allows to define the integral of the forg"n_‘X’OO f(s)dEsp where f is a Borel
measurable functioff : R — IR andp € L.

Denote byD; the set of allp € L}, for which ffooo f(t) dE;p exists. In other
words,p € Dy if and only if there exists a sequengg, } of simple Borel measurable
functions onlR such that

1° fn— fas

2° [ f(s) dEsp converges inL}.
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It follows from Proposition ???, in Section 3, that a sufficient conditiorpfbeing
in Dy, wheref is bounded, is that

[ sup |Espl||z1 < oo. (14.8)

What matters in the above condition is the behavior of the martingalesin (its
uniform integrability). We know, by the backward martingale convergence theorem
that the martingald E;sp} is convergent and uniformly integrable, as— —oc.
The space of all martingal€sn; } with respect to the filtratiodZ; } and satisfying
(14.8) is denoted byl ' (sometimes called thidardy space of martingalg®eMe])).
Identifying each uniformly integrable martingale with its limit of infinity we have
H' c L'. The condition thap is an element ofi! guarantees that the stochastic
integral | f(s) dE,p with respect to the martingalgF;p} can be defined for any
bounded functiory. As we shall see below this condition is in some circumstances
also necessary. For this reason we may confine our further consideration concerning
L'-dynamics toH ' spaces.

Now, we can reformulate Theorem 14.1 and 14.2 as follows.

Theorem 14.3 For any decreasing and positive functigron IR with the properties:
f(—=00) =1, f(4+o0) = 0 the linear operatorA on LY, defined by the formula

Ap =/ f(s)dEsp+ E_p

satisfies:
(i) A is positively preserving, i.eAp > 0if p > 0
(i) A1=1

(iii) A restricted toH* is bounded with densely defined inverse'.

Proof. Sincef is bounded the integrdl f(s) dEp exists foreach € H'. Moreover
approximatingf by step functions it is easy to check that Lemma 1 remains valid,
ie.

Ap=— / Espdf (s).
This shows thaA is positivity preserving. The rest of the proof also follows the same
lines as the proof of Theorem 14.1. Only the boundeneds®h result of stochastic
integral inequalities that can be found in [Bi] (Th.7.2).

Now we can use the above defined operdt@s a similarity transformation con-
verting {U; } into a Markov semigroup. Putting

Wt == AUtAil
we obtain a family of linear operators densely defined.4n

Theorem 14.4 Let f and W, be as in Theorem 14.2. Then the semigrdUp };>o
restricted toH* form a Markov semigroup such that
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i Wil =1,fort >0
(i) [[Wip — 1|22 — 0, ast — oo, for each probability density € H'.

Proof. The proof is the same as Theorem 14.2, because the commutation relation
U, / f(s)dEsp | = / f(s—1t)dEs | Uy

remains true for uniformly integrable martingaleg;p}. The convergence of the
semigroup{; } is a direct consequence of the integrability of the bounded functions
L6
f(s—1) _ g .
The next theorem shows that the evolution of densities under the action of the
Markov semigroud W, } has strictly increasing entropy.

and their monotonical convergencetas: co.

Theorem 14.5 If the measure: is non-degenerated then for every probability density
p with Q(p) < oo, the Markov evolutiors, = W;p, t > 0, has strictly increasing
entropy.

Proof. Since the functiom In p is integrable, the martingalgF; p} belongs toH!
(cf. [DeMe], p. 261). Henc@; = W;p € LY, by Theorem 14.2. Denote

px)=xlnz, z>0.
First we show the inequality
/s@(th) dp < /s@(p) dp. (14.9)
X X

Indeed, letp be a simple functionp = "7 a;14, such thal J} 4; = X and4; €
U, =¢. ThenW;p € LY, and

e (Wip) = (Z Gth]lAi> <Y e (a) Wila, = Wip (p)
1 1
because is convex. Hence
/@(th) dué/Wm(p)du:/Mp)dw
X X X

For a non-simple it is enough to choose a sequenge— p in LY. and such that
©(pn) — ¢(p) in L}, and apply Theorem 14.2. Now putting;, ;, instead ofiV,
andW;, p instead ofp in (14.9) we have fot; < to

Q (ﬁh) S Q (ﬁtz) .
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Sincey is non-degenerate andis strictly convex the above inequality is strict.

It is possible to obtain another generalization of the intertwining relation between
the unitary dynamic$U;} and the Markov semigroup if we drop the assumption of
reversibility of the transformation. Namely, let{U;} be the group of operators on
L' associated with a K-flow.X', 3, 11, {S;}) and letf be a non increasing function
on the intervala, b] (can ben = —oo or b = +o00) such thatf(a) = 1 and f(b) = 0.

Then the linear operatoy on L' defined by the formula

b
A= /f (s)dE, + E, (14.10)

satisfies the properties (i)—(iii) of Theorem 14.1 (or 14.2).
Moreover, assume additionally that< f(t) < 1, fora < ¢ < b, and that
f(s)
fls=1)

) is a non increasing function afin (a, b). Define:

A0
W, = (/a o0 dE, + E) U, . (14.11)

Then the semigroupW, }, t > 0, is contractive on_}, and tends monotonically to
the equilibrium state on the s&% of all densitiesp which satisfy the property

/ sup |Eipldp < oo (14.12)

a<t<b

Of course, assuming additionally that= —oo andb = +oo we obtain the original
intertwining relation.

The above extended meaning of the transformatiaontains, in particular, the
"coarse graining" procedure. Indeed, takjhgqual to 1 on the intervél-oo, a] and
0 on (a, co) the condition (14.12) will be satisfied on the spdege= L}, and we
haveA = E, andW; = U, E,_;.

14.2 NONLOCALITY OF THE MISRA-PRIGOGINE-COURBAGE
SEMIGROUP

In the Misra-Prigogine-Courbage theory of irreversibility the evolution operators that
arise from point transformations of a phase space have been modified and leads
to new evolution semigroups that need not to be related with the underlying point
dynamics. The natural question is: Are these operators associated with other point
transformations? In other words, we ask if, for example, modifications made on
the level of evolution operators correspond to some modifications on the level of
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trajectoriesinthe phase space. Inamore general setting, we ask which linear operators

on LP spaces are implementable by point transformations? A related question is:

Which time evolutions of states of physical systems that are described in terms of

a semigroup{W;} of maps on arl.?-space can be induced by Hamiltonian flows?

There are some partial answers to the above questions that will be presented below.
Consider the case of discrete tite 1,2, . .. when the evolution semigroup; }

is determined by a single transformatisn

Vo=V" and Vf(z)= f(Sx).

The relation of the point dynamics with the Koopman operators is clarified by
asking the question: What types of isometries/dnspaces are implementable by
point transformations? Fdi? spaces wittp # 2, all isometries induce underlying
point transformations. Such theorems on the implementability of isometrié$ on
spacesp # 2, are known as Banach-Lamperti theorems [Ban,Lam]. The converse to
Koopman’'slemmain the cage= 2, which holds under the additional assumption that
the isometry orl? is positivity preserving, can be found in [GGM]. The result is that
an isometryy is implementable by a necessarily measure preserving transformation
S

Vix)=f(Sx), x€X.

Consider now the groupl,} determined by a K-flow and the MPC semigroup
{W;}. Each operatdV; is the Frobenius-Perron operator associated @nd thus
it is the adjointU; = V;* of the Koopman operatdr; acting onL?.. The operators
W, preserve the property of double stochasticity characteristic to Frobenius-Perron
operators. Therefore the question is: #rgFrobenius-Perron operators associated
with some measure preserving transformatisner, equivalently, is the adjoirit/;*
the Koopman operator

Wi (@) = f(Siz).

We shall show below that the answer to this question is in general negative. Only the
choice ofA as a coarse graining projection gives implementability [AntGul].
Recall that the\-transformation is defined on the spacg as

+o0o
Ap = / f(8)dEsp+ E_p for K — flows, (14.13)
+oo
Ap= Z f(s) (Es - Esfl)p + E_op for K — systems, (14.14)

f(s) is any positive function on the reals or integers with the following properties:
(i) A is decreasing withf (co) = 0 and f(s) < f(—o0) < 1, forallt € R. Here
we relax the original assumption of Misra, Prigogine and Courbage\tiastrictly
decreasing
(ii) A is a logarithmically concave function.
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The transformation leads to the irreversible Markov semigroup on the sgzgce

_ -1 _ oo f(s)
W, =AUA = dE Uy + E_ Uy, (14.15)
—00 f(S - t)
for K-flows,t > 0,
= f(s)
W, = AUA = Z =10 (ES — Es,l)Ut + E_ U, (14.16)

for K-systemst positive integer.
In the sequel we shall need the following property of the semigfduip}:

Lemma 14.3 The operator

Wt = o E‘sUtdg(S) , t Z O, (1417)
with £5)
_ s

g(s) = — -0 (14.18)

vanishes or is positivity preserving di, .

Proof. Using integration by partgjV; can be written as the following Lebesgue-
Stieltjes integral (see Lemma on p 75 [9]):

we = [ moa(-2)e im0

Ui+

— lim 1)
LNy P

= / B.Uid(~ f(i(i)t))iﬁrlto f(J;(i)t)Ut’

— 00

E_J Ui+ E_ Uy

where we have used

lim 1(s) =
s——oc f(s—1)

Since the function& is positive and decreasing the limit

fls=1)

lim 1(5)
o (s )

also exists and it is non-negative and (14.17) follows immediately.
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Theorem 14.6 The semigroupV; = AU;A~1,¢ > 0is notimplementable, i.e., there
does not exist a measurable point transformatfrof X’ such thatS, preserves.
and for which

W p(x) = p(Siz) forallt > 0. (14.19)

Since we deal with the adjoint operatdf;’, it is convenient to use the following
lemma.
Lemma 14.4 Let W be a linear operator onC? which is implementable (14.19) by

a measure preserving point transformatiSn Then for each measurable siktsuch
that its imageS(A) undersS is also measurable, the following holds:

/ Wiadp=0. (14.20)
xX-5(A)

Proof of Lemma 14.4.For any measurable sét for which SA is also measurable,
we have

/ - WlAdu :/(WIA)'leé‘(A)d:“: (W]‘A‘]‘ng(A))Lz
X-5(4A) X
- (1A‘W*1X75<A))L2 = /A Ly g(a) 0 Sdu

S(A)

Proof ofthe Theorem. Now, supposéV’; isimplementable by the measure preserving
transformatiort; on X’ (14.19). Consider a measurable Assuch thatS;(A) is also
measurable an@l < p(A) < 1. Thus by Lemma 14.4, we have

/ Wiladu =0. (14.21)
X—5:(A)
However we shall show that
/ Wiladp >0 for each measurable B with p(B) >0, (14.22)
B

which contradicts Lemma 14.4.
Indeed, using Lemma 14.3 and applying Fubini’s theorem we have

/BthAdw/B(/_o; EsUtlAdg(s)) du=/:(/BEsUt1Adu)dg(s>,

(14.23)
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but Uila = 1S¢(A) andEslst(A) — E—oo]-St(A) = ;L(St(A)) = u(A) when
s — —oo. Therefore

/ EUladp — p(A)p(B) when s— —oo. (14.24)
B
Consequently there is a numhgrsuch that fors < sq
1
[ BUs > Su@ns).
B

Then using (14.23) and (14.24) we obtain

50
/thAdu z/ (/ B.UiLa dpt) dg(s)
B —00 B

> SuB)u(B) (gl50) — 9(~00)) > 0,

where the inequality(sg) — g(—o0) > 0 follows from the fact thaff (s) < f(—o0).

The proof for K-systems follows if we extend the functiffs), s = 0, +1, +2, - - -,
to the whole real line in such a way that, fox « < s + 1, the valuef () is equal
to the value on the segment joining the poifisf(s)) and(s + 1, f(s + 1)).






15

Spectral and shift
representations

15.1 GENERALIZED SPECTRAL DECOMPOSITIONS OF EVOLUTION
OPERATORS

The idea behind the spectral analysis of the evolution semigfdupon a Hilbert
spaceH through the time operatdr is to decomposé’ in terms of its eigenvectors

P, T‘)On,(x = NPn,a
T=3 1) lpna)enal
n «

in such a way that the systefp,, . } is complete irt{,i.e. >, | [¢n.a){(Pn,al =1,
and the Koopman operat®f shifts the eigenvectors,, .,

‘/tSDn,oz = Pn+t,o -

The indexn labels the age and the multiplicity of the spectrum of the time operator.
As a result the eigenvectoys, , of the time operator provide a shift representation
of the evolution

f: E Up aPn,a - ‘/tf: E Ap . aPntt,a = E An—t,aPn,a -
n,x n,o

n,o

The knowledge of the eigenvectorsBimounts therefore to a probabilistic solution
of the prediction problem for the dynamical system described by the semi§roup
The space®t,, spanned by the eigenvectars , are called age eigenspaces or spaces
of innovations at time,, as they correspond to the new information or detail brought
at timen.

159
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Another method of spectral analysis is based on generalized decompositions of
evolution operators. Roughly speaking, the idea of this method is to find a generalized
spectral decomposition of the evolution operdtoin the form

V=3 Melow)(Fil,
k

where) are eigenvalues df (or U), called theesonancegyy,) are the eigenvectors
of U, and(F}| the generalized eigenvectors1of

The advantage of the general spectral decomposition is that the knowledge of
the consecutive powers! of resonances is sufficient to describe the time evolution
n — V™ (or the evolutiomm — U™).

The notion of a generalized spectral decomposition of self-adjoint operators on a
Hilbert space goes back to Dirac [1], who assumed that a given self-adjoint operator
A must be of the form

A= .
/U(A) AN N (15.1)

whereo(A) is the spectrum of the operatar. This formula is a straightforward
generalization of the familiar decomposition of a self-adjoint operator on a finite-
dimensional Hilbert space

A=A el (15.2)

where)\; ande; are the eigenvalues and eigenvectorsipfespectively. In infinite
dimensional Hilbert spaces, however, the situation is not so simple. The notion of an
eigenvalue is replaced by the spectrum, but eigenvectors can be associated only with
the discrete part of the spectrum. Nevertheless, a precise meaning can be given to
the decomposition (15.1), if we replace eigenvectors by “generalized eigenvectors”,
which will in general lie outside the given Hilbert space. Thisis achieved by replacing
the initial Hilbert spacé+ by a dual pai(®, ®* ), where® is a locally convex space,
which is a dense subspacegfendowed with a topology, stronger than the Hilbert
space topology. This procedure is referred to as rigging and the triple

d CHC X (15.3)

is called arigged Hilbert space

Gelfand [3,4] was the firstto give a precise meaning to the generalized eigenvectors,
which was later elaborated by Maurin [5]. Although generalized eigenvectors have
a very natural physical interpretation, generalized spectral decompositions have not
been used in physics for a long time. Only a few papers had appeared by the end
of the 60’s (see, for example [6-8]), followed by a series of papers by Bohm and
Gadella (see [2] and references therein). The latter publications are particularly
significant, because they provide the basis for a rigorous and systematic approach
to the problems of irreversibility and resonances in unstable quantum systems like
the Friedrichs model [9]. The same ideas can be extended to chaotic dynamical
systems, like Kolmogorov systems or exact systems. The observable phase functions
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of dynamical systems evolve according to the Koopman opeféfdr) = f(Sx),
where S is an endomorphism or an automorphism of a measure space; snd
square-integrable phase function.

The spectrum of the Koopman operator determines the time scales of the approach
to equilibrium very much in analogy with quantum unstable systems, where the
spectra of Hamiltonians determine the decay rates. More precisely, the eigenvalues
of the Koopman operator or that of its adjoint — the Frobenius-Perron operator, are,
according to the terminology introduced by Ruelle and others [12-15] the resonances
of the power spectrum. Eigenvalues and eigenvectors of simple chaotic systems have
been constructed just recently [16—24].

The question of the existence of a generalized spectral decomposition of extensions
of the Koopman operator differs significantly from the original Gelfand-Maurin the-
ory, which was constructed for operators which admit a spectral theorem, like normal
operators, giving a generalized spectrum identical with the Hilbert space spectrum.
The Koopman operator of unstable systems, however, either does not admit a spectral
theorem, as in the case of exact systems, or the generalized spectrum is very different
from the Hilbert space spectrum, as in the case of Kolmogorov systems. This requires
an extension of the Gelfand-Maurin theory.

Summarizing for the reader’s convenience, a dual(@i® * ) of linear topological
spaces constitutes a rigged Hilbert space for the linear endomorphigie Hilbert
spaceH if the following conditions are satisfied:

1) ¢ is a dense subspacehf
2) & is complete and its topology is stronger than the one inducéd by
3) @ is stable with respect to the adjoivit of V,i.e. Vi® C ®.

4) The adjointV/ T is continuous ord

The extensior/,,; of V to the duakb> of & is then defined in the standard way
as follows:

(| Vexe.f) = (VIolf),

for everygp € .

In the sequel we shall not distinguish betwééandV., if confusion is unlikely
to arise.

The choice of the test function spa®edepends on the specific operatérand
on the physically relevant questions to be asked about the system. For self-adjoint
operatord/, for example, the generalized spectral theorem can be justified for nuclear
test function spaces.

Here, we shall discuss the problem of rigging for the generalized spectral decom-
positions of the Koopman operators for a few specific but typical models of chaotic
systems beginning with the Renyi map.

In the case of the Renyi map various riggings exist so our task will be also to
choose a tight rigging. We call a rigging ‘tight’ if the test function space is the (set-
theoretically) largest possible within a chosen family of test function spaces, such
that the physically relevant spectral decomposition is meaningful.
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The g-adic Renyi maps on the interval [0,1) is the multiplication, modulo 1, by
the integer3 > 2

S:[0,1) —[0,1) : x+— Sx =0z (modl).

The probability densitieg(x) evolve according to the Frobenius—Perron operétor

B 1 1520 zqr

y,S(y)=x r=0

The Frobenius-Perron operator is a partial isometry on the Hilbert spacé all
square integrable functions over the unit interval; it is, moreover, the dual of the
isometric Koopman operatdf

Vp(x) = U'p(x) = p(Sx).

Using a general algorithmic approach developed in [AT] the following spectral de-
composition of the Koopman operator of the Renyi map can be constructed:

o0 1 ~
v=>" G [Bu){Bal (15.4)
n=0
whereB,, (z) is then-degree Bernoulli polynomial defined by the generating function
[29,§9]
ze* =~ B(z) ,,
e —1 nz:;) n! “
and
|1) ) n=>0
‘Bn> =

T 50— ) =50 D@)h) n=12,...

The bras(-| and kets|-) denote linear and antilinear functionals, respectively. For-

mula (15.4) defines a spectral decomposition for the Koopman and Frobenius-Perron
operators in the following sense

(PIV 1) = Upl) = 3 - (elBn) (Bal),
n=0

for any density functiom and observablg in the appropriate paif®, ®*). Conse-
quently, the Frobenius-Perron operator acts on density functions as

1 > (n—1) _ pn=1)
Up(z) = /0 dz'p(z') + Z P (12“55 © By ().
n=1 ’
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The orthonormality of the systei,,) and(B,,| follows immediately, while the com-
pleteness relation is just the Euler—MacLaurin summation formula for the Bernoulli
polynomials [2939]

(n— 1) (n—1)
p(x)zfodxp +Zp W Op, ). ass)

The Bernoulli polynomials are the only polynomial eigenfunctions as any polyno-
mial can be uniquely expressed as a linear combination of the Bernoulli polynomials.

The spectral decomposition (15.4) has no meaning in the Hilbert dpaees the
derivativess(") (z) of Dirac’s delta function appear as right eigenvectord/of A
natural way to give meaning to formal eigenvectors of operators which do not admit
eigenvectors in Hilbert space is to extend the operator to a suitable rigged Hilbert
space. A suitable test function space is the saad# polynomials. The spacf
fulfills the following conditions:

i) P is dense in.? (see [30, ch.15]),
i) P is a nuclear F-space [30, ch.51] and thus, complete and barreled,
i) P is stable with respect to the Frobenius-Perron opefdt@nd

iv) U is continuous with respect to the topology Bf becausd/ preserves the
degree of polynomials.

It is, therefore, an appropriate rigged Hilbert space, which gives meaning to the
spectral decomposition 6f.

We shall, however, look for a tight rigging. The test functions should at least pro-
vide a domain for the Euler-MacLaurin summation formula (15.5). The requirement
of absolute convergence of the series (15.5) means that

Z |—

This implies [18] that the appropriate test functions are restrictions on [0,1) of entire
functions of exponential typewith 0 < ¢ < 2. For simplicity we identify the test
functions space with the spa€g of entire functionss(z) of exponential type > 0

such that

(1)
¢ By (z)] < o0 (y=0,1)

|6(2)] < Kel*l | ¥z e @, for some K > 0.

Each member of the whole fami8 , 0 < ¢ < 27 is a suitable test function space,
since properties 1-4 are fulfilled. Indeed, each sgadg a Banach space with norm
[30, ch.22]:

H¢||c—bup|¢ | ~ele I

which is dense in the Hilbert spaéé, as&. includes the polynomial spade Each
&. is stable under the Frobenius-Perron operétpand it is easily verified thdt is
continuous orf,.. Now, observe that the spaces are ordered

E.CEu, c<d,
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and consider the space

527‘-5 U gc.

c<2m

The space,, , also preserved by, is the (set-theoretically) largest test function
space in our case. Sinég, is a natural generalization of the spa&eef polynomials,
we want to equip it with a topology which is a generalization of the topolodgy.of

Recall thatP was given the strict inductive limit topology of the spag&sof all
polynomials of degreec n. A very important property of this topology is that the
strict inductive limit of complete spaces is complete. Moreover, it is exceptionally
simple to describe convergence in this topology. For example, a seq{engeof
polynomials converges iA if and only if the degrees of alb,, are uniformly bounded
by somen, and{w, } converges irP"°.

We cannot, however, define the strict inductive topology&ep, because for
¢ < c the topology on€. induced by&,.. is essentially stronger than the initial
one. Nevertheless, as we shall see in the theorem below, it is possible to define a
topology oné,, which is a natural extension of the topology Brin the following
sense

Theorem 15.1 There is a locally convex topolody on égﬂ for which it is a nuclear,
complete Montel space. Moreover, a sequefitgt C &>, is convergent in th@
topology if and only if there igy € (0, 27) such that

1° fn, n=1,2,..., are of exponential type,

2° {fn} convergesin| - ||, - norm.

Proof. Denote byf the Fourier transform of a functiofiand by its converse. By
Schwartz’s extension of the Paley-Wiener Theorem [31, vol.ll, p.106] a fungtion
belongs tct, if and only if f is a distribution with compact support contained in the
interval[—c, ¢].

Note that, if the functionf € &, is integrable or square integrable thér'rs a
function. However, for an arbitrary function its Fourier transform is correctly defined
only as a distribution with compact support, i.e. as a continuous linear functional
on the space&>(Q2) of all infinitely differentiable functions on the intervél =
(—2m, 27), endowed with the topology of uniform convergence on compact subsets
of 2 of functions together with all their derivatives.

The Fourier transform, therefore, establishes an isomorphism betyeeand
the topological dual>°(Q2)* of the space”>°(Q2). Consequently, the strong dual
topology of C*°(Q2)* can be transported through the inverse Fourier transform to
the space,,. The strong dual topology is the topology of uniform convergence on
bounded subsets @*>°(2). ThenC>(2)* is nuclear [30, p.530], complete [31,
vol.l, p.89] and a Montel space [30, prop. 34.4 and 36.10]. In this way we obtain on
&, a topology with the same properties.

We shall now prove the second part of the theorem {lfg} be convergent to zero
in £,. This means thaff,,} converges iC>=(Q)*. Therefore{f,,} is a bounded
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subset of”>°(Q)*, which implies [30, th. 34.4, p.359] that the supports offglare
contained in a compact sé&t C Q.

Takec with ¢ < 27 and K C (—c¢,c). Therefore (see [31, vol.l, th.XXVI] and
the remark afterwards which remain true if we repl@é by the open sef2 =
(—2m,2m)), there is a numbes > 0 and a family of continuous functiong ,, such
that the supports af; ,, are contained in the intervél-c, c),

fn = Zngj,n
J<p

(D7 denotes thg-th derivative, classical or in the sense of distributions) @ndx)
converges uniformly to zero as— oo.

Using the above representationfafwe obtain thaff,, converges to zero uniformly
on each set/4

UAE{fECOO(Q) sup |7f($(})|§14, j:0717"'ap}7
whereA > 0. Indeed, for eachi
(Digim Il = 1(=1)7 [, gjin(x) s f () e

asn — oo.
Let us take any, € (¢, 2m). Then for eachx € C the function

z— el a) < e, (15.6)
belongs ta/,4. Indeed

%(eizwe—co\z\)’ < ‘Z|je|z\(\$|—co) _ |Z|je\z\(le—c)e—(co—c)lzl

S |Z|jef(cofc)lzl .

The right hand side is bounded, for egck: 0,1, ..., p, by some constam ;. Thus
taking A = maxg<;<, A; we see that the functions (15.6) belonglf, for each
z e (.

From

fn(z) = (fvn)A(z)
and uniform convergence gftL onU, we have

sup | fn(2)|e” Pl = sup |(fn, e el — 0,

zeC zeC
asn — oo, which means thaflf,[|, — 0. This proves2°. Condition1° is
also satisfied because we have choggn> ¢. Thus, the supports of thg,s are
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also contained if—co, ¢p) and by the Paley-Wiener-Schwartz theorem fhe are
of exponential type.
The converse of the second part of the theorem is now triviaf.f|f} satisfies
1° and 2° then by applying the Paley-Wiener-Schwartz theorem again we obtain
convergence of f,, } in C>°(Q)*.

Remarks

1. Using the above method one can show an analogous criterion of convergence for
bounded nets i, but not for an arbitrary net.
2. Note that it is not always possible to obtain convergence of the type given in the
above theorem. Actually, to prove the second part of the theorem we needed the
following property:

Let F be a Frechet space and{et, } be a sequence in its duBl which converges
to zero in the strong dual topology. Then there exists an open sulisfelf’ such that

|(z},x)| — 0, uniformly forz € U . (15.7)

As mentioned in [32], some concreféspaces have this property although it is
not true in general. It was stated there as an open problem to describe those F-spaces
for which (15.7) is true. This situation motivated us to include the full proof.

Let us review briefly another generalized spectral decompositions

The tent maps

The family of tent maps is defined by:

T :[0,1) — [0, 1)

m(x—%"), for xz € [%,L;jl)
T, =
m (22 —g) | for x € [21tl 2n42)
wherem = 2,3,---,n = 0,1,---, [2] and[y] denotes the integer part of real

numbery. The casen = 2 corresponds to the well known tent map. The absolutely
continuous invariant measure is the Lebesgue meagur®r all mapsT,,. The
Frobenius-Perron operator for the tent maps has the form

oo { B ) Eb =)

The spectrum consists of the eigenvalues [21]:

(S R (C )
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which means that for the even tent maps= 2,4, - - -, the eigenvalues are
1 .
i even
P = m'? 2.4
“i { 0, 4 odd (2:4)
and for the odd tent mapsy = 3,5, - - -, the eigenvalues are
1 .
7 i even

The eigenvectors of the tent maps can be expressed in terms of the Bernoulli and
Euler polynomials.
For even tent maps = 2,4, - - -

For odd tent maps: = 3,5, - - :

1 i=0
Bz(.’L')—‘y-EZ,l (1’)7 22274,

The Bernoulli polynomials are defined by the generating function (2.3). The Euler
polynomials are defined by the generating function

2e*t

e tn
n=0

The left eigenvectors are given by the following formulas
For even tent maps, = 2,4, - - -

oy B, i=0,2,4,-
i (7) = mit! (Z%Ez () + Bij (55)) ;=135
For odd tent maps: = 3,5, - :

1, 1=0
FZ(I'): El(x)y Z:173757
Bt(‘r)+EL—1($)7 Z:2747
The expressions; (), E; () are given by the following formulas as in the case of
the Renyi maps

3

~ 1 ‘=
Bl = { EF= {0 @ -1 60V (@)}, i=12,

E; (z) = (—1)"2 (i) {5@ (z — 1) + 6@ (x)} L i=0,1,--.
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From Egs. (2.4) and (2.5) we observe that the spectrum of the symmetric tent
mapsm = 2,4, ..., does not contain the odd powers@f This is a general property
of symmetric maps and is due to the fact that the antisymmetric eigenfunctions are in
the null space of the Frobenius-Perron operator. Summarizing, the spectra of the tent
mapsT;,, depend upom: but the eigenvectors depend only on the evenness. of

The logistic map

The logistic map in the case of fully developed chaos is defined by
S(z)=4x(1—=x), forz €[0,1] .

The logistic map is a typical example of exact system. The invariant measure for the
logistic map is [2}dv (z) = L

_Tr_\/w(l—w) o .

The spectral decomposition of the logistic map can be obtained from the spectral
decomposition of the dyadic tent map through the well known topological equivalence
of these transformations [22]. The transformation[0, 1) — [0, 1) defined by:

1
g (x) = —arcos (1 — 2x)
71'

defines a topological equivalence between the logistic map and the dyadic tent map
T:[0,1) — [0,1)

2z, forz € [0,3)
T(x){2(1x), forz € [3,1)

expressed through the formula
S=gloTogy.

The transformatiop transforms the Lebesgue measure which is the invariant measure
of the tent map to the invariant measure of the logistic map.

The transformatiorG intertwines the Koopman operat®t of the logistic map
with the Koopman operatdrr of the tent map

V =GVrG

The intertwining transformatio6 andG —" suitably extended, map the eigenvectors
of Vr onto the eigenvectors &f. Therefore

400
V= Z 2G| ) (o] G
n=0

+o0
V= Z Zn | Fn) (fnl (2.6)
n=0
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with

~ 1
F, (z) = 2"" By, <ﬂ_arcos (1- 2x)) ,

fn (z) = By <213rcos (1- 2x)> :

™

In formula (2.6) the bras and kets correspond to the invariant measure of the logistic
map. The meaning of the spectral decomposition (2.10) is inherited from the meaning
of the spectral decomposition of the tent map in terms of the dual pair of polynomials,
i.e. it can be understood in the sense

).

(p|VF) = ff 22% (p 22" By, (iarcos a- 29;))) (an (217Tarcos 1— 230))

n=0
for any statep in the spac@(iarcos(l_zm)), and any observablg in the anti-dual
space” P(

%arcos(l—Qw)) '

The baker’s transformations

The s-adic, 8 = 2,3, ..., baker’s transformatio®? on the unit squar@, 1) x[0,1)
is a two-step operation: 1) squeeze thellsquare to & x 1/ rectangle and 2)
cut the rectangle int@ (1 x 1/3)-rectangles and pile them up to form another 1
square

y;r) (for%§m<%, r=0,---8-1).
(2.7)

The invariant measure of the-adic baker transformation is the Lebesgue measure

(x’y) I B(l‘vy) = (ﬂl‘ -

on the unit square. The Frobenius-Perron and Koopman operators are unitary on the
Hilbertspacd.? = L2 ®L§ of square integrable densities over the unit square and has
countably degenerate Lebesgue spectrum on the unit circle plus the simple eigenvalue
1 associated with the equilibrium (as is the case for all Kolmogorov automorphisms).

The Koopman operatdr has a spectral decomposition involving Jordan blocks,
which was obtained [7,23] using a generalized iterative operator method based on the
subdynamics decomposition

o] v v—1
V = |Foo)(fool + 3 {>° ﬂi Focdfol + D2 Frrit) el o 2:8)
r=0

v=1 r=0



170 SPECTRAL AND SHIFT REPRESENTATIONS

The vectors|F,, ,.) and(f, .| form a Jordan basis

i{<fu,7"| +<fu,r+1|} (7’207"'7’/71)

<f1/,r V - ﬁlV .

@ <f1/,r (T‘ = V)

%{ |Fyr) + |Fv,r—1>} (r=1,...,v)
VIF,.) ={4 . B

@ | u7r> (’I"— )

<fu,r| Fu’,r’> = Ouu/ O ZZ |FV,T><fV,T| =1.

v=0r=0

While the Koopman operatdr is unitary in the Hilbert spacé? and thus has
spectrum on the unit circle| = 1 in the complex plane, the spectral decomposition
(2.8) includes the numbets 3” < 1 which are not in the Hilbert space spectrum.

The spectral decomposition (2.8) also shows that the Frobenius—Perron operator has
Jordan-block parts despite the fact that it is diagonalizable in the Hilbert space. As
the left and right principal vectors contain generalized functions, the spectral decom-
position (2.8) has no meaning in the Hilbert spdcde

That the principal vectorg, ; and F, ; are linear functionals over the spaces
L2 ® P, andP, ® L2, respectively [7].

15.2 RELATION BETWEEN SPECTRAL AND SHIFT
REPRESENTATIONS

First, let us remind some spectral properties of unilateral shift operators. It is well
known that the spectrum of any unilateral shifand the spectrum of the adjoint shift
V* coincide with their essential spectrum which is the closed unit flisk {» €
C||z| < 1}. The unit circled D is the continuous spectrum of bothandV'T. The
open unit diskD = {z € C||z| < 1} is the point spectrum df T with multiplicity
equal to the multiplicity of the shift’. The diskD coincides also with the residual
spectrum of//.

The following theorem gives an explicit representation of eigenvectolsfah
terms of the generating basis.

Theorem 15.2 LetV be a unilateral shift of multiplicityn on a Hilbert spacé+ and
{g7In=0,1,2,...,1 < a < m+ 1} be a generating basis fdr. Then for any
z € Cwith |z| < 1the corresponding eigenspace of the adjoint shiftis:

{Fen|Vif=zfy=4 > dctgi| D leaf<o0

1<a<m+4+1n=0 1<a<m+1




RELATION BETWEEN SPECTRAL AND SHIFT REPRESENTATIONS 171

Proof. First, letz € D and

0
f = Z anzngg )

1<a<m+1n=0

o0
where Y~ [ca|® < co. The series Y ) cq2"g) converges uncondi-
1<a<m+1 1<a<m+1n=0

o0
tionally in  becausey? is an orthonormal basis and » ~ ) " [ce2"[* < oc.
1<a<m+1n=0
Thereforef is a well-defined element ¢f and

T

1<a<m+1n=0

= Z icaz"VTgZ_lzz Z icaz”ggzzf.

1<a<m+1n=1 1<a<m+1n=0

Thus the inclusion

S Y| X el <oop CHFIVIF=2f)

1<a<m+1n=0 1<a<m+1

is proved. Now letf € H, z € D, Vif = 2f, and(f,g?) = f*. Thenf =

> ) frgi. Therefore

1<a<m+1n=0
0o 00
_ E § n n—1 __ § § n+l _n
VTf - fa ga - fa ga'
1<a<m+1n=1 1<a<m+1n=0

By the equalityV'f = zf we havef?*! = zf for all a. Hence,f? = 2" fV.
Denoting f0 by ¢, we obtain f? = z"c,. Prom Parseval's equalityff||* =

> i|f§|2wegetthat Y el <o Sof= YD cazgl

1<a<m—+1n=0 1<a<m—+1 1<a<m+1n=0
2 - . . .
where E lea|” < oo. The opposite inclusion is also proved.
1<a<m+1

Remark When the multiplicity ofV is finite the condition Z leal® < o< is
1<a<m+1
always satisfied.

Theorem 15.3 LetV be a unilateral shift on a Hilbert spadeg with multiplicitym. If
thevector f, : 1 < a < m+1} C ‘Hare eigenvectors df , associated to,, where
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2o € Cand|zq| < 10 VIf, = zofs. Thenh, = fo — 2,V fa € Ny = Null VT,
Moreover ifh, are linearly independent and their linear hull is denseNull V1
then the set of vectors
Ga = Zcflhl;
=1

obtained by applying the Gramm-Schmidt orthonormalization algorithrh,tis
orthonormal basis inNull VT and

{90 =V"g,:mn=0,1,2,...; 1 <a<m+1}
is a generating basis fov'.

Proof SinceV' T f, = z,f, we have thaV Th, = VI(f, — 2,V fa) = VI fs — 24 fa.
Thereforeh, € NullV' = Aj. If h, are linearly independent then the Gramm-—
Schmidt orthonormalization algorithm can be appliedto Let

a
Ga = Z Cflhl
=1

be the result of this algorithm. If the linear hull af, is dense inNull V't then the
linear hull of the orthonormal system is dense ir{. Thus{g, |1 < a < m + 1}
is the orthonormal basis ;. It remains to apply Proposition 6.1.

In Section 7 we have constructed a time operator of the Renyi map using the Walsh
basis as a generating basis for the semigrpup : » = 0,1,2,...}, whereV is
the Koopman operator. We shall obtain now another generating basis starting from
Bernoulli polynomials and using Theorem 15.3. TBernoulli polynomialsB,, (z),
n=0,1,..., are defined by the generating expansion

13

tert = t"
= ZBn(x)a, It| < 2r,
n=0

e

for all values ofz. It lows from themultiplication theoren{Olver 1974):

m—1

_ -l k _
B, (mx)=m kZOBn(:r+m>,mO,1,....
that B,, are eigenfunctions of the Frobenius-Perron operator of the Renyi map:
UB,=2""B,.
Itis easy to see that the functiary = B,, — 2"V B,, forn = 1,2,... has the form

b — {Pnl(x), for z € (0,1/2),
" =Puo1(z—1/2), forz € (1/2,1),
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whereP, is a polynomial of degree. Then applying Gramm-Schmidt algorithm to
h,, we arrive at the functions

[ L,—1(22), for z € (0,1/2),
9o =\ =Ln_1(2z — 1), forz € (1/2,1),

whereL,,n = 1,2,...is a sequence of polynomialdeg L,, = n) orthonormal in
L[20 1 ThereforeL,, are the normalized Legendre polynomials:

n+1 1 d*
In@) =\ = g g (@ = D)

By Theorem 15.3{g, } is an orthonormal basis i = Null V*. It follows from
Theorem 6.1 that the set

{gF : gf=V"g,, nelN, k=0,1,2,...} (15.8)

is a generating basis fof on Lf, ; © [1].

The generalized Fourier transform, relating the spectral representation furnished
by the Bernoulli polynomialsB, with the shift representation furnished by the age
eigenfunctiong’ (15.8) is obtained by Theorem 15.2:

B, = i i cmo=kykg, (15.9)

k=0m=1
1/2

wherec)' =2 /(Ba(aj) —27%By(2x))Lq—1(22) dx.
0

NOTES
1. Problems related to generalized spectral decompositions:

(i) A general approach to the problem of riggitigat would allow to derive a
generalized spectral decomposition of an arbitrary Frobenius-Perron (Gelfand-
Maurin approach can not be applied here because the operators are non-self-
adjoint). This problem has been partially resolved in [AT].

(ii) Appropriate choice of the spac®. The dual®* should not be too big since
otherwise the extended operatércan have eigenvalues not belonging to the
Hilbert space spectrum of the operator. In particular, the existence of the
tightest rigging. However, the choice @fis strictly model-dependent. The
raised above problem of tightest rigging has been resolved in the case of the
Renyi map.

(i) Unigueness of generalized spectral decompositi@pectral decompositions
are not unique. For example, in the case of the Renyi map the spectral decom-
position with eigenvalue®~—" is associated with analytic observables. The
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choice of Cantor type observables allows to obtain the spectral decomposition
with eigenvalues—".

2. Thefunctiong (15.8) are another age eigenstates for the uniform time operator
of the Renyi map, which do not correspond to the natural projection of the Baker’s
age eigenstates found in [Pr].

3. Formula (15.9) allows to obtain spectral representation from shift representation.
Both strategies are available for the probabilistic prediction of chaotic dynamical
systems.

4. (Cusp map). Although the spectral representation is formally equivalent to the
shift representation, in the case of the cusp map, the spectral analysis seems to be
quite involved and not possible for analytic functions [AnShYa]. However the shift
representation (8.8) is quite simple and explicit, allowing for probabilistic predictions.



Appendix A
Probability

A.1 PRELIMINARIES - PROBABILITY

A probability spacé(, F, P) consists of a spadewith pointsw (elementary events
o-algebraF of sets in(2 (eventyand a probability measure on F (probability). Let
(X, X) be a measurable space, whéfés a set an@® ac-algebra of its subsets. An
X-valued random variabl& = X (w) is a(F, ¥) measurable functioX : Q — X,
i.e. such function for which the counter-image ! (A) of every setd € ¥ belongs
to F. If X is the set of real numbers andits Borel o-algebra, i.e. the smallest
c-algebra containing all intervals, then thévalued random variabl& is called
simply therandom variable If X = IR™ then X is called therandom vectar If
X = C - the set of complex numbers théhis called thecomplex random variable

If X isanX valued random variable then the family of all se#é71(A), 4 € %,
forms also ar-algebra, which will be denoted Iy X'). Thuse(X) C F ando(X)
is the smallest-algebra of subsets of with respect to which the functioX is
measurable. If X, };c; is an arbitrary family oft-valued random variables then
o{X; : i € I} will denote the smallest-algebra containing all the(X;), ¢ € I.

If X is arandom variable, then the function

F(z) = P{w: X(w) <z}
175
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is non-decreasing and continuous to the right, which tenfstx — —oo and tol
asr — oo. The functionF’ is called the distribution function of the random variable
X. The knowledge of'(x) for all  determines the probabiliti’(X € A), for each
Borel setA C IR, which in turn determines the Borel measure- 1, on1R:

p(A) = P(X € 4)

called thedistributionof X. The measurg can be, as every Borel measure, decom-
posed into three parts

B= pd + Hse T Hac

that consists of a discrete, singular continuous and absolutely continuous measure.
The random variable for which the distribution consists of only one component will
be called discrete, singular continuous and absolutely continuous respectively. If the
random variableX is discrete then its distribution function is a step function with a
finite or denumerable number of stepsXlis absolutely continuous then there exists

a nonnegative functiofi(x) called theprobability densityof X such that

) - [ " )y,

Theexpectatioror mean valuef the random variabl& is defined as the Lebesgue,
or the Lebesgue-Stieltjes, integrals

o0

EX = / X(w)P(dw) :/ xdF(x).
Q —0

provided the integral exists.

If his a Borel measurable function @ithen the expectation of the functidiiX)
of X is defined as -

Eh(X) = / h(z)dF(x).
—00

the mean valugZ X™, n €IN, is called then-th momenbf X. The mean value of
E(X — EX)?is called thevarianceof X and is denoted byarX.

If X1,...,X, are random variables defined on the sp@¢e¢hey jointly induce
the distribution function

F(xy,...,xn) =P(Xq1 <21,..., X, <z,)

in n-dimensional Euclidean spad&™. Similarly, as in one-dimensional case, the
distribution functionF' determines the probabilit ((X1,...,X,) € A), for each
Borel setA C IR™. ConsequentlyF’ determines the Borel measyr@n IR that can
be interpreted as the distribution of trendom vectof X, ..., X,,) : Q@ — IR".

Let X1,...,X,, be random variables with the distributiof%(z1), ..., F,(z,)
and letF'(z1,...,z,) be the joint distribution of the random vectoky, ..., X,).
If

F(z1,...,xy) = F(x1)...F(xy,), foreveryzy,...,z, €R,
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then the random variables, , . .., X,, are called to béndependent
If his a Borel measurable function @™ then the functiorh(X,...,X,,)isa
random variable and its expectation is defined as

Eh(Xl,...7Xn):/ WXy, Xn)dF(Xy,..., X,).

In particular if X andY” are random variables ardz,y) = (x — EX)(y — EY)
then the expectation @f(X,Y)

Eh(X,Y):E(X—EX)(Y—EY):/_OO /_Oo (z — EX)(y — EY) dF(z,y)

is called thecovarianceof X andY and denoted by C@,Y").
The valueM is called thecorrelation coefficient

v VarXVarY

If X andY are random variables thef+:Y defines theomplex random variable
onIR. The distribution ofX + 7Y is identified with the join{ X, Y)-distribution.

The characteristic functiop = ¢, of a random variabl& is defined as the mean
value of the functior®X:

o(t) = Be'X = / " dF(z).

— 00

The characteristic function is uniformly continuous on the real line and such that
©(0) = 1 and|p(t)] < 1 for everyt. The distribution functionF" is uniquely
determined by the corresponding characteristic function. In particular, we have

1 T _—itxy _ ,—itxs

. e e
F(xz) — F(a1) = %Thj& ;

o(t) dt,
for all the pointsey, 22 € IR in which F' is continuous.

Among the most important properties of characteristic functions are those that
concerns sums of independent random variables, moments and convergence of dis-
tributions.

Let X,..., X, be independent random variables with distribution functibns
..., I, and the characteristic functions, ..., ¢,,. Then the characteristic function
p of the sumX; + ...+ X, is:

@(t) = p1(t) ... on(t).

Note that the distribution functioR' of the sumX; + ...+ X, is the convolution of
... F,.
F(z)=Fy*...x Fp(x)

Recall that the convolution of two distribution functiofsandG is F « G(z) =
J7o Fa —y) dG(y).



178 PROBABILITY

If the random variableX has finiten-th moment,n € IN, then its characteristic
function is of the form

- (it)*
plt) =D mi=— = +0(t"),
k=1

wherem;, = EX* and O(tf) — 0ast — 0.

Let X, Xo,... be random variables with the distribution functioRs, F5, .. ..

The sequencéX, } of random variables (or equivalently the sequefigg} of dis-

tribution) is said to be convergeim distributionsif there is a distribution functio’
such that

lim F,(z) = F(z)

for every point of continuity: of F. A necessary and sufficient condition that, } is
convergent in distributions is that the corresponding sequépgé of characteristic
functions is pointwise convergent to a functigrwhich is continuous at the point O.
If this holds theny is the characteristic function of the limiting distribution function
F.

The concept of characteristic function has a straightforward generalization on
random vectors, which is called theharacteristic functional The characteristic
functionaly of the random vectofX, ..., X,,) is defined as the expected value

Oty .. tn) = / et +tnwn) dF(x1,...,2,),

is a function ofn-variables(¢y,...,t,) € IR™. The properties of characteristic
functionals are similar as characteristic functions.

One of the most important distribution in probability theory, which will be also
encountered in the sequel, is the normal (or Gauss) distributionndrneal distribu-
tion with parametergm, o) on the real line is an absolutely continuous distribution
with the density function

1 —(e=m)?
e o2

€Tr) =
f@) = —7—
All the moments of the normal distribution are finite. Its mean value iand the
variance isr2. The probability density of the normal distribution with the parameters
m = 0 ando? = 1 will be denoted by, i.e.

|
¢(x) o
and the corresponding distribution function Bxz), ®(z) = [%_o(y)dy. If
X4,..., X, are independent random variables having normal distributions with pa-

rametergm,,o?),. .., (m,, oc3) respectively, then the sudy, +. . .+ X,, has normal
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distribution with the parametefsn; + ... + m,,, 07 + ... + 02). The importance
of the normal distribution stems from the fact that it is a limit distribution of sums of
independent random variables.

For example, ifX;, i = 1,...,n are arbitrary but independent random variables
with mean valuesn; and variances?, i = 1,...,n, then the sequencg,,} of
random variables

Xi+...+Xp—(mi+...4+my)

Y, =
ol +...+o02

converges in distribution to the normal distribution with parameters (0,1). This result
is known as thé.indenberg-levy theorem

The characteristic functiop on the normal distribution with the parameters
(m,0?)is

2,2

o(t) =em™"2 [ tcR.

As it was already noted characteristic functions determine uniquely the probability
distributions. Using this property it is convenient to define the normal distribution of
a random vector. Namely, assume that= [a;;], a;; € IR, iS am x n-matrices,
which is symmetric and positive. The function

n n
. 1
(p(t1, - ,tn) =exp | — kil mrty — 3 p Elil arpitet; | (tl, . ,tn) cR",

is a joint distribution of some random variabl&s, . .., X,, and is called theharac-
teristic function of n-dimensional normal (Gaussian) distributidimnen the numbers
m,, are expectations ang,; are the covariances dfy:

mk:EXk, Qg :E(Xk—mn)(Xl—ml), k,l:l,...,n.

In the particular case when the matfAixhas the rank the probability density of the
joint Gaussian distribution has the form

1 -

flay,. ... z,) = T A exp oA MZ:1 ag(xp — mg)(x; — my)

Stable distributions

We introduce now anotherimportant class of distributions, which, like the Gaussian
distribution, are limit distributions of sums of independent random variables.

Let X be a nondegenerate random variable, Kes not a constant almost every-
where. Letthe random variablé§ and X, be independent copies &f. We say that
X (orthe distribution ofX) is stableif for each paira andb of positive numbers there
is a positive numbearand a numbed such that the distribution of the random variable
aX; + bX5 coincides with the distribution ofX + d. An equivalent definition of
stable distribution is that for each numb¥i, . .., X,, of independent copies of
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there exists numbers, > 0 andd,, such that the distribution of the suiy, ..., X,
coincides with the distribution @f, X +d,,. If d,, = 0 thenX is called strictly stable.
It can be proved that (see [Feller], vol.ll) that only the norming consignts nw,
where0 < « < 2, are possible. The numbaeris called thecharacteristic exponent
of the stable distribution and the termstable distributioris often used.

One of the versions of the central limit theorem says thatif X5, ... are inde-
pendent identically distributed random variables with mean 0 and variance 1, then the
distribution of the sum’% converges to the normal distribution with mean 0
and variance 1. If the distribution df; does not have the second moment then it still
may happen that there exist constants> 0 andb,, such that the distribution of

Xi+...+X,

Qn

+ by,

converge to some distributioR. If this holds then it is said that the distribution of

X; belongs to thelomain of attractiorof R. It can be proved that a distributidr
possesses a nonempty domain of attraction if and only ig stable. In particular
each stable distribution belongs to its own domain of attraction. Stable distributions
are absolutely continuous but the explicit form of the density function is known only
in a few particular cases. It is known however the characteristic fungtioheach
stable distribution. Namely

p(t) = exp {iut — o®|t|* (1 — iB(sgnt) tan %} ,

ifa#1,0<a<2 and

o(t) = exp {i,ut —olt|(1+ iﬂ%(sgnt) In t|)}

if « =1,where—1 <3 <1,0>0andu € IR.

The stable distribution is thus characterized by four parametefiso and i,
whereq is thecharacteristic exponeng is theskewenesparameterg is thescale
parameter ang is thelocationparameter.

Puttinga = 2 we obtain the characteristic function of the Gaussian distribution.
If « = 1andg = 0theny(t) is the characteristic function of the Cauchy distribution,
which has the density .

a

LS e P

Y

for some numbers, b.

Particularly important is the class ofstable distributions with the parameters
8 = p = 0. In this case the stable random variable is symmetric about 0 and the
characteristic function takes the form

o(t) = e~

for everya € [0,2]. A characteristic feature of am-stable random variable with
0 < a < 2is that it does not have finite second moment. It can be only proved that

EIXP < o0
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for 0 < p < a. In particular, ifa < 1 then the expectation of does not exists. In
fact thea-stable distribution ofX has fora: < 2 “heavy tails", i.e. the density ok
behaves asymptotically, when— oo, as the functionmt}ﬁ.

Conditional expectation

One of the basic tools used in this book in the study of both stochastic and de-
terministic system is the conditional expectation. IXebe random variable on the
probability spacé(2, 7, P) such that/| X | < co and letg be a subs-algebra ofF.
The random variabl®” is called theconditional expectationf X with respect to the
c-algebrag if it satisfies the following conditions:

1) Y isG-measurable, i.eY" is random variable on the probability spd€k G, P)
2) [,XdP = [,YdP,foreveryAeg.

The conditional expectation of with respect taG will be denoted byF' (X |G).
The existence of the conditional expectation follows from the Radon-Nikodym the-
orem. The functionE(X|G) is defined up to sets with probability 1. Conditional
expectation has the following properties that are valid P-a.€2.on

1) E(-|G) is alinear operator, i.e. X are random variables with finite expectation
anda, b are real numbers theli(aX + bY'|G) = aE(X|G) + DE(Y|G).

2) If X;(w) < Xa(w) foralmost allw € QthenE(X1|G) < E(X32|9).

3) |E(X|9)| < E(|X]|9)-

4) If h is a convex function oAR such thatEh(X) exists them(E(X|G)) <
E(h(X)|G).

5) If X is G measurable function and an arbitrary random variable such that
E|XY| < othenE(XY|G) = XE(Y|9).

6) In particular, ifX is G measurable theB (X |G) = X.

7) If X is independent with respect to thealgebrag, i.e. if P(X~}(B)N A) =
P(X~1(B))P(A), for eachB € B andA € G, then

E(X|G) = EX

8) If {X,} is a sequence of random variables such gt <Y,n =1,2,..
EY < o0, andX,,(w) — X (w) for almost allw € IR then

E(Xn|9) — E(X|9)

P-almost everywhere.
The last property is an analog of the Lebesgue majorized convergence theorem.

A.2 STOCHASTIC PROCESSES

Let (2, F, P) be a probability space,X’, ) a measurable space afdan index
set. AnX-valued stochastic process 6/, F, P) is a family { X, },c; of (F,X)
measurable functions

X, :Q— X, tel.
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The index set is assumed to be a subset of real numbers and tkieaseEuclidean
space. If¥ = R or X = C, then{X,} is simply called astochastic procesdn the
caseX = IR" or ¥ = C™ we speak about @ector valued stochastic procedsor a
fixedw € Q the function:

Ist— Xi(w)e X

is called arealisationor atrajectoryof the procesg X }.

A finite dimensional distributiof the X-valued stochastic proce$s(; };c; is
defined for a given seftty, ..., t,} € I, t1 < ... < t,, as the probability measure
ey ...t ON the product space measure spegke, ¥™)

Wiyt (B) = Plw: (X4, (w),..., Xy, , (w)) € B} (A.1)

forall B € .

Each stochastic proce&X; }, ; determines the family of finite dimensional distri-
butions of the form (A.1). Conversely, suppose that it is given a family of probability
measures /i, .1, fy,tnel t1 < ... < tn, n €IN, defined on the product spaces
(X", "), which satisfies the following consistency conditions. For each two time
ordered sets of indicelsy, . . ., s} and{t4, ..., t,} such that

{s1,.-., 86} C{t1, .- ta}

the measure.,, ., is the projection of the measurg, . .. The last statement
means thags, ... s, coincides withy,, . . onthe sets of the for® = By, x ... X

B, provided we replace the correspondifg, by X. Such family of measures
determines a probability measufeon the measure spa¢®, F), wheref) = X' (=
[I;c; X & = X), andF is the o-algebra generated by the cylinder subsets of
X, such that each projection &f onto the product spac¥,, x X; coincides with

Ht, ..., - This allows, in turn, to determine ati-valued stochastic proce$X; }icr
on(f, F, P) suchthatthe measurgs,, .. ., } areitsfinite dimensional distributions.
Indeed, since each elemente () is anX valued function orf the proces§ X; }:cr

can be defined by putting

X, (w) Zw().

This result, known as thisolmogorov extension theoreiwan be found in textbooks
on measure theory or stochastic processes, (e.g. Neveu 1965 @ 19£Y-78).
Each stochastic process determinesdtural filtration { F; }+<; that can be ob-
tained by putting
ft = O'(Xs)sgt . (AZ)

ThusF; is the smallest-algebra generated by all random variahles for s < ¢.

In general, le{ F; }:c; be a family of subs-algebras ofF. We say that the process
{X.} is {F;} adaptedif every random variableX;, ¢ € I, is F; measurable, i.e.
every X, is measurable as a function froff2, 7;) into (X, X). Family {F;}:cs is
called &filtration of proces X; }+¢; if:

(1) F, C F, foreachs < t
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(2) {X;}is {F;} adapted

Afiltration {F; }+¢; is calledright continuousf for eacht € I we have

Fi = m Fite - (A.3)

e>0

Itis acommon assumption that the filtratiof; } associated with a stochastic process
{X;}isright continuous. Such an assumption s justified because itis always possible
to augment the-algebrasF; in such a way that condition (A.3) is satisfied and, in
addition, allF; are complete (Dellacherie and Meyer 1978, p.115).

A stochastic procesisX, }.¢ is called thel P-stochastic procesg > 0, if all ran-
dom variablesX,, ¢ € I arep-integrable. AnL?-process X, }+c; can be interpreted
as a trajectory

t— Xt

in the Fechet spacé&? of all X-valuedp-integrable random variables endowed with
the norm .
IXe = (BIX[?)"7 < o0

(LP is a Banach spacef > 1 and a Hilbert space jf = 2).

If p = 1 (or, more generally, ip > 1) then anL.”-process is called aintegrable
processes If a process{X,} is integrable and F;} is its filtration, then we can
associate witH X; } the family of conditional expectatiop¥; }

ELEC\F), tel

If p = 2 thenE, are orthogonal projectors on the Hilbert spdce

In order to deal with continuous time processes it is often necessary to impose
some additional assumptions. We introduce below a few of the most important of
them.

A stochastic procesSX; }+c; is calledseparabldf there exist a countable dense
setly C I and asef)y € F, P(Qy) = 0, such that ifv € Q\ Qo andt € I, then
there is a sequendg,, } C I, t, — t, such thatX; (w) — X;(w).

Proposition A.1 For each stochastic procegs\; };c; there exists a separable pro-
cess{ X}, defined on the same probability space such that

P{X,=X,} =1,
for eacht € I.

The assumption of separability is usually accompanied with the assumption that
the probability spacéQ), 7, P) is complete, i.e.F contains all subsets of the sets
of P-measure 0. These two assumptions allow to deal with expressions concerning
an uncountable number of random variahls For example, the expressions like
sup, X; or inf; X; (X, are real valued) represents then random variables. Both
assumptions are not too restrictive and are usually taken as granted. Indeed, any
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probability spacé(, F, P) can be always completed and, by the above theorem, any
stochastic process has a separable version.

Another important assumption on a stochastic process, which is needed when
dealing with integrals of the sample functions, is the measurability. A stochastic
process X; }+c is calledmeasurablef the function

IxQ3 (tw)— Xi(w) e X

is (B® F, Bx)-measurable, whetBy is the Borelr-algebra of subsets df (recall
that! is an interval inR andX’ is eitherR or C ).

Theorem A.1 Assume that the proce$X }:c is continuous in probability, i.e. for
eachty € I ande > 0 holds

thr? P{‘Xt —Xt0| Z E} =0.
—lo
Then there exists a separable and measurable pro{:é’g};te[ defined on the same
probability space such that
P{X;=X;} =1, foreacht €I,
and such that each countable subsef @ the set of separability fo{’f(t}te[.

The proces@?t}te 7 fromthe above theoremis calledeparable and measurable
modificationof { X, }+c;. The condition of continuity can be easily verified for some
classes of stochastic processes. For example, the Brownian motion is continuous in
probability.

A.3 MARTINGALES

Let (Q2, F, P) be a probability space andF, },c; a filtration. An integrable{ F,}
adapted processX; }+c; is called amartingaleif

Xs = E(X¢|Fs), forall s<t, s tel. (A.4)

If (A.4) holds with “=" replaced by< (resp. by>) then the proces§X,} is called
submartingalgresp.supermartingalg If time is discrete, say =IN, then a process
{X,}nan is @ martingale with respect {oF,, } ,an if

X, = E(Npt1|Fn), foreachn. (A.5)

A similar condition to (A.5) but with the equality replaced by an inequality is suffi-
cient for{X,,} to by a submartingale or a supermartingale. Using the definition of
conditional expectation condition (A.5) can be written more explicitly:

/X"dP:/XanP, foreach A € F,, n €IN.
A A
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Examples of martingales:
1) Let X be an integrable random variable afi, } ;< a filtration. Define

X, Y B(X|F,), foreachte I.

Then{X;}:csr is a martingale with respect toF;}:c;. 2) Let X,,, n € IN, be a
sequence of independent integrable random variables on probability($pa€eP)
and put

fngU(X17...7Xn), S7L2X1+~--+Xn~

If EX,, =0, for eachn €N, then{S,,} is a martingale.
If EX,, >0, for eachn €IN, then{S,,} is a submartingale.
If EX,, <0, foreachn €IN, then{S,} is a supermartingale.

3) Let{ X}~ be aBrownian motion starting from 0. Recall that prode¥s} ;>
has the following propertiesP(X, = 0) = 1, the trajectories — X;(w) are
continuousEX; = 0 andE(X,X;) = s At. Moreover this process has independent
increments random variablé; — X, 0 < s < t, has normal distribution with mean
0 and variance — s. Let {F;}:>o be the natural filtration of X, },>¢. There is a
several martingales connected with the Brownian mofi&i}:

(1) {Xi}i>o
(2) {X? —t}i>o
(3) {exp(i@Xt + %QQt)}tzo.

The fact that each of the above three processes is a martingale with respect to filtration
{F.}1>0 follows easily from the properties of conditional expectation and Brownian
motion. In fact, sinceX; — X is independent of,

(1) follows from: E(X; — X;|Fs) =0
(2) follows from:t — s = E {(Xt - X,)? \Ts} = E(X7|F) - X3

(3) follows from: E [e((Xi=Xo)| 7] = Betf(Xe=X.) = e~ 39°(t=9),

It can be also shown that conditions (1) and (2) characterize Brownian motions. In
fact, a continuous procegsy, };>0, X (0) = 0, is a Brownian motion if and only if
{X:}i>0 and{X? — t};>0 are martingales.

Exponential martingale (3) can be used to prove the law of the iterated logarithm:

P (1 X 1) =1
msup ———— — = .
t—>oop V2tloglogt

Let { X, }+cr be a martingale with respect {¢7; }.c; and f a convex function on
R, then{f(X})}+cr is a submartingale with respect {; }:c;. Similarly, if f is
concave ofR, then{ f(X:) }+cs is a supermartingale. This property is an immediate
consequence of a generalized version of Jensen’s inequality (Neveu 1965). It follows
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from this property that if f(X;)} is a martingale, thef| X;|)}, {X?}, or {| X,|"},
p > 1, is a submartingale.

Particularly important araniformly integrable martingales (submartingalgisé.
such martingales (submartingales) for whicty } is a family of uniformly integrable
random variables. Recall here thatiform integrabilityof { X;} means that

lim sup/ |X¢|dP =0, foreachc>0.
{|X¢|>c}

€70 terl

It can be shown easily that the martingdl&; },-; from Example 1 is uniformly
integrable. This particular martingale is generated from a single random variable. As
we shall see below each uniformly integrable martingale is in fact of such form. First,
however, let us introduce a very useful criterion of uniform integrability.

If {X,} is a uniformly integrable family of functions then it is boundedih i.e.
sup, F|X;| < co. The converse is not true we have however the following:

Proposition A.2 A family { X} of random variables is uniformly integrable if and
only if there exists a nonnegative, nondecreasing and convex furctifity, — IR,
which satisfies:

(i) lim @ =

r—oo I

(i) sup E¢o(|Xy|) < oo
tel

Observe that the functiop(z) = =P which is positive, increasing and convexiBn.
satisfies, fop > 1, condition (i) of the above proposition. Therefore it follows from
Proposition A.2 that each famil{X; }+<; which satisfies the condition

sup E|X; P < o0
tel

is uniformly integrable.
Proposition A.3 Let{X,}:c; be a martingale with respect t7; }c;.

(@) If {X,}is uniformly integrable (therefore boundedid) andt o, to < oo,
thenlim;_,,, X; = X, exists a.e., and i, and

Xt = E(Xt0|ft) y for each t < to -

(b) If {X;}is boundedinl?, p > 1, thenX; — X, in LP.
0

An analog of proposition A.3 (a) remains true for submartingales providgd}
is uniformly integrable. Then we have

X: < E(Xy,|Ft), foreacht <.

We also have the following
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Proposition A.4 (Backward Martingale Convergence Theoree} {X;},c; be a
martingale with respect t§.F; }.c; and letF,, = ﬂt>30, sg > —oo. If Y\, so then
the limitlim, ., = X, exists a.e., and i!.

If {X,}n<o is discrete time martingale anfl_, = (,,~, Fn. then the family
{X,}n<o is also uniformly integrable, and the limit random variable ., from
Proposition A.4 can be obtained by putting

X = E(Xi|F-0),
wherek is an arbitrary parameter. _ . is a trivial o-algebra then

lim X, = EX},.

n—oo

A.4 STOCHASTIC MEASURES INTEGRALS

Stochastic integral

/I F(t) dx;,

wheref is a deterministic function anflX;} is a stochastic process plays a crucial
role in the construction of time operators. If the random evens fixed, then

the trajectoryt — X;(w) is a real or complex valued function and the stochastic
integral resembles the Riemann-Stieltjes (or Lebesgue-Stieltjes) integral. However,
in spite of this similarity, there is a fundamental difference between these two kinds
of integrals. Trajectories of a stochastic process are usually functions of unbounded
variation, which means that the expressigry () dX,(w) becomes meaningless in

the classical sense.

We shall present below the idea behind the construction of the stochastic inte-
gral and show its properties. For the clarity of presentation we confine ourself to
the simplest possible case, which nevertheless covers the main needs of this book.
Namely, to the integral with respect fd-processes with orthogonal increments. For
the purpose of the construction of stochastic integral we also introduce the concept
of stochastic measure. Although the use of stochastic measures is not necessatry, it
helps to construct the stochastic integral in a very transparent way and also indicates
possible generalizations.

Let (Q, F, P) be a probability spacd,? = L?(Q2, F, P), and let{ X, },c; be an
L?-process with orthogonal increments. We initially assume that the index set is a
finite interval,/ = [a,b]. Let By, ; denotes the Boret-algebra of subsets ¢4, b].
Given{X;};c[q,5) We define

M((s,t]) = Xy — X5, fora<s<t<b.
M as a function of intervals has the following properties:

1) M(®) =0
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2) M(U,Z An) =500 M(A,,), if A;nA; =0 fori # j, where the series
on the right hand side is convergentlii

3) EM(Al)M(AQ) = 07 fOI‘ Al N AQ = @

It can be shown that the set functidfiextends on the whole Boretalgebra3, ;
preserving properties 1), 2) and 3). Condition 2) is callecthentable additivityand
condition 3), which follows from the assumption tH&; } has orthogonal increments,
is called theorthogonal scatteringThe measurd/ is called thestochastic measure

Given a stochastic measuié¢ one can also define an associated set funation
on B, ) by putting

m(A) = E|M(A)]?.

It follows from properties 1)—-3) thatm is a countable additive nonnegative measure
on By, ;. Itis called thecontrol measuref M (or of the stochastic proce$s(; }).

One of the basic properties of a control measure isi#h@k) = 0 if and only if
M(A) = 0. A control measure of a stochastic process plays an important role in the
description of the class of stochastically integrable functions.

Example. If {X;} is a Brownian motion the|X; — X,|> = t — s, which implies
that on intervals we have
m((s,t])) =t—s.

Therefore the control measure determined by the Brownian motion is the Lebesgue
measure.

Denote bel? the Hilbert space.?([a, b], Bj,,},m) and by L3 the space of all
simple functions inC2. For f € £32,

F#) = arla, (), Ax € By,
k=1
we define the stochastic integral with respecdfdoy putting
b n
/ F@&)M(dt) =" arM(Ay).
a k=1
We shall write shortly f dM. The integral just defined has the following properties:
1) [(af +bg)dM =a [ fdM +b [ gdM

2) E ([ faM[gdh) = [ f(t)gt) m(dt).

Property 1) means that the transformation

L3> fr— /fdM eL? (A.6)
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is a linear operator. By Property 2) this transformation is also an isometry

| 7o

from a dense subspace of the Hilbert sp&@einto L2. Therefore transformation
(A.6) extends to an isometry on the whalé. Thus we can add one more property:

= [ fllc2
L2

3) far— finL? & [fodM— [ f,dMin L.

A.5 PREDICTION, FILTERING AND SMOOTHING

Let us begin from the following problem: Find the best estimationf the values
of the random variablé& observing some stochastic procéss }.c;. This means,
we have to find a functiorfi({ Z; } ;<) of the set of random variabl€sZ; } for which

X~ X = f({Zi}ier)

with the smallest possible error.
We distinguish here the following problems:

I) Prediction—estimate the value of the stochastic process in motthigkiowing
its values for times < t*.

Il) Filtering —in the moments € T’ C T we observe the process
Zy =Xy +m

(“signal” + “noise”). The task is to separate signal from the noise, i.e. for given
t* € T find the best approximation

X(t") ~ X= f{Zi}ier) -

) Smoothing- the information aboufX; neednot become available at and
measurements derived later thiatan be used for estimation &f;.

The term filtering means also the recovery at tinoé some information about the
signal X; using measurements until timei.e. Z, , s < t notlater.

An illustrative example of smoothing is the way how the human brain tackles
the problem of reading hastily written handwriting - words are tackled sequentially;
reaching a word difficult to interpret we go several words after (and before) to deduce
it.

The meaning of the “best approximation” is the following: We shall look for a
function f for which theerror

5d:f(E | X — f({Zi}ier) )
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is minimal.

The meaning off ({Z: }+cr) is the following: If I is a finite setf({Z;}:cr) is
a Borel measurable function of the argumefis ¢ € I. If [ is infinite then this
symbol denotes a random variable measurable with respect ¢o Higebra.

FLo{z,, tel}.

We shall assume in the sequel tifatas finite second moment.

Proposition A.5 The best approximation of a random variablé with the finite
second order by using = o(Z; ,t € I) is given by

X=EX|7F)
Proof. PutY = E(X | F). Then
FP=EBEX-X?=EX-Y)?4+2EX-Y)(Y - X)+E(Y —X)?.

SinceY — X is F-measurable,

E(X-Y)(Y -X) =EE{(X-Y)Y -X)}|F)
=E((Y - X)E{(X -Y) | F})
E

(Y = X)E{Xp(X | F)}).

BUtE(X—E(X | F)) = E(X | F)—E(X | F) = 0. ThusE(X-Y)(Y - X) = 0.
Therefore)? = E(X —Y)?+ E(Y — X)? andé? is minimal whenX =Y = E(X |
F).

Remark The above proposition is not very useful from the practical point of view. It
is sometimes easier to solve the problem of minimum if we restrict ourselfto a smaller
class of admissible solutions than all measurable functions. One of such possibilities
is the following:

Let L2{Z;}:; be the closure il.? of the linear space spanned By, t € I, and
constant functions. The best linear approximatioof X is this element of.?{Z,}
for which

FP=E|X-X]P<E|X —-X|?, forall X' € L*{Z,}.

SuchX always exists.X is the orthogonal projection ot onto L?{Z;}. Itis also
unique. A practical way to finX is to solve the system of equations

(X - X,X')=0,X"€ L*{Z}.
Linear estimations ameot always acceptable, however for gaussian random variable
we have:

Proposition A.6 If the family{X, Z;, t € I} is gaussian withEX = EZ; = 0
then the best approximatiak of X with respect tar{Z;} coincides with the best
linear approximationX .
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Proof B o B
X-X,Z)=0==FEX-X)Z,=0=>X-X
andZ; are uncorrelated and since both are gaussian, they are independent.
Note thatX € L?{Z;} whichimplies thatX is gaussian and, consequentty,- X
is also gaussian. Therefofé — X andc{Z;} are independent and

X=EX|F) =E(X-X+|F)
=E(X -X | F)+EX | F)
=FX-X)+X=X.
An easily solvable example concern the prediction on an intgava) of mean
square continuous stochastic processes (in particular stationary stochastic processes).

Such processes can be represented(@s= > -, v/ Anpn(t) Z,, Wherely, pi(t)
are respectively eigenvalues and eigenvectors of the correlation function

R(s,t) = E(Zs — m)(Zy —m) (wherem = EXy),

b
Akwk(t):/ R(s,t)pr(s)ds.

In such case\ = fo‘:l cnZn, Wherec,, can be expressed through the correlation
function R.

A straight forward generalization of above examples leads to the problem of pre-
diction of stochastic processes given in the form of stochastic integral

/f(u,t) dz, .

A.6 KARHUNAN-LOEVE EXPANSION

Let { X: }+e[q,5) b€ @ mean-square continuous stochastic process with the covariance

function R(s,t) = E(X; — EX,)(Xs — EX;). ThenX; can be expanded into the
series

X(wt)=>_ VA () Y (w)

which is convergent i3, for eacht € [a,b]. HereY,, is an orthonormal (inL3)
sequence of random variables, are eigenvalues angd, (¢) are eigenfunction of the
covariance function, i.e.

b
/ R(s,t)pn(s)ds = Appn(t), a <t <b.

Remark The above theorem is a consequence of the following fact:
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1° {X: }iela,p) IS Mean-square continuouss R(s,t) is a continuous function on
the squaréa, b)>.
2° R(s,t) is a kernel of the following integral operator

b
I&Mawwbﬁ/R@ww@@

3° According to the Mercer theoretR(s, t) has the expansion

oo

R(Sa t) = Z /\nQDn(S)‘PT(t),

where the series converges uniformly [anb] x [a, b], andA,, ¢, (t) are the eigen-
functions of above kernel operator
40

b
VL [ X@en(t)
this is a Riemann-kind integral of di?-valued continuous function defined pn b].

Example (of the Karhunan-Loeve expansjon
Let X (¢) be a Brownian motion of0, 1] (herer(s,t) = s A t) then

> sin 7t
X(t) = tY, 2 Y, )
(t) o+ \fngl -
whereYjy, Y1, ... i.i.d. random variablesv(0,1). This series converges also with

probability 1.

Return to the problem of estimation (prediction) of a mean-square continuous
stochastic process. We have

Z(t) =YV Aupnl(t)Zn
n=1

Obviously{Z,, },=1,2,... form an ON basis inLQ({Zt}te[a,b]). Therefore the best
linear approximation must be of the form

X = Z cnZn -
n=1
We want to compute,,. Recall first thatX realized the minimum
| X = X ||=min | X — X" ||

whenX is the projection ofX onto L2{Z(¢)}. This is equivalent to

Vi (X —X,Z(t) =0



KARHUNAN-LOEVE EXPANSION 193

which is in turn equivalent to
vt (X, Z(1) = (X, 2(1)).

We have

00
Cp = <Z CnZn, Zn) = (Xa Zn) .

n=1

On the other hand, the orthonormality of the family,,(¢)} implies

b [ oo L b
\/Eznz/ <Z)\ng0n(t)Zn> gon(t)dt:/ Z(t)on(t) dt .

Therefore

~ - b 1 . b
e = (X, 2,) = &(X / Z(t)gon(t)dt) = —=E% [ Z0pn

b —
_ \/% / (EXZ(t))pn(t) dt

b
_ % / Rxz(t)pn(t) dt = ¢y,
whereRx z(t) = (X, Z(t)).






Appendix B

Operators on Hilbert and
Banach spaces.

Let H be a vector space over the field of real or complex numberatar product
on’H is amapping from the Cartesian prodti 7 into the field of scalars such that
it assigns to each pait), ) € H x H anumbery|p) with the following properties:

) If ¥, 0, ¢ € H,anda, € C then:
(Ylap + Bo) = a(dlp) + B (¥]d)

(i) For any, p € H,

(¥le) = (olY)
where the bar denotes complex conjugation.
(iv) For anyy € H,
() 20

and

(W) =0=1¢ =0.

Let us introduce some notions associated with the concept of scalar product.
195
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We say that two vectors, ¢ € H areorthogonalif

(¥lp) =0.

Letvy € H, whereH is an arbitrary vector space. #ormon H is a mapping
from 7 into the set of non negative real numbers assigning to everyH a positive
number]|¢|| fulfilling the following conditions:

1. ||y|| = 0ifand only if¢) = 0.
2. Foranyy € HandX € C, | \| = |A] |||
3. For anyy, ¢ € H thetriangle inequalityis satisfied, i.e.,

¥+ el < llell + llell

A vector spacé+{ with a norm is called theormed space
A norm determines ofi{ a distance orft{ defined as

d(¥, p) = Vv — ¢l

LetH be anormed space. We say that the sequéngé of vectors inH converges
toy € H if for any positive numbet > 0, there exists a natural numh&rsuch that
if n > N then

[n =9l <€

A Cauchy sequende H is a sequence of vectors i, {«,,}, such that for any
positive numbee > 0, there exists a natural numbar with the property that if
n,m > N then

||wn - 1/)nL” <e€

Any convergent sequence is a Cauchy sequence, but the converse is not true in
general. If a normed spaéé has the property that each of its Cauchy sequences has
a limit on H, the space is calledomplete A complete normed space is called the
Banach space

A vector space with a scalar product is a normed space. Its norm is defined as:
191l = v/ (Ple) (B.1)

A property of a particular interestis tidauchy-Schwarz inequality.ety, ¢ € H,
were’H is a vector space with scalar product then

(@) < [l [l

A Hilbert spaceis a vector space with a scalar product that is complete under the
norm (2?).

Examples of Hilbert spaces
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1. Let’H = C", then dimensional vector space of sequences:afomplex
numbers, with the addition and multiplication by complex numbers defined as:

(1, 02,...00) + (B1,82,---,Bn) = (a1 + B2+ B2y an + )
AMag,ag, ... an) = (Ao, Aag,. ..., ay) (B.2)
where\, a;, 8; (i = 1,2,...,n) are complex numbers. Far = (ay, as,...,a,)
andyp = (64, 82, - - -, ) we define the scalar product of these two vectors as:

(Ylp) = ZOTzﬂi

Then, C" is finite dimensional normed space. Since all finite dimensional normed
spaces are complete, we conclude tifais a Hilbert space.

2. Let us consider the set of all Lebesgue measurable functionsiRéito C in
which we identify those functions that differ on a set of zeebbesgue measuaaly.
Consider the clas$#;,. of all functions that are square integrable in the Lebesgue
sense

/ SO < oo

in the Lebesgue senself f andg are square integrable then it follows from the
Schwartz inequality

[ty s [ res) (o)

that the set of square integrable functions form a vector space.
For f,g € L%, let us define the scalar product:

(flg) = [ f(x)g(x)d"x,

]R“n,

which is well defined by the Blder inequality:

([ reores [ el

The norm determined by this scalar product is:

f(x) g(x) d"x

‘ R

1=/ [ Irepa
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With this scalar product and nori¥; . is a Hilbert space. Ifi = 1, we haveL; as
a particular case

Analogously, we can consider the set of square integrable functions from a Borel
subsetl of IR™ into €, also identifying these functions which differ on a subsef of
of zero Lebesgue measure. The definition of the sggcéts scalar product and its
norm goes in complete analogy wiflf;... L7 is a Hilbert space.

3. A straightforward generalization df%;,. is the space of square integrable
functions over an arbitrary measure spageX, 1), whereX' is a nonempty seb; a
o-algebra of subsets of andyu a measure o&. We identify those functions which
differ on a set of zerqu-measure only. This space is denotedIBy X', 3, du). As
in the previous case?(X, ¥, du) is a Hilbert space.

4. Let us consider the set of all countably infinite sequences of complex numbers
Qa1,Q2,...,Qy, ... (iIn short{a,}) such that

o0
Z lon|? < 00
n=1

This set is denoted b¥?. Let {a,} and {3,} be two elements of>. With the
following definition for the addition and multiplication by complex numbers

{an} +{Bn} = {an + Bun} ; Man} = {Aan}

12 is a vector space, in which a scalar product is defined as:

Han}l{Ba}) = 3 an

Because of ?) this sum converges, so that the scalar product is well defined. It
produces the following norm:

et = View? (B.3)
n=1

The spacé? is complete under this norm and therefore, it is a Hilbert space.
LetS be a subset off. We say thatS is anorthonormal systerif
1|y =1V €S.
2. (1]¢) =0, %), ¢ € S.

A Hilbert spaceH is separabldf there exists a countable subsetC H such that
for anye > 0 and anyy € H, it exists ap € S such thatd(v, ) = ||v — ¢|| < e.

Proposition B.1 (Bessel inequalities). L&t be an orthonormal system H, {1,
19, ...} asequence (finite or infinite) of vectorsSnand ¢, ¢ two arbitrary vectors
of H. Then
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N
> Kl < el (B.4)
n=0
N
> leltn) (@l o) < lloll 1]l (B.5)
n=0

whereN stands for the number of vectors in the sequence. If the sequence is infinite
N = o0.

Let S be an orthonormal system dri. S is called thecomplete orthonormal
systemif there is no another orthonormal systeh € H such thatA ¢ B and
A # B Equivalently,S is a complete orthonormal system if and only any vegtor
orthogonal to all the vectors & is necessarily the zero vector.

The concept complete orthonormal system in Hilbert spaces generalizes the idea
of basis for finite dimensional spaces, in the sense that every vector of the Hilbert
space can be written in terms of vectors on a complete orthonormal system. Namely,
if H is a Hilbert space, then:

1. There exist a complete orthonormal systefi in

2. Any orthonormal syster§ can be completed adding additional vectorstm
such a way that the extended systém a complete and orthonormal.

3. AHilbert spacé is separable if and only if every complete orthonormal system
in H is countable.

In practically all applications of Hilbert spaces in Physics, only separable Hilbert
spaces are used. Therefore, unless stated otherwise, the word Hilbert space will mean
separable Hilbert space

Proposition B.2 Let ), s, ...,4, ... be an orthonormal system, either complete
or not, in the Hilbert spacé{. Letay,a,,...,a,,... be a sequence of scalars.

Then, the series
N
> ann
n=0

converges if and only if

o0

Z lon |? < oo

n=0

This proposition has the following consequence:

Corollary B.1 LetH be a Hilbert space either finite or infinite dimensional and let
1,9, ..., %, ... be a complete orthonormal systemz)le H then

N
= Z ap, Yn
n=0
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wherea,, = (¢,|9). In addition,

N N
1917 =D laml® = D [} ?
n=0 n=0

whereN is either finite oroco.

The last identity in the above proposition is called Baseval identity Note that
the expansion for a vector i in terms of a complete orthonormal system is unique
and depends only on the vector and the complete orthonormal system.
Examples of complete orthonormal systems.

i) Let H = ", the space of sequenceswfcomplex numbers. Sinc€&” is
a finite dimensional Hilbert space, any orthonormal basi’ins also a complete
orthonormal system. The simplest one is the canonical basis.

(1,0,0,...,0); (0,1,0,...,0); ... (0,0,0,...,1)

ii) Take H = [? and define the following sequence of vector$in

v = (1,0,0,...,0,...)
Yy = (0,1,0,...,0,...)
¢ = (0,0,0,...,1,0,...) (B.6)

If &€ = (&,8,...,&,...) € [2, then we can write:
€= &
k=1

iii) Take L?[—m, 7], the Hilbert space of square integrable complex functions on
the real interval—n, 7r]. A complete orthonormal system i¥ [, 7] is given by:

1

z/;n(t):ﬁemt, n=..,-1,01,..., te[-mn].
iv) Take nowL?[0, 27]. In this case
1 cost sint cos 2t
Yo(t) = —= vi(t) = —=,  Yat)=—=,  u(t) =

ez va VT v
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is a complete orthonormal system.

v) The Hermite functions are the following
on(z) = A, Hp(2) e~ /2

whereH,, (z) are the polynomials ot order defined as:

1/2 n
et |1 _ A e
Hn(z) = e {2”71!71‘1/2] {x de [ €

andA,, are normalization constants, so that

[ len@ldo=1
The Hermite functions form a complete orthonormal systerbin
Two normed spaceX andY are calledsometricif there is a linear mag” from
X toY such that
[Wllx =1F@)y, Ve X,
where|| - || x and|| - ||y denote the norm ok andY” respectively.X andY” are called
isometrically isomorphidf the mapF is in additionontoandone-to-one

If two normed spaces are isometrically isomorphic then they have the same prop-
erties from both algebraic and topological point of view. In particulat{iandg
are two finite dimensional Hilbert spaces of the same dimenSitilenH andg are
isometrically isomorphic. We also have

Proposition B.3 Any infinite dimensional separable Hilbert space is isometrically
isomorphic tal?.

Let H be a Hilbert space anBl a continuous linear mapping frof into the field
of scalars. We calF' thelinear functional. This means that if«,, } is a convergent
sequence ift{ andqy € H is its limit then

F(n) — F(4).

Equivalently, a linear linear functional is a mappifigrom the Hilbert spacé{ into
the field of scalars, which is bounded, i.e. if there exists a positive nuiiber 0
such that

[F() < K¢l

forall ¢ € H.

An important example of a linear functional 6t is the following. Lety be a
fixed vector inH and define

Fy(p) = (lp), VYoeH.
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Obviously, Fy, is a linear mapping frorfi to €. To see that it is also continuous we
use the Schwarz inequality:

[y (o)l < [l < N¢lHlell . Ve e™.

Letus denote b * the set of functionals oK. We endowH * with a vector space
structure defining the sum and multiplication with scalars as follows. f € H*
anda, 8 € C,

(aF+BG) () =aF)+BGW), YYeH.
Furthermore, we can define @6 a norm as follows. I € H*,
IF| = if{K : [F()| <K [¢], Yo eH}
The norm on can be equivalently expressed as follows

IF|l = sup [F()]
i<t

We have endowed{* with the structure of normed space. This is a general
property of normed spaces, i.e., the dial of a normed spacg is also a normed
space. Furthermorel * is always complete. But the dual of a Hilbert space is also
a Hilbert space. This is the result of the following:

Theorem B.1 (Riesz) LetH be a Hilbert space and’ an arbitrary functional on
‘H. Then, there exists a unique vectbr H such that

F(p)=(lp), VYoeH.

The Riesz theorem has the following consequence: Thefdtialf a Hilbert space
‘H is a Hilbert space which is isometrically isomorphicHo In particular, ifH has
finite dimensiom, so hasH{* and is infinite dimensional, so i%(*.

Operators are linear mappings on vector spaces. Inthis section we restrict ourselfto
Hilbert spaces. Two kind of operators will be considered — bounded and unbounded
operators. The class of bounded operators contains, in particular, projections and
evolution operators. Among examples of unbounded operators are Hamiltonias or
the generators of groups of evolutions. Many of the properties of bounded operators
are is straightforward generalization a generalization of the properties of matrices on
the Euclidean space. Unbounded operators present new and important features that
distinguish them from bounded operators. We present the relevant properties of both
classes below begin with the study of bounded operators.

Let H be a Hilbert space. Aounded operatoon H is a linear mappingi from
‘H into H such that for all vectorg € H, there exists a positive constakit> 0 with

[Ay|| < K [lv].
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Similarly to linear functionals bounded operators are continuous and conversely.
Recall that an operatof on H is continuous if and only if is is continuous at the
origin. This means that if,, — 0, then,Ay,, — 0.

Assume now thatl is a continuous linear mapping from a dense subspeaithe
Hilbert spaceH to H. Then, there exists a unique bounded operatdk®uch that
it coincides withA onD. This operator, also denoted bl is called the extension
of AtoH.

Denote byL(H) the class of all bounded operators &#n The sum of operators
and the multiplication by scalars is defined in the usual way:

(@A+p3B) () =aAYp+8By, YveH, apBcC

Thus L(H) is a linear space: ifA,B € L(H), « A+ 8B € L(H). Moreover
defining the product of two operatorsand B as their compositiom B we see that
L(H) is an algebra.

Thenormof a bounded operatot € L(X) is defined as
[A]l = inf{K : [|Ap| < K[l Vi eH}. (B.7)
An equivalent definition of the operator norm is

[All = sup [[A(¥)]. (B.8)
lloll<1

As an immediate consequence of (B.8) we obtain
[Av] < Al 1wl Vo eH
so that|| A|| is one of the positive numbef#s that fulfill (B.7).

Proposition B.4 The spacd.(H) with the norm (B.7) is a complete normed space,
i.e. a Banach space (or a Banach algebra, if the multiplication is taken into account).

Since L(H) is a Banach space, we have a notion of convergendg ). For
many applications this sense of convergence is not sufficient and we need also a
weaker sense of convergence of bounded operators. Below, we list the three most
important notions of convergence @1iH):

Asequencd A, } C L(H) convergesniformlyto A € L(H) if {A,} converges
to A in the operator norm af (H), i.e. if lim,, . |4, — A|| < €.

A sequenceg A,,} C L(H) converges in thetrong sens& A € L(H) if for each
Y € H, At — At in ‘H. Strong convergence is a convergence in the norm of the
Hilbert spaceH.

A sequencd A,,} C L(H) converges in theveak sense A € L(H) if for each
pairy, o € H, (p|Ant)) — (p|At).
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The three notions of convergence of sequences of operators have the following
relations:

uniform convergence = strong convergence =- weak convergence

but the converses is false. The weak convergence does not imply either strong or
uniform convergence and strong convergence does not imply uniform convergence.

Since the spac&(H) is a Banach space, when we consider it as a normed space,
any Cauchy sequence (with respect to the norri(i)) of operators converges to
an operator ir.(H). Such Cauchy sequence is called timform Cauchy sequence
A sequencq A, } of bounded operators oH is called thestrong Cauchy sequence
if for eachy € H, the sequencéA,, b} is a Cauchy sequence . An important
result, which is known as the Banach-Steinhaus theorem, says that any strong Cauchy
sequence of bounded in the operator norm.

Let H be a Hilbert space, and a bounded operator oK, i.e., A € L(H). For
any fixedy € H, let us define the following functional dH:

flp) = W|Ap), Voe™H

By the properties of scalar produgt,s a linear mapping froni{ into €. Then, the
Cauchy-Schwartz inequality implies thais bounded:

[f(@) = [WlAp)| = K llll, Ve e™,

with the boundK = || A|| ||¢||. The Riesz theorem shows that there exists a unique
vectory € H such that

(0lp) = WlAp), Vo eH.
and this holds for all) € H. Thus the mapping:
A*p— @,

is well defined and linear oK, so it is an operator of. It has the property that, for
any pair of vectorg), o € H

(V] Ap) = (A"plp) (B.9)

Furthermore, it follows easily fron?(?) and the Cauchy-Schwartz inequality tht
is bounded and its norm satisfies

1A% < [|A] (B.10)

The operatord* is called theadjointof A.
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The mappingd — A* is from L(H) into L(H). Moreover, since it satisfies the
properties

(A+B)* = A"+ B
(M) = aA*
(AB)* = B*A* (B.11)

whereA, B € L(H), A € C, itis a bounded operator on the Banach algebf#).
In fact is an isometry orl. () because we also have

Il = [ A"}

An operatorA € L(H) is self-adjointif A = A*, i.e. if it is equal to its adjoint.
A is isometricif ||Ay| = [|¢]], V¢ € H. If Aisisometric and ontd it is called
unitary.

Proposition B.5 LetA € L(H) thenA is unitary if and only if there exists its inverse
A~land A~! = A* or, equivalently,A is unitary if and only ifAA* = A*A =T
wherel is the identity operator oft.

A is self-adjoint if and only if
(V|AY) = (AY[y) , VP eH

Bounded operators of great importance are the orthogonal projections also called
projectors, since they are the key objects in the theogpettral decompositiorsf
self-adjoint operators. Let us recall their main properties.

An orthogonal projectioror aprojectoron a Hilbert space{ is a bounded operator
onH with the following properties:

i) Idempotency:P? = P.

ii) Self adjointness:P = P*.

There are two trivial examples of projectors: the identity operatarhich trans-
forms any vector ifi{ into itself and the zero operat6rthat transforms every vector in
‘H into the zero vector. Simple projectors transform (projectiatinto the subspace
spanned by an arbitrary nonzero vector

Lety € H, ||| = 1, be an arbitrary nonzero vector in the Hilbert spate
Define

Po=({lp)y, VoeH.

It is easy to see tha? is a projector. The image 6f by P is the one dimensional
subspace spanned lgy which is closed because it is finite dimensional. Similarly
taking a countable family,, } of orthonormal vectors and putting

Po=> (ul@)tn, VpeH,,

n
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we define the orthogonal projector frgh onto the (closed) subspace spanned by

{vn}.

In general we have one-to-one correspondence between closed subspaces of a
Hilbert space and the projector. Namely,Afis a projector orf{ then the space
M = P(H) is a closed. Conversely, le¥! be a closed subspace &f. Then we
have the following direct sum decomposition

H=MeaM",
where M= is theorthogonal complemeratf M
M ={peH : [Wlp)=0, Yoe M}.

This means that each € H has a unique decomposition

o =11+,
wherey; € M, 1o € M+ and (v |1p2) = 0. Thus the mapping’:
Py =1

defines the orthogonal projection frafhonto M.
In particular we have

Py =1, foreach ) € Mand Py =0if o € M*.

Observe also that iP € L(H) is a projector different from the zero operator then
1Pl = 1.

Let P, and P, be two distinct projections different from the zero operator on the
Hilbert spacei. They aremutually orthogonalf and only if P, P, = O, whereO
is the zero operator. If the projectofs and P, are mutually orthogonal, then they
commute, i.e.P P, = P P;.

Proposition B.6 Let P, and P, be two mutually orthogonal projectors and &,
and M, be their respective associate subspaces. Thénn My = {0}. Further-
more, M; C My and M, C Mj-. Conversely, iiM; C My, then,My C M7,
Ml mMQ = {O} andP1P2 = O

Unbounded operators.

Assume till the end of this section thatis an infinite dimensional Hilbert space.
An unbounded operatot acts on the vectors of a dense subspack aflled the
domainof A. This domain is denoted d3(A). Thus,A is a linear mapping from
D(A) onto itsrangeor the image spacR(A). The range ofd is always a subspace
of H becausel is a linear mapping. In gener&(A) is not a subspace @(A) and
we have to take this in account if we want to define the powetr$.ofFurthermore,
the intersection of two dense subspace®{ds not, in general, dense and can even
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be as small as to contain the zero vector only. This should be considered if we want
to define the sum or the product of two unbounded operators.

Let A be an operator ofit with the domairD(A). A is closedif and only if for
any sequencéy,, } of vectors inD(A) such that

Yy — Y and Ay, — ®,
i.e., both sequences converge, we have:
Y €D(A) and AP =¢p.

Observe that, ifA is continuous, it is closed. The converse is not true, because
for an unbounded operator, there exists convergent sequences- ¢ such that
the sequence of their image§4«,, }, does not converge (otherwisk would be
continuous).

Let A be an operator ofi{ with the domairD(A4). Thegraph G(A), of A is the
subset of{ x H of elements of the fornf, Ay), Vi € D(A).

Proposition B.7 Let A be an operator with the domaiR(A) and the graphG(A).
Ais closed if and only i§ (A) is closed.

Note thatG(A) is closed if for any sequende),, } such that
Ypr—19 and Ay, — @,

wherey, ¢ € D(A) we havep = Ay. Hence (v, Ayy,) — (¢, Ay) andG(A).

Theorem B.2 (Closed Graph Theoreniet A be a closed operator with the domain
D(A) = H. Then,A is bounded.

The above theorem shows that an unbounded operator can not act on the whole
Hilbert space. Its domain has to be always taken into account. In consequence some
concepts concerning bounded operators do not have a straightforward generalization
on unbounded operators. Below we define the adjoint of an unbounded operator and
introduce the important notion of self-adjointness.

Let A be an unbounded operator with the domBifd). Consider the following
subspace df

DA ) ={YeH : JpecH ; (YAp) = (plp), Vo€ H} (B.12)
and the transformation:
A*p=¢, Vi € D(A*) (B.13)

A* is called theadjointof A andD(A*) is thedomainof A*.



208 OPERATORS ON HILBERT AND BANACH SPACES.

It is easy to see thaP(A*) is a subspace dff. Moreover, ifD(A) (the domain
of A) is dense inH then A* is well defined linear operator dR(A*). We want to
stress the fact that the densenesPfl) in H plays the crucial role in the definition
of the adjoint. Without the denseness?fA) we cannot guarantee the uniqueness
of the image of) by A*.

We see that the adjoint* of A is a linear mapping fror>( A*) into H and hence
an operator oft{. However, its domaif(A*) is not necessarily dense’. In such
case, the adjoint** of A*, does not exists.

Let us point out some simple properties of the adjoints of unbounded operators.

1. If Ais bounded, the®(A) = H. ConsequentlyD(A*) = H.

2.- A* is always a closed operator. This property is even independent on whether
D(A*) is dense irf{ or not. At this point, it is necessary to remark that for the most
general definition of closed and closable operator the denseness of its domain is not
needed.

3. fae C then(a A)* = a A*.

4. Let A and B be two operators oft{ with the respective domairi®(A) and
D(B). We say thaB extendsA if

D(A)CD(B) and Ap=DBy, WieD(A).

ThusB extendsA if and only if the domain ofd is contained in the domain @ and
A and B coincide on their common domain whichZ¥ A). We denote this as:

A<B.
If B extendsA then the adjoint ofdA extends the adjoint aB:

A< B = B"< A".

5. We defined previously the sum and the product of bounded operators simply as
we do it in elementary algebra. This could be done because bounded operators are
defined on the entire Hilbert space. Since this is not the case for unbounded operators,
we have to be more careful in this case. For the sum of two operdtarsd B, it
seems natural to defif@(A + B) = D(A) N D(B). We have mentioned that the
intersection of the domains of two bounded operators may not be dense, datttiat
will not have an adjoint in general. On the other handD{fA + B) is dense inH
then(A + B)* exists and has the following property:

A"+ B* < (A+ B)*.
6. Similarly, in order to define the produdtB, we define first the domain of B:
DAB)={yYe€H : € D(B) and By € D(A)}
If D(AB) is dense the adjoint ol B exists and

B*A* < (AB)*
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7.faeC,then(A+al)*=A"+al.
8. If D(A*) is dense irH, thenA** exists and4d < A**.

We have seen that, in the case of bounded operatdssself-adjoint if and only if
(A|p) = (| Ap) for any pair of vectors), ¢ € H. This condition is however not
sufficient for an unbounded operatdrwhen only replacing the condition, ¢ € ‘H
by ¢, o € D(A). It follows from the definition of the domain of* that the identity
(A = (Y|Ap), Vi), ¢ € D(A) implies thatD(A) C D(A*) and nothing else.
To haveA = A*, we must haveD(A) = D(A*). An operatorA with the domain
D(A) dense irH is calledsymmetridf for any ¢, ¢ € H, we have:

(AY|p) = (Y[Ap)

In other words A is symmetric if and only ifD(A) C D(A*).

An operatorA on the Hilbert spacé{ is self-adjointif and only if A = A*.
EquivalentlyA is self-adjoint if and only ifD(A) = D(A*) and Ay = A*¢, for any
1 € D(A*).

We would like to end this section giving two important examples of unbounded
self-adjoint operators. Consider the Hilbert spate- L?(IR) and the subspace

D(Q) = {¢(z) € L*(R) / wp(z) € L*(R)}

This subspace is dense I¥(IR) because it contains the Hermite functions which
form a complete orthonormal system @3(IR). Let us define the operatd) :
D(Q) — L*(R) as

Qu(x) :=zp(x), Vo(r)eDQ)

This operator is self-adjoint oh?(IR) and is called the one dimensior@dsition
operator.

Now, let D(P) be the vector space of all square integrable functions that admit

a derivative almost elsewhere with respect to the Lebesgue measure on the real line
and such that this derivative is also square integrable. Define

Po(r) = —ig'(z),  Ve(z) € D(P).

P is also self-adjoint operator ai?(IR). Itis called the one dimensionalomentum
operator.

The position and momentum operators can be easily generalizedinoensions.
In this case

D(Q) :={p € L*(R") : z;p(x) € L*(R¥)i=1,...,n},

wherex = (z1,...,x,). Then, we define theth component of the position operator
as

Qip(x) =z 0(x), Ve L*(R")
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The operatorg),, . .., Q,, are self-adjoint on their respective domaib&y); ).
Similarly thei-th component of the momentum operator bH{IR™) is given by

Let us also note that neither position nor momentum operators are self-adjoint
when defined onL[Qa o where at least one of the ends of the interval is finite.

A self-adjoint operator, either bounded or unbounded does not have residual spec-
trum. The spectrum, which is a closed subspace of the real line and eventually may
coincide with the whole real line, is divided only into two categories: eigenvalues
and continuous spectrum.

Let H be a Hilbert space arf#l the class of projectors dH. A spectral measute
E(), onIR is a mapping from the seR, of all Borel sets ifR:

E():B+—P (B.14)

associating t@' € B a projectorE'(C) on’H, such that:
) BE(R) = I.
i) If {C1, C4, ...} isasequence (finite or countably infinite) of Borel sets that are
pairwise disjoint, i.e.,:
cne; =0, i£]

then,

N N
E( Cn) =D B(Cn) (B.15)

n=1
Here, N is the number (finite or infinite) of non-empty Borel sets in the sequence
{C4,Cs, ...} and the series converges in the strong operator sense.
Observe that (B.15) says that, if the Borel sgi§, Cs, ...} are pairwise disjoint,

the strong sunEf:’:1 E(C,) is a projector. This can only happen if the projectors in
the sequencéE(C),)} are pairwise orthogonal, which means that

E(C)EC,) =0, n#m

In particular, ifC' and D are two disjoint Borel sets, thef(C)E(D) = O.

There are some other consequences that immediately follow from the definition
of spectral measure, such as:

)EW®) =0

i) If C'n D are arbitrary Borel sets, we can prove th{C N D) = E(C)E(D).

Let E(-) be a spectral measure @. Thespectral familyof E(-) is the set of
projectors{ E, }, indexed by\ € IR and defined as:

E\ = E(—00, A (B.16)

Let F(-) a spectral measure add, } its corresponding spectral family. Then,
{E,} has the following properties:

i) If A< p,thenEy < E,,.
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i) A spectral family is strongly continuous from the right, i.e.

Eyx= lim E, (B.17)
B A
> A

and the limit is taken in the strong sense.
iii) The following limits hold:

E_o= lim Ex=0 and Ew= lim By=1I (B.18)

A——00

Conversely, if there is a mapping froR into P, A — E), satisfying the above
properties, there is a unique spectral mea#i(r¢ such that its spectral family coin-
cides with{ £, }.

We will show now that spectral families determine self-adjoint and unitary opera-
tors.

Proposition S.37- Let { E,} be a spectral family ang € H. Then,u(d)) :=
d(1| Extb) is a measure ofR with (IR) = ||]]?.

The next result is one of the most important results on the theory of self-adjoint
operators:

Theorem B.3 (Spectral Decomposition Theorem for Self Adjoint Operators).et
A be a self-adjoint operator ofi{. Then, there exists a spectral fam{l{, } such
that for anyy) € D(A), we have that

(] Ag) = /IR Ad{|Exis) (8.19)

Conversely, for any spectral fami{yZ, }, there exists a unique self-adjoint operator
A such that (B.19) holds.

Formula (B.19) is often written as:
A= / NdE) (B.20)
R

Forally € D(A), the measuréu(X) := d{y|Ex\v) vanishes outside the spectrum
o(A) of A. For this reason, formula (B.19) can be written as

(] Ag) = / PRI (8.21)

or shortly
A= / AdE), (B.22)
o(A)
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The Stone theorem establishes thal/{ft), ¢ € IR is a one parameter group of
unitary operators such that for &}l € IR, limy, .+, U(t) = U(to) in the strong sense,
then, there is a self-adjoint operatdrsuch that’ (t) = 4. If A is bounded then
the exponential operator can be defined as

A s (i) A"
et = Z( )n' : (B.23)
n=0 ’

because the series on the right hand side converges uniformyislfinbounded the
above definition is in general meaningless. However, we can give a mearitig to
by the means of functional calculus. Its main result is the following:

Theorem S.39- Let f(\) a bounded measurable complex valued functiofRon
Then, the symbof (A) defined as:

(I (A)p) = /}R ) d(b|Exv) (B.24)

represents a bounded operatori@mwhich is self-adjoint if and only if the function
f(A)isreal.

Note that, sincef(\) is bounded and the measutg(\) = d{v|E ) is finite,
the integral in (B.24) always exists. [f()) is not bounded, the integral in (B.24)
does not converge in general. f{\) is real and the integral converges for any
v in a dense subspace &f, f(A) defines a symmetric operator. This happens
for instance iff(\) is a polynomial, f(\) = A" + a1 A" ! + ... + «a,,. Then,
f(A) = A" + a; A1 + ... + «,. In particular, if f(\) = e**, we have:

($letA) = / ¢ d{uh| Exep) (8.25)
R

or briefly,
et = / e dE) (B.26)
R
A similar result holds for unitary operators:

Theorem B.4 (Spectral Decomposition Theorem for Unitary Operators)l die a
unitary operator. Then, there is a spectral fami{y, }, such that for any) € H,
we have that

wivw) = [ e atlmw) (8.27)
or briefly,
U= / e dE) (B.28)
R

The spectral family{ £\ } determines the unitary operator uniquely.

Summarizing, we see that (B.25) or (B.26) determines a group of unitary operators.
The spectral family{ E\} determines a unique self-adjoint operatband a unique
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unitary operatot/. Therefore, they must be related and the relation is given by (B.26)
with t = 1, i.e.,U = ¢*4. Thus, for any unitary operatdf always exists a self-
adjoint operatord with U = ¢4 and all self-adjoint operator can be exponentiated
(multiplied by imaginary unit) to give a unitary operator.

This spectral decomposition theorem permits a new classification of the spectrum
of a self-adjoint operator. This is the subject of our next discussion.






Appendix C

Spectral analysis of
dynamical systems

In the previous section we characterized the ergodic properties of dynamical systems
in terms of the asymptotic behavior of evolution operators. On the other hand, it
is known that the full information about some properties of operators is contain in
their spectra. As spectral theory is a powerful tool in studying linear operators on
topological vector spaces it would be desirable to express also the ergodic properties
in terms of spectral theory.

In this section we shall present the basic facts concerning the relations between
ergodic properties of evolution operators and their spectral properties. We focus our
attention mainly on Kolmogorov systems as they play a prominent role throughout
this book. We shall also elaborate on this subjects in the next sections. Especially in
Section 6 which is devoted to exact systems.

If (X, %, i, {S:})is discrete time dynamical systems then its evolution is described
by a single Koopman operatdr = V! or its adjoint - the Frobenius-Perron operator
U = V*. Thespectrum of the evolution grofy/ "} is the spectrum of the operator
V.

Iftime is continuous and the transformatiofisare invertible then the famil{V; },

t € IR, forms a group. Thepectrum of the evolution groyp; } is the spectrum of
the self-adjoint generatdr, V; = e“*". A similar approach can be applied whén
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are non-invertible andV; } is only a semigroup. While the correspondence between
unitary groups and self-adjoint generators is well known from the course of functional
analysis [Y0] (see also Section 2 and Section 14), the analogues correspondence for
evolution semigroup requires some comments.

If {V;} is a continuous semigroup of contractionb® p > 1, then its generator,
called also thénfinitesimal operatot4, is defined as

.. Vip—p
Ap = }gr(l) — (C.1)
where the limit is considered in the senseldf-norm. The domainD(A) of A
consists of thosg € LP, for which the limit in (C.1) exists. It can be proved that
D(A) is dense inL? and{V,} is related toA by the relation

n—oo

Vi = e tA d:fs. lim (1 + tA) .
n
In addition the resolvent set of contains the negative half-axis-oo, 0) and
1
I(A+AD T < 5, A>0

Conversely ifA in an arbitrary operator densely defined Bhsatisfying the above
conditionimposed onits resolvent thenitis a generator of a semigroup of contractions.
The interested reader can find the proof of the above mentioned fact, and many other
related results, in the monographs [HiPh,Yo]. A valuable information about the
generators of dynamical semigroups can be found in [LM].

Let us concentrate now on the spectral description of ergodic properties of in-
vertible dynamical system. We assume, as usually, that the underlying measure is
normalized and invariant with respect to the group transformations of the phase space.

In this case the evolution operator are unitary and the description of spectra intro-
duced in Section 2 can be applied. The spectrum of an arbitrary group of evolution can
have all three parts point spectrum, singular continuous and absolutely continuous.
However, the ergodic properties imposes additional conditions, which we present
below.

(1) Ergodicity
Ergodicity of a dynamical system amounts to imposing additional condition on the
discrete part of the spectrum. In the case of discrete time ergodicity is equivalent
to the condition that is a simple eigenvalue of the Koopman operator Indeed,
ergodicity, in terms of evolution operators, means that the bnigvariant functions
are constants. Thus fpiconstant’p = p, which implies that is an eigenvalue. This
eigenvalue is simple because the dimension of the subspace consisting of constant
functions isl. A dynamical system with continuous time is ergodic if and only if
is a simple eigenvalue of the infinitesimal generdtor

It is worth to stress that ergodicity is the weakest ergodic property among that
introduced in Section 2. Observe also that becdusealways an eigenvalue of the
evolution operators, we can decompose the Hilbert spdcas the orthogonal sum
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L3 = H & (1], where[1] denoted the linear space spanned by constants. Now we can
ask about the spectral properties of the evolution operatof§.o&rgodicity does

not imposes any additional condition but, as we shall see below, stronger ergodic
properties do. In contrast, the spectrum of the evolution operator restricted to

is, for stronger ergodic properties, at least continuous. This is the reason that the
operator evolution groups and associated time operators are usually considered as
acting on spacé{ - the orthogonal complement of constants. Thus the expression
that a dynamical group has, for example, continuous spectrum will always refer to
the spacéH.

(I1) Weak mixing
A dynamical system is weakly mixing if and only if the evolution group has continuous
spectrum.

We shall give a sketch of the proof that weakly mixing systems have continuous
spectra. Another, and complete, proof of this implication, as well as, the proof of the
converse implication can be found in [Ha].

Consider a discrete time dynamical system and the Koopman opé&fatdhen
consider the sequence

en(p) = (V"p,p).

Recall that a unitary operator has the representation

2T
Vn = / e dEy, foreachn € 7
0

where{ E) } xe[0,2+], IS @ resolution of identity (see Section 2). Thus

27
alp) = Vo) = [ ™ dErpp)

are the Fourier-Stieltjes coefficients of the non-decreasing fundipn A —

(Exp, p)-
If the system is weakly mixing then

n n

1 1
li o = 1 V7, p)| =
ngg2n+1k§ len(p)] ngn2n+1k§ |(V™p,p)| =0

=N =N

for eachp € H (i.e. [, pdu = 0)

Now by the classical results concerning Fourier-Stieltjes coefficients (see [Zy, 11,
9.6]) the functionG,, is continuous everywhere df, 2x]. If time is continuous then
the unitary group has the spectral representation

© .
m:/ "N E) .

— 00



218 SPECTRAL ANALYSIS OF DYNAMICAL SYSTEMS

For a givenp € H the expression

oo
(Vip,p) = / " d(Exp, p)

—00
is nothing but the Fourier-Stieltjes transform of the functhor— (E)p, p). Now, if
F(z) is a function of bounded variation ards) its Fourier-Stieltjes transform then
the condition

is necessary and sufficient féi(x) to be continuous ([Zy, XVI, 4.19]). This proves
the equivalence between weak mixing and continuous spectrum for continuous time.
The continuity of the distribution functio&,, implies that the measure, deter-
mined byG,, is continuous. This means that in the Jordan decompositior tie
discrete component i&
Measurer, is called thespectral measuref the “vector'p € H.

(1) Mixing
A dynamical system is mixing ifim; .. (p1, Vip2) = 0 for eachpy, p2 € H. Itis
therefore obvious that mixing system is also weakly mixing. That the converse is not
true has been shown by Kakutani (LNM318). In consequence the dynamical group
{V4} has continuous spectrum &t

It is easy to see that a sufficient condition for mixing is thet} has absolutely
continuous spectrum. Indeed if this is the case then the deri\lﬁ@ﬁﬂ exists for
almost all\ € IR. Thus applying the Riemann-Lebesgue Lemma we obtain

i d(E
<P;th>:/ e”’\%d)\aOastH:too.

— 00

The condition thafV; } has absolutely continuous spectrumis, however not necessary.
The complete characterization of the ergodic property of mixing has been obtained in
recent years. For this reason we include it here although it is not directly connected
with time operators.

Consider, an abstract unitary group= e*** acting on a Hilbert spack, gener-
ated by the self-adjoint operatérwith spectral family{ £ }:

L:/ AdE) .

—0o0

Denote by, the closed linear hull of all eigenvectorsiof The continuous subspace
of L is the orthocomplement df{,: H. = H © H,. Recall that the singular
continuous subspadé,. of H, consists of allf € H. for which there exists a Borel
set By of Lebesgue measure zero such ty‘igot dENf = f. By Hac = He © Hge
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we shall denote the absolutely continuous subspa@é.oRecall also that{,,, H.,
Hs. andH,. are closed linear subspacestofwhich reduce the operatdrand that
H = Hp D Hac @Hsc-

The spectra of the corresponding reductions @fill be called respectively point,
continuous, singular continuous and absolutely continuous spectriipaafl will be
denoted by, (L), 0c(L), 0sc(L) andeo,. (L) correspondingly [Wa] (for more details
see [Weid,Kato].

Let u = pp, denotes, for a giveh € H, the spectral measure otiL) determined
by the nondecreasing function

Fh(>\) = <h,E)\h> , for AeR.

Leth = hy, + hac + hse be the decomposition df corresponding to the direct sum
Hp © Hae @ Hse. PUttingu, = pp,, flac = fn,, anduse = pp,, We obtain the
Jordan decomposition of

W= fip + fsc + fac (C.2)

onto the point, singular continuous and absolutely continuous component.

It turns out that it is possible to obtain further refinement of the spectral decompo-
sition of L or, equivalently, the groupV;}. Let us call thedecaying elementbose
elements: € H which satisfy

(h,Vih) — 0, ast — 0.

and denote b2 the set of all decaying elements in the singular continuous subspace
Hse. The space? consists of all vectoré € H,. such that the corresponding
measureu = uy, is singular with respect to the Lebesgue measure and its Fourier
transform is 0 in infinity. An important result is thaf® is a closed linear subspace
Hse. MoreoverH,. reduced., i.e. the action of. does not lead out of the spakg).:

L(D(L)NHE) c HY ,

whereD(L) is the domain of_.

Let us also introduce the spa®€'" of all h € H,. such that any measurenhich
is absolutely continuous with respect;tp does not decay. The spag€" will be
called the space afon decaying singular elementEhe spacé(P also reduceg..
This leads to the direct sum decompositidn. = H2 @ HXP and, consequently, to
the following direct sum decomposition of the whole spate

H=Hy® Hae ®HL ©HYP . (C.3)

Therefore denoting the corresponding spectra of reduced operatgyshy, o2 and
oD respectively we obtain a new decomposition of the spectrofrany self-adjoint
operator which is the missing necessary fact to describe mixing and decay:

_ D ND
o=0pU0acUog Uog. .
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We are therefore led to the following definitions:
HP = H.. ® HE the space of decaying elements with respedt;to
HNP = H, & HYP the space of non-decaying elements with respett to
oP = 0,. UoD the decay spectrum df or V;
oD = o, U olP the non-decay spectrum éfor V;
and to the following spectral characterization of mixing:

Theorem C.1 A dynamical system is mixing if and only if its group of evolution
{Vi}ter ONH = L? © {1} has purely decaying spectrum, i.e.

o(L) =0 =0, Uok. (C.4)

(IV) Kolmogorov systems
We begin with K-systems, i.e. discrete time Kolmogorov systems.SLe’ — X
be an invertible measure preserving transformationXgd distinguisho-algebra.
Then the family ofs-algebras®,, = S(Xy), n € ZZ, satisfies the three conditions
characterizing K-system. Let us denoteb¥(3,,) the subspace df?, (= L% (X))
consisting of all functiong € L3 which areX,, measurable.

For K-systems it is more convenient to consider the Frobenius-Perron opérator
Up(w) = f(S~'w), because the increasing order.

U(L%(20)) = L3 (Z1)

is preserved and because we will be interested in the evolution of densities as time
goes toco.
Denote byH the orthogonal complement of constantd.ih and byH, the space

Ho = L3(S0) © L3(S_1).
In particular,H, is also orthogonal to constants. Let

M, LU (Ho),

then -
Ly=Holl= @ H.o[].

Thus the operatdy is a bilateral shift on the spa@é (for more detailed information
about shift operators see Section 5). The sgdgés the generating space for this
shift. For any orthonormal basigp, }kex in H the shifts{U" ¢y }rex form an
orthonormal basis ift{;.. The whole familyU™¢,,, n € 7ZZ, k € K, is an orthogonal
basis ofH. We, of course, assume that all considered Hilbert space are separable. In
the case of ari?-space its separability is equivalent to separability of the underlying
measure space.
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The dimension of the orthogonal basis of the spHges called themultiplicity
of the shiftU. We shall show now that for K-systems the multiplicity of the shift
is always (countably) infinite. First let us note, however, that the measure space
(X, 3, ) is non-atomic. Recall that the sdte ¥ is called an atom ofi if A # 0
and for eachB C A eitherB = () or B = A. Suppose then that is an atom and
consider the setd N S~ (4), n = 1,2,.... [t must be eithed N S~"(A) = (@ for
eachn or AN S~ (A) = A for someny. The first case must be excluded, since
otherwise we would have

0=S""(0)=8""(ANS "(A) =S (A NS (MM (4),

for eachm = 1,2,.... This would mean that the se§&s*(A4), k = 1,2,... are
pointwise disjoint, which would imply

S~ A)YUST2(A)U...)
(S72(A) + ...

The second case means that*°(A) > A. Thus, by the invariance d,
ST (A)=AUN,

whereu(N) = 0. Similarly, S~%70(A) = AU Ny, wherek = 2,3, ... andu(Ny) =
0. Since we assume that considered measures are complete()),, £,,. As the
latter intersection is the triviad-algebra,u(A) = 1 but that would mean that the
whole X is an atom and thatt’, X, p) is trivial.

If a measure space is non-atomic then the Hilbert space of all square integrable
functions is infinite dimensional. We can prove now the following:
Lemma. Let (X, A, ) be a probability space andl a proper non-atomic sud-
algebra of4. Then the spacé?.(A) © L3 (B) is infinite dimensional.
Proof. SinceB is a proper sul-algebra ofA there exists a functiofi € L3.(A)
which is notB-measurable, i.e.E(f|B) # f on some seB € B, u(B) > 0.
Therefore the function

g E[f — B(f1B)|15

is correctly defined and orthogonal i3, (B). Indeed, ifh € L% (B) then

/ ghdp
X

L/E@M@du
X

_Athu—Euw»w

Consider now the spade; (B) of all functions defined o8, measurable with respect
to thes-algebraB restricted taB and square integrable. Becauseffiie non-atomic
there exists a sequencg,, n = 1,2,..., of pairwise disjoint and3-measurable
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subsets o3 such thafu(C,,) > 0, for eachn. Then puttingg, = ¢g1c, we obtain
infinitely many linearly independent functions in the spaée(A) © L2 (B).

Applying the above Lemma to the family of Hilbert spadds = L% (%,,) ©
L3 (X,-1), we conclude that the multiplicity of the bilateral shiftis infinite. The
K-system has therefore the following property:

There exists an orthogonal basis b%. formed by the function and by the
functionsfy, ,,, wherek =1, 2,..., n € Z such that

Ufin = font1, for every k,n.

In general, it is said that a dynamical system having the above property has the
uniform Lebesgue spectrum with (countably) infinite multiplicity.

A similar spectral characterization can be obtained for K-flows. We have the
following:

Theorem The unitary groug U, } on the spacé?.(X) & [1] has a uniform countable
Lebesgue spectrum.

The term spectrum ofU, } in the above theorem refers to edéh ¢ # 0, sepa-
rately. For the proof of this theorem see [KSF]. Here we would like to comment on
the terminology Lebesgue spectrum.

Let U, = [ e"*dG) be the spectral resolution of the unitary gro{ig,}.
Consider an arbitrary € H and the cyclic spacé(p) spanned by all;p, t €
IR. Vector p corresponds to the spectral measugeon the Borelo-algebra onR
determined by the functioh — (G.p, p). Any other vectop; € C(p) corresponds
to the measure,,, , which is absolutely continuous with respecttp Let £ be the
orthogonal projection on the spa£é.(3;) & [1], s € R. Then, as it was shown in
Proposition 1, we have the imprimitivity condition:

By = U E,U_, .

Note that for eaclu € IR the translation of the measueg by a, i.e. o,(- + a)
corresponds to the function
A <E)\+ap7 p> .

But, by the imprimitivity condition
<E)\+apa ﬂ> = <E)\U—apa U—ap> .

SinceU_,p € C(p), for eacha € IR, all the translations,(- + a) are absolutely
continuous with respect te,. This implies thatr,, is equivalent to the Lebesgue
measure. This justifies the use of the term Lebesgue spectrum.
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